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Introduction

Let k be a field and Br(k) be the Brauer group of k. The structure of these

Brauer groups is well understood for special fields, e.g. number fields, p-adic fields

and function fields of p-adic curves. However very little is known for general fields.

In the first part of this thesis, we make a little contribution to understand the

structure of Br(k(t)) in terms of the residue maps and the Br(k).

In the second part of the thesis we consider the hermitian forms over central

simple algebras with involutions. It is known that there is a bound for the u-

invariant of hermitian forms in terms of the u-invariant of the quadratic forms

over the field k. In this thesis we give a different bound and show that our bound

is sharper than the known bounds for certain class of central simple algebras.

We now describe the results proved in this thesis.

Let k be a field of characteristic zero. Let X(k) be the character group

Hom(Γk,Q/Z) of the continuous Galois group Γk of k. Let k(t) be the function

field of the projective line P1
k. For every closed point P of P1

k, let k(P ) denote the

residue field at P and ∂P : Br(k(t)) → X(k(P )) be the residue homomorphism

at P . We have the following exact sequence of Faddeev ([5]):

0 → Br(k) → Br(k(t))
⊕∂P→ ⊕P X(k(P ))

Σcor→ X(k) → 0,

where Σcor is the sum of the corestriction (or norm) maps X(k(P )) → X(k) and

the sum is over the set of closed points of P1
k. If the characteristic of k is p, the
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above exact sequence of Faddeev still holds, if we replace the Brauer groups and

character groups by their subgroups of prime to p-torsion.

In [9], Rowen-Sivatski-Tignol, tried to obtain information on the index of

Brauer classes in Br(k(t)) from their images under the ramification map ⊕∂P .

For an element α ∈ Br(k(t)), the ramification degree is defined as
∑

[k(P ) : k],

where the sum is taken over all the closed points P of P1
k with ∂P (α) 6= 0.

They studied 2-torsion elements in Br(k(t)) with ramification degree at most 3

(char(k) 6= 2). In this thesis we extend their results to the elements of l-torsion

for any prime number l not equal to the characteristic of k.

Let Rl = Ker(ΣcorP : ⊕P lX(k(P )) → lX(k)). For ρ = (χP ) ∈ R, the

support of ρ is

supp(ρ) = {P | χP 6= 0},

and χP is called the component of ρ at P . The degree of ρ, denoted by deg(ρ),

defined as:

deg(ρ) =
∑

P∈supp(ρ)

deg(P ),

where deg(P ) is the degree of the extension k(P )/k of fields.

In the first part of the thesis, we have proved the following results.

Theorem 0.1 Let ρ ∈ Rl. Suppose that degsupp(ρ) = 2. If supp(ρ) =

{P1, P2} (two distinct rational points), then there exist λ, a, b ∈ k∗ such that

ρ = (∂P ((λ, (t− a)(t− b)l−1)l)).

Theorem 0.2 Let ρ ∈ Rl. Suppose that l ≥ 3 and degsupp(ρ) = 2. If

supp(ρ) = {P} (degP = 2), then there exists a ∈ k such that ρ = (∂Q((t, t2 +

at + 1)l)).
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Theorem 0.3 Let ρ ∈ Rl. Suppose that degsupp(ρ) = 3. If supp(ρ) =

{P1, P2, P3} (three distinct rational points), then there exist a1, a2 ∈ k∗ such

that ρ = (∂P ((t, (t− a1)(t− a2)(t− a1a2)
l−1)l)).

Theorem 0.4 Let ρ ∈ Rl. Suppose that degsupp(ρ) = 3. If supp(ρ) =

{P1, P2} (degP1 = 1 and degP2 = 2), then there exist λ, a, b, c ∈ k∗ such that

ρ = (∂P ((λ, (t2 + at + b)(t− c)l−2)l) or ρ = (∂P ((t, (t2 + at + b)(t− c))l)).

Theorem 0.5 Let ρ ∈ Rl. Suppose that degsupp(ρ) = 3. If supp(ρ) = {P}
(degP = 3), then there exist λ, a, b, c,∈ k∗ such that ρ = (∂P ((λ, (t3 + at2 + bt +

c))3)) ( l = 3) or ρ = (∂P ((t, (t3 + at2 + bt + c))l)).

Theorem 0.6 For every central simple k-algebra A,

index(A⊗ (a, b)l) ∈ {1

l
index(A), index(A), l index(A)}.

Theorem 0.7 For any central simple k-algebra A and g(t) a polynomial of

degree l,

index(A⊗ (λ, g(t))l) = index(A) or l index(A).

Theorem 0.8 For any central simple k-algebra A,

index(A⊗ (t, t2 + at + 1)l) = index(A) or l index(A).

Theorem 0.9 For any central simple k-algebra A,

index(A⊗ (t, (t− a)g(t))l) = index(A) or l index(A).

Let K be a field of characteristic not equal 2 and A a central simple algebra

over K with an involution σ. Let ε ∈ {±1} and (V, h), or simply h, an ε-hermitian
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form over A with respect to σ. We say that h is isotropic if there is exists a v ∈ V ,

v 6= 0 such that h(v, v) = 0. If h is not isotropic, then we say that h is anisotropic.

The u invariant of ε-hermitian forms over A with respect to σ is defined as the

supremum of dimensions of anisotropic ε-hermitian forms over A with respect

to σ and denoted by u(A, σ, ε). In ([8]), a bound for u(A, σ, ε) was given in

terms of u(K), where u(K) = u(K, identity, +1) is the classical u-invariant of

the quadratic forms over the field K. In the second part of the thesis, we proved

the following results.

Theorem 0.10 Let k be a field of characteristic not equal to 2 and K/k a

quadratic extension. Let A0 be a central simple algebra over k with an involution

τ . Let A = A0⊗k K and σ = τ ⊗ id, where id is the identity of K. Then we have

u(A, σ, ε) ≤ 3

2
u(A0, τ, ε).

Theorem 0.11 Let k be a field of characteristic not equal to 2 and K/k a

quadratic extension. Let A0 be a central simple algebra over k with an involution

τ . Let A = A0⊗k K and σ = τ ⊗−, where − is the non-trivial automorphism of

K/k. Then we have

u(A, σ, ε) ≤ minimum{u(A0, τ, ε) +
1

2
u(A0, τ,−ε), u(A0, τ,−ε) +

1

2
u(A0, τ, ε)}.

Corollary 0.12 Let k be a field of characteristic not equal to 2 and K/k a

quadratic extension. Let H be a quaternion algebra over K with an involution σ

of second kind. Then u(H, σ, ε) ≤ 7
8
u(k).

Corollary 0.13 Let A be a central simple k-algebra of degree 4 with an or-

thogonal involution σ. Then u(A, σ,−1) ≤ 17
16

u(k).
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Corollary 0.14 Let A be a central simple k-algebra of degree 4 with an or-

thogonal involution σ. Then u(A, σ, 1) ≤ 29
16

u(k).

Remark 0.15 Our bounds are sharper than the bounds given in ([8]).



Chapter 1

Some basic definitions and results

This chapter, which is preliminary in nature, contains a rapid review of some of

the basic definitions and results used in this thesis. The references for definitions

and results recalled in the thesis are from [2], [4], [7], [6], [10].

1.1 The Brauer group

In this section we recall the definition of Brauer group, ramification map and an

exact sequence of Faddeev (see [6]).

Let R be a commutative ring with unity. By an R-algebra we mean a ring A

which is also a unitary R module such that

a(xy) = (ax)y = x(ay)

for all a in R and x, y in A. We say that two R-algebras A and B are isomorphic

if there exists an isomorphism φ : A → B of rings which is also R-linear. Let

k be a field. Let A be a k-algebra. Since k is a field, the map k → A given by

a 7→ a · 1 is injective. Hence we identify k as a sub ring of A.
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We say that an R-algebra A is simple if the ring A is simple i.e., A has no two

sided ideals other than (0) and A. A finite dimensional simple k-algebra with

center a field k is called a central simple algebra over k. Let D be a division ring

and k be the center of D. If D is finite dimensional over k, then D is a central

simple k-algebra and we call D a central division k-algebra.

Let k be a field. By the classical theorem of Wedderburn, we know that every

central simple k-algebra is isomorphic to a matrix algebra Mn(D) for some central

division k-algebra D. We also know that if Mn(D) is isomorphic to Mn′(D
′) for

some central divsion k-algebras D and D′, then n = n′ and D ' D′. Let A be

a central simple k-algebra. Then A ' Mn(D) for some n and a central division

k-algebra D. Let L ⊂ D be a maximal subfield. Then we have D⊗k L ' Md(L).

In particular, the dimension of a central simple k-algebra is a square. The square

root of the dimension of a central simple k-algebra is called the degree and denoted

by deg(A). Let A be a cental simple k-algebra. Then A ' Mn(D) for some

central division k-algebra. The degree of D is called the index of A and denoted

by ind(A).

Two central simple k-algebras A and B are called similar, denoted by A ∼ B,

if Mm(A) and Mn(B) are isomorphic for some m, n. It is easy to see that this

is an equivalence relation on the set of isomorphic classes of central simple k-

algebras. The set of equivalence classes of central simple k-algebras is denoted

by Br(k). By the Wedderburn theorem, Br(k) can be identified with the set of

isomorphism classes of central division k-algebras. For a central simple k-algebra

A, let [A] denote the equivalence class containing A. Let A and B be two central

simple k-algebras of same dimension. Then [A] = [B] if and only if A ' B.

Let A and B be two central simple k-algebras. Then A ⊗k B is a central
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simple algebra over k. The tensor product of central simple algebras induces a

group structure on Br(k). This group Br(k) is called the Brauer group of k. The

equivalence class [Mn(k)] is the identity element of Br(k). For a central simple

k-algebra A, the class [Ao] is the inverse of the class [A], where for any ring B,

Bo denotes the opposite ring. Since A⊗k B ' B⊗k A, the Brauer group Br(k) is

abelian. Let A be a central simple k-algebra. It is known that deg(A) · [A] = 0.

In particular every element of Br(k) is a torsion element. The order of the class

[A] in Br(k) is called the exponent of A.

Let L/k be an extension of fields. Let A be a central simple k-algebra. Then

A⊗k L is a central simple L-algebra and this induces a homomorphism Br(k) →
Br(L).

The l-torsion subgroup of Br(k), denoted by lBr(k), is defined as lBr(k) =

{[A]| [A]⊗l = [k]}.

Let F be a field. Let ΓF = Gal(Fs/F ) denote the absolute Galois group of

F , where Fs is the separable closure of F . Let X(F ) = Hom(ΓF ,Q/Z) be the

character group of continuous homomorphisms from ΓF to Q/Z.

For any abelian group G and positive integer n, let nG be the subgroup of G

consisting of all those elements of G whose order divides n, i.e.

nG = {g ∈ G | gn = e}.

Let R be a discrete valuation ring with residue field k. Let K be the field

of fractions of R. Let l be a prime number not equal to the characteristic of k.

Then we have a homomorphism ∂ : lBr(K) → lX(k), called the residue map at

R.

Let C be a nonsingular projective curve over a field k and k(C) its function
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field. Then for each closed point p of C, the local ring OC,p at p is a discrete

valuation ring with field of fractions k(C) and residue field k(p) a finite extension

of k. Let vp denote the discrete valuation at p with valuation ring OC,p. Let l be

a prime number not equal to the characteristic of k. Let p ∈ C be a closed point

of C. Then we have the residue map ∂p : lBr(k(t)) → lX(k(p)). Since k(p) is a

finite extension of k, the absolute Galois group Γk(p) is a subgroup of Γk of finite

index. Hence we have a homomorphism corp : lX(k(p)) → lX(k), called the

corestriction (or norm) map.

We have the following exact sequence of Faddeev (see Corollary 6.4.6 in [6]):

0 −−−→ lBr(k) −−−→ lBr(k(t))
⊕∂p−−−→

⊕

p∈P1
k

lX(k(p))
∑

corp−−−−→ lX(k) −−−→ 0

where
∑

corp is the sum of the corestriction (norm) maps lX(k(p)) −→l X(k)

and P1
k
(1)

denotes the set of closed points on the projective line P1
k.

Let R be the kernel of the homomorphism

∑
corp :

⊕

p∈P1
k
(1)

X(k(p)) −→ X(k)).

The elements in R are called ramification sequences. Let ρ = (χp) ∈ R. The set

{p ∈ P1
k
(1)|χp 6= 0} is called the support of ρ and denoted by supp(ρ). The element

χp ∈ X(k(p)) is called the component of ρ at p. The degree of the support of ρ,

denoted by deg supp(ρ), is defined as :

deg supp(ρ) =
∑

p∈supp(ρ)

deg(p),

where deg(p) is the degree of the finite extension k(p) over k.

If p is a rational point (i.e., k(p) = k ), then corp : X(k(p)) −→ X(k) is the

identity map. Therefore, the support of a ramification sequence cannot consist

of a single rational point. Hence deg supp(ρ) ≥ 2 for all ρ ∈ R.
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1.2 The cyclic algebra

To construct a cyclic algebra we start with a Galois extension L/K of degree n

such that the Galois group G = G(L/K) is cyclic. Let σ be a generator of G.

Let a ∈ K∗ = K − {0}. Now we construct an algebra A which is denoted by

(L/K, σ, a) as follows : Let A be a L-vector space of dimension n. Choose a basis

of A and denote it by 1, e, ...., en−1. We have

A = L.1⊕ Le⊕ ...⊕ Len−1.

Define the multiplication on A as follows:

en = a.1, λeiµej = λµei+j and e(λ .1) = σ(λ) e for λ, µ ∈ L.

We denote this algebra A by (L/K, σ, a). It is well know that (L/K, σ, a) is a

central simple algebra over K. Since L is a maximal subfield of (L/K, σ, a) and

L/K a cyclic extension, we call this algebra a cyclic algebra.

For a finite extension L/K, let NL/K : L → K be the norm map. Let L/K

be a Cyclic extension, σ be a generator of G(L/K) and a, b ∈ K∗. We have the

following:

Theorem 1.2.1: (L/K, σ, a) ' (L/K, σ, b) if and only if ba−1 ∈ NL/K(L∗).

Corollary 1.2.2: If the degree of L/K is a prime number, then (L/K, σ, a) is a

division algebra if and only if a does not belong to NL/K(L∗).

Let K be a field and l a prime number not equal to the characteristic of K.

Suppose that K contains a primitive lth root of unity ζ. Let a ∈ K∗. If a is

not an lth power in K, then L = K( l
√

a) is a cyclic extension of degree l and the

automorphism of L given by σ( l
√

a) = ζ l
√

a is a generator of the Galois group
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G(L/K). For any b ∈ K∗, the cyclic algebra (L/K, σ, b) is denoted by (a, b)l and

called an l-symbol algebra.

Let R be a discrete valuation ring, K its field of fractions and k the residue

field of R. Let l be a prime number not equal to the characteristic of k. Assume

that k contains a primitive lth root of unity. Fix a primitive lth root of unity ζ in

k. We identify the l-torsion subgroup lX(k) of X(k) with k∗/k∗
l
. Assume also

that K contains a primitive lth root of unity. Fix an lth root of unity in K which

maps to the fixed primitive lth root of unity of k. Let ∂ : lBr(K) → lX(k) be

the residue homomorphsim. For an l-symbol algebra (a, b)l, where a, b ∈ K∗, we

have

∂((a, b)l) = (−1)v(a)v(b)av(b)b−v(a) k∗l ∈ k∗/k∗l

where v is the discrete valuation of K and ¯denotes the residue map from the

discrete valuation ring R to its residue field k. In particular, if a and b are

units in R, then ∂((a, b)l) = 1. If a is a unit and b is a parameter in R, then

∂((a, b)l)) = ak∗l.

Let E/k be a finite extension. Assume that k contains a primitive lth root

of unity. Fix a primitive lth root of unity ζ in k∗. As we mentioned above, we

identify lX(E) with E∗/E∗l and lX(k) with k∗/k∗l. Under this identification, the

map cor : lX(E) → lX(k) is given by the norm map N : E∗ → k∗.

1.3 Transformations of the projective line

In this section we recall a few facts about the transformations of the projective

line from [9].
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A choice of projective coordinates in the projective line P1
F over an arbitrary

field F is an identification P1
F = Proj(F [u, v]) where u, v are indeterminates of

degree 1 over F . When projective coordinates are chosen, the rational points

of P1
F are identified with F ∪ ∞ in such a way that a ∈ F corresponds to the

homogeneous ideal (u−av)F [u, v], and ∞ to vF [u, v]. We call the point ∞ to be

the point at infinity. We identify the field of rational functions on P1
F with F (t),

where t = uv−1, and P1
F \ {∞} = A1

F = Spec(F [t]).

It is well known that the group of transformations of P1
F is simply transitive

on the triples of the rational points (see [2]).

Proposition 1.3.1 Let p, p
′
be two rational points on P1

F and q, q
′
be two closed

points of degree 2. The projective transformations of P1
F which map p to p

′
and q

to q
′
are in one-to-one correspondence with the F -isomorphisms from Fq to Fq′ .

Proof: Since the group of transformation of P1
F acts transitively on the triple of

rational points, after applying a projective transformation we may assume that

p = p′. Choose projective coordinates of P1
F such that p is the point at infinity.

Then projective transformations which leave p invariant are the transformations

of the affine line A1
F . We view q and q′ as closed points of degree 2 on A1

F =

Spec(F [t]). Then q corresponds to a maximal ideal (f(t)) and q′ corresponds to a

maximal ideal (g(t)) in F [t] where f(t) and g(t) are monic irreducible polynomials

of degree 2. The affine transformation t 7→ at + b (with a,b ∈ F ,a 6= 0) maps q

to q′ if and only if the ideals (f(at + b)) = (g(t)).

It is clear that if (f(at + b)) = (g(t)) then the map t 7→ at + b induces an

F -isomorphism from Fq to Fq′ . Conversely, assume ψ : F [t]
(f(t))

→ F [t]
(g(t))

is an F -

isomorphism. Let θ and θ
′

be the images of t in Fq = F [t]
(f(t))

and Fq′ = F [t]
(g(t))

respectively. Since f(θ) = 0,we have f(ψ(θ)) = 0. Since any element of F [t]
(g(t))

is of
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the form aθ
′
+b,we have ψ(θ) = aθ

′
+b and hence f(aθ

′
+b) = 0. Since g(t) is the

minimal polynomial of θ
′
, so g(t) divides f(at + b). Since f and g are irreducible

polynomials of degree 2, we have f(at + b) = λg(t) for some λ in F and hence

the ideals (f(at + b)) = (g(t)). 2

Proposition 1.3.2 Let r,r′ be closed points of degree 3 on P1
F . The projective

transformation of P1
F which maps r to r′ are in one-to-one correspondence with

the F -isomorphisms from Fr to Fr′ .

Proof: Choose coordinates to represent P1
F as Proj(F [u, v]), where u,v are inde-

terminates of degree 1. We may then find homogeneous irreducible polynomials

f ,g ∈ F [u, v] of degree 3 such that r corresponds to the maximal ideal (f(u, v))

and r′ corresponds to the maximal ideal (g(u, v)). After scaling, we may assume

the coefficients of u3 in f and g are 1. The projective transformation u 7→ au+bv,

v 7→ cu + dv (where a, b, c, d ∈ F and ad− bc 6= 0) maps r to r′ iff the ideals

(f(au + bv, cu + dv)) = (g(u, v))

or, after de-homogenizing,

(f(at + b, ct + d)) = (g(t, 1))

It is clear that if (f(at + b, ct + d)) = (g(t, 1)) then the map t 7→ at + b and 1 7→
ct+d induces an F -isomorphism from Fr to Fr′ . Conversely, assume ψ : F [t]

(f(t,1))
→

F [t]
(g(t,1))

is an F -isomorphism. Let θ and α be the images of t in Fr = F [t]
(f(t,1))

and

Fr′ = F [t]
(g(t,1))

respectively. Since f(θ, 1) = 0, we have f(ψ(θ), 1) = 0.

We first show that for any x ∈ Fr′ such that x /∈ F , there exist a, b, c, d ∈ F ,

uniquely determined up to a scalar factor, such that x = aα+b
cα+d

and ad − bc 6= 0.

Since α /∈ F and x 6= 0, we have

dimF (F + Fα) = dimF (x(F + Fα)) = 2

Since, dimF Fr′ = 3, we have

dimF ((F + Fα) ∩ x(F + Fα)) > 1
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which implies, x = aα+b
cα+d

for some a, b, c, d ∈ F . Since x /∈ F it follows that

ad− bc 6= 0.

Suppose dimF ((F + Fα) ∩ x(F + Fα)) = 2 then

F + Fα = x(F + Fα) .....(1)

hence, x ∈ (F + Fα) and thus F + Fα = F + Fx.

Now, we show that F +Fα is a subalgebra of F (α) ' Fr′ . It suffices to show that

α2 ∈ F + Fα. Since F + Fα = F + Fx we have α ∈ F + Fx. Let α = a′ + b′x.

Now (a′ + b′x)(F + Fα) = (F + Fα) + x(F + Fα), from equation (1) we have

(a′ + b′x)(F + Fα) = F + Fα, and thus α2 ∈ F + Fα. Therefore F + Fα

is a subalgebra of F (α) and hence a subfield, which is a contradiction. Hence

dimF ((F + Fα) ∩ x(F + Fα)) = 1. It follows that x can be uniquely expressed

as aα+b
cα+d

, which proves our claim.

In particular ψ(θ) = aα+b
cα+d

. Hence f(ψ(θ), 1) = 0 implies that f(aα + b, cα +

d) = 0. Since g(t, 1) is the minimal polynomial of α, g(t, 1) divides f(at+b, ct+d).

Since f and g are irreducible polynomials of degree 3, f(at + b, ct + d) = λg(t, 1)

for some λ in F and hence the ideals (f(at + b, ct + d)) = (g(t, 1)). 2

From (1.3.1) and (1.3.2) and from the second fundamental theorem of projec-

tive geometry (see [2]) we can deduce the following facts:

Corollary 1.3.3 (i) Let p1, p2, p3 be three distinct rational points on P1
F and

let λ1, λ2, λ3 ∈ F [u, v] be homogeneous polynomials of degree 1 which are pair-

wise distinct up to scalars.There is a choice of projective coordinates P1
F =

Proj(F [u, v]) such that

p1 = λ1F [u, v], p2 = λ2F [u, v], p3 = λ3F [u, v].

(ii) Let p be a rational point on P1
F and q be a closed point of degree 2 on P1

F .

Let λ ∈ F [u, v] be a homogeneous polynomial of degree 1 and f(u, v) ∈ F [u, v]
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be a homogeneous polynomial of degree 2 such that Fq ' F [t]/(f(t, 1). There is

a choice of projective coordinates P1
F = Proj(F [u, v]) such that

p = λF [u, v], q = f(u, v)F [u, v].

(iii) Let r be a closed point of degree 3 on P1
F and f(u, v) ∈ F [u, v] be a homo-

geneous polynomial of degree 3 such that Fr ' F [t]/(f(t, 1).There is a choice of

projective coordinates P1
F = Proj(F [u, v]) such that

r = f(u, v)F [u, v].

1.4 Central simple algebras with a constant slot.

This section is taken from [9]. Let E be a finite-dimensional central division

algebra over an arbitrary field K and x be an indeterminate over K. The ring

E[x] = E⊗K K[x] is a PID with Ore ring of fractions E(x) = E⊗K K(x). Let α

be an automorphism of finite order n of E[x] and g ∈ K[x]. Consider the algebra

∆(E(x), α, g) = E(x)⊕ E(x)y ⊕ ...⊕ E(x)yn−1

where multiplication is defined by

yn = g and yf = α(f)y for f ∈ E(x).

This algebra can be viewed as the quotient ring of the skew-polynomial ring

E(x)[y; α] by the ideal generated by yn − g.

Let F be a field and l a prime number not equal to the characteristic of F .

Let D be a central division algebra over F . Let a ∈ F ∗. Suppose that there is no

element λ in D with λl = a. Then E = D⊗F F ( l
√

a) is a central division algebra

over K = F ( l
√

a). Assume that F contains a primitive lth root of unity. Fix an
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lth root of unity ζ ∈ F ∗. The automorphism of K/F given by l
√

a 7→ ζ l
√

a extends

to an automorphism α of E which is identity on D. Let t be an indeterminate

over F and g ∈ F [t].

1.5 Hermitian Forms and the u-invariant

Throughout this section k denotes a field of characteristic not equal to 2.

Let A be a central simple algebra over a field k. By an involution on A we

mean a map σ : A → A such that σ(a + b) = σ(a) + σ(b), σ(ab) = σ(b)σ(a) and

σ2(a) = a for all a, b ∈ A.

Let A be a central simple algebra over a field k with an involution σ on A.

Let ε = ±1. An ε-hermitian form over (A, σ) is a pair (V, h) consisting of a

right A-module V and a bi-additive map h : V × V → A such that h(xa, yb) =

σ(a)h(x, y)b and h(y, x) = εσ(h(x, y)) for all x, y ∈ V and for all a, b ∈ A. Let

V ∗ = HomA(V,A) be the dual of V . The form h induces a map h̃ : V → V ∗

which we call the adjoint of h. The left A-module V ∗ is regarded as a right A-

module through the involution σ on A. Then h̃ : V → V ∗ is A-linear. We say

that h is non-degenerate if h̃ is an isomorphism. A non-degenerate ε-hermitian

form is also called an ε-hermitian space. We remark that if the map h̃ : V → V ∗

is injective, then it is an isomorphism (comparing the k-dimension of V and V ∗).

Let (V, h) and (V ′, h′) be two ε-hermitian forms. We say that (V, h) and

(V ′, h′) are isometric if there exists an A-module isomorphism f : V → V ′ such

that h′(f(x), f(y)) = h(x, y) for all x, y ∈ V .

Let (V, h) and (V ′, h′) be two ε-hermitian forms. The orthogonal sum (V, h)⊕
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(V ′, h′) is by definition the form (V ⊕V ′, h⊕h′), where (h⊕h′)(v + v′, w +w′) =

h(v, w) + h′(v′, w′). Let Grε(A, σ) be the Grothendieck group of the isomet-

ric classes of non-degenerate ε-hermitian spaces with respect to the orthogonal

sums. Let (V, h) be an ε-hermitian space and W a submodule of V . The subset

W⊥ = {v ∈ W |h(v, w) = 0 for all w ∈ W} is a subspace of V and called the

perpendicular of W . An ε-hermitian space (V, h) is said to be hyperbolic if there

exists a sub module W of V such that W = W⊥. Let W be an A-module and

V = W ⊕W ∗. Define h : V × V → A by h(x + f, y + g) = f(y) + εσ(g(x)) for

all x, y ∈ W and f, g ∈ W ∗. Then it is easy to see that (V, h) is an hyperbolic

ε-hermitian space over (V, σ). This form is denoted by hW .

Let (V, h) be an ε-hermitian space over (A, σ) and W a A-submodule of V .

Then h restricted to W is an ε-hermitian form and it is denoted by h |W . This

form need not be non-degenerate in general. If (W,h |W ) is non-degenerate, then

h ' h |W⊥ h′ for some ε-hermitian space h′ over (A, σ).

The Witt group W ε(A, σ) is the quotient of Grε(A, σ) by the subgroup gener-

ated by hyperbolic spaces. If ε = 1, an ε-hermitian space is said to be a hermitian

space and if ε = −1, then an ε-hermtian space is called a skew-hermitian space.

Let D be a central division k-algebra with an involution σ. Let (V, h) be

an ε-hermitian space over (D, σ). Suppose that either D is non-commutative or

ε 6= −1. Then there exists a basis {e1, · · · , en} of V such that h(ei, ej) = 0 for

all i 6= j. Let λi = h(ei, ei). We write h =< λ1, · · · , λn >.

Let A be a central simple algebra with an involution σ. Let (V, h) be an ε-

hermitian space. When there is no confusion, we drop V and simply say that h is

an hermitian space. Write A = Mn(D) for some central division k-algebra. Then

we now that dimkV is a multiple of dimk(D) ·n. The quotient dimkV/dimk(D) ·n
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is called the dimension of h and denoted by dim(h). If A = D is a central

division k-algebra, then dim(h) =dimDV . By the definition, the dimension of

any hyperbolic form is even.

We say that h is isotropic is there exists x ∈ V , x 6= 0, such that h(x, x) = 0.

If h is not isotropic, then we say that h is anisotropic. The u-invariant of an

ε-hermitian spaces over (A, σ), denoted by u(A, σ, ε), is defined as

sup{dim(h)|h is an anisotropic ε−hermitian space over(A, σ)}.

If A = k, ε = 1 and σ is the identity map, then a hermitian form is just a quadratic

form and u(A, σ, 1) = u(k) is the classical u-invariant of quadratic forms over the

field k.

Let (V, h) be an ε-hermitian space over (A, σ). Then h = han ⊥ h for some

anisotropic form han and hyperbolic form h. The isometry class of han is depends

only on h. Since h is hyperbolic, its dimension is even. The Witt index of h is

defined as the dim(h)/2.

Let W be an A-submodule of V . If h restricted to V is anisotropic, then

(W,h |W ) is non-degenerate. In particular, if h is anisotropic, then for any sub-

module W of V , we have h ' h |W⊥ h′.

Let A be a central simple algebra with an involution σ. Suppose A = Mn(D)

for some central division k-algebra. Then by Morita equivalance, there exists an

involution τ on D such that u(A, σ, ε) = u(D, σ, ε).

Let A be a central simple algebra over K with an involution σ. We say that

σ is of first kind if σ is the identity map on K and σ is of second kind if σ is not

identity on K. Since K is the center of A, it is easy to see that σ(K) = K. If σ

is of second kind, then k = {a ∈ K|σ(a) = a} is a subfield of K and the degree
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of K/k is 2.

Let k be a field and K = k(
√

d) a quadratic extension. Let A be a central

simple algebra over K with an involution σ of second kind such that σ(
√

d) =

−
√

d. Let h be an ε-hermitian form on (A, σ). Then
√

d h is a −ε-hermitian form

on (A, σ). Since
√

d is in the center of A, it is easy to see that h is isotropic if and

only if
√

d h is isotropic. We also have dimh =dim
√

d h. Therefore u(A, σ, ε) =

u(A, σ,−ε).

Let A be a central simple algebra over k with an involution σ of first kind.

Let n be the degree of A. For ε = ±1, let

S(σ, ε) = {x ∈ A|σ(x) = εx}.

We know that S(σ, ε) is a subspace of the k-vector space A and

dimkS(σ, ε) =
n(n + 1)

2
or

n(n− 1)

2
.

We say that σ is orthogonal if dimkS(σ, +1) = n(n+1)
2

and symplectic if dimkS(σ, +1) =

n(n−1)
2

.

Let σ and τ be two involutions of first kind on a central simple k-algebra A.

Then we have τ = int(u)σ for some unit u ∈ A with σ(u) = ±u, where int(u) is

the inner automorphism of A given by x 7→ uxu−1. Let η ∈ {±1} be such that

σ(u) = ηu. Let h be an ε-hermitian form over (A, σ). Let h′(x, y) = uh(x, y).

Then we have

τh′(x, y) = τ(uh(x, y))
= τ(h(x, y))τ(u)
= int(u)(σ(h(x, y)))(int(u)σ)(u)
= uεh(y, x)u−1uηuu−1

= εηuh(y, x).

Thus it is easy to see that h′ = uh is an εη-hermitian form over (A, τ). It

is easy to see that h is isotropic if and only if h′ is isotropic. Hence we have
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u(A, σ, ε) = u(A, τ, εη). Thus to study u(A, σ, ε) for all σ and ε, it is enough to

study u(A, σ, ε) for a fixed σ and all ε. In particular, if σ and τ are either both

orthogonal or both symplectic, then u(A, σ, ε) = u(A, τ, ε).

Let A be a central simple algebra over K with an involution τ (first or second

kind). Assume that there exist λ, µ ∈ A∗ such that τ(λ) = −λ, τ(µ) = −µ,

µλ = −λµ and L = K(λ) is a quadratic extension of K. Let Ã be the centralizer

of L in A. Let τ1=τ |Ã and let τ2 be the involution int(µ−1)τ1 on Ã. Then τ1

is an involution of second kind and τ2 is an involution of first kind. We have

A = Ã⊕ µÃ. Let π : A → Ã be the L-linear projections given by π1(x + µy) = x

and π2(x+µy) = y. Let h : V ×V → A be an ε-hermitian space over (A, τ). Let

hi : V × V → Ã be defined by hi = πih. Then h1 is an ε-hermitian space over

(Ã, τ1) and h2 is a −ε-hermitian space over (Ã, τ2).

Theorem 1.5.1 With the notation as above, we have the following exact se-

quence

W ε(A, τ)
π1−−−→ W ε(Ã, τ1)

ρ−−−→ W−ε(A, τ)
π2−−−→ W ε(Ã, τ2) for a suit-

able map ρ.

This is proved in an appendix to [3] by Parimala, Sridharan and Suresh.

The following is proved in ([8]):

Corollary 1.5.2 Let A, Ã, τ , τ1 and τ2 be as above. Then u(A, τ, ε) ≤
1
2
u(Ã, τ2,−ε) + u(Ã, τ1, ε).

Let Q be a central simple algebra over k of degree 2. Then we call Q a

quaternion algebra. Since the characteristic of k is not equal to 2, it is easy to

see that Q = (a, b)2 for some a, b ∈ k∗. Let x, y ∈ Q be such that x2 = a,
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y2 − b and xy + yx = 0. Then every element in Q can be uniquely written as

λ0 + λ1x + λ2y + λ2xy for some λi ∈ k. The map on Q, denoted by −, given by

λ0 + λ1x + λ2y + λ2xy 7→ λ0− λ1x− λ2y− λ2xy is an involution on Q and called

the canonical involution.

Let A0 be a central simple k-algebra with an involution σ of first kind. Let

Q = (a, b) be a quaternion algebra over k. Let λ, µ ∈ Q be such that λ2 = a and

µ2 = b. Let A = A0 ⊗ Q and τ = σ ⊗ ¯ , where ¯ is the canonical involution

on Q. Then A, λ, µ and τ are as in the paragraph before (1.6). In this case we

have Ã = A0 ⊗ k(λ), τ1 = σ ⊗ ¯ and τ2 = σ ⊗ id, where ¯ is the non-trivial

automorphism of k(λ) and id is the identity map of k(λ). In this thesis, we use

(1.6) and (1.7) in the situation described just now without any further reference.

In [8] the following theorem is proved.

Theorem 1.5.3 Let Q = (a, b)K be a quaternion division algebra over a field

K. Let − be the canonical involution of Q and ∧ an orthogonal involution of Q

and let L = K(
√

a) ⊂ Q which is stable under −, then we have:

u(Q,∧) = u(Q,−,−1) ≤ min{1
2
u(L) + u(L,−), u(L) + 1

2
u(L,−)},

u(Q,−) = u(Q,∧,−1) ≤ 1
2
u(L,−). 2

By using above theorem we can deduce:

Theorem 1.5.4 Let k be a field of characteristic not equal to 2. Let H

be a quaternion algebra over k and ¯ the canonical involution on H. Then

u(H, ¯ , 1) ≤ 1
4
u(k) and u(H, ¯ ,−1) ≤ 5

4
u(k).

2



Chapter 2

Division algebras of higher degree over
rational function fields in one variable

2.1 Some Preliminaries

Let k be a field and Br(k) be the Brauer group of division algebras over k. Let

X(k) be the character group Hom(Γk,Q/Z) of the continuous Galois group Γk of

k. Let k(t) be the function field of the projective line P1
k. For every closed point

P of P1
k, let k(P ) denote the residue field at P and ∂P : Br(k(t)) → X(k(P )) be

the residue homomorphism at P . If l is a prime not equal to the characteristic

of k, we have the following exact sequence of Faddeev ([6]):

0 −−−→ lBr(k) −−−→ lBr(k(t))
⊕∂p−−−→

⊕

P∈P1
k

lX(k(P ))
∑

cor−−−→ lX(k) −−−→ 0

where Σcor is the sum of the corestriction (or norm) maps lX(k(P )) → lX(k)

and the sum is over the set of closed points of P1
k.

In ([9]), Rowen-Sivatski-Tignol, tried to obtain information on the index of

Brauer classes in Br(k(t)) from their images under the ramification map ⊕∂P .

For an element α ∈ Br(k(t)), the ramification degree is defined as
∑

[k(P ) : k],

where the sum is taken over all the closed points P of P1
k with ∂P (α) 6= 0. They

studied 2-torsion elements in Br(k(t)) with ramification degree at most 3. In this
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chapter we extend their results to the elements of l-torsion for any prime number

l not equal to the characteristic of k.

We now recall a class of central simple algebras. Let D be a finite dimensional

central division algebra over an arbitrary field K and x be an indeterminate over

K. The ring D[x] = D ⊗ K[x] is a left principal domain with Ore ring of

fractions D(x) = D⊗K(x). Let α be an automorphism of finite order n of D[x]

and g ∈ K[x]. Consider the algebra

∆(D(x), α, g) = D(x)⊕D(x)y ⊕ · · · ⊕D(x)yn−1

where the multiplication defined by yn = g and yf = α(f)y for f ∈ D(x). This

algebra can be viewed as the quotient ring of the skew-polynomial ring D(x)[y; α]

by the ideal generated by yn − g.

Theorem 2.1.1 ([9], Th.1.1) Suppose n is a prime number and α does not

restrict to the identity on K[x]. The algebra ∆(D(x), α, g) is a division algebra

if and only if there is no f ∈ D[x] such that αn−1(f) · · ·α(f)f = g.

2.2 l-torsion ramification sequences

In this section k denotes a field and l a prime number not equal to the charac-

teristic of k. We assume that k contains a primitive lth root of unity. We fix a

primitive lth root of unity ζ in k.

Let X(k) be the group of characters of the absolute Galois group of k. Since l

is not equal to the characteristic of k and k contains a primitive lth root of unity,

by fixing a primitive lth root of unity in k, we identify lX(k(P )) with k(P )∗/k(P )∗
l

for every closed point P of P1
k. Thus an l-torsion ramification sequence ρ ∈ Rl

can be viewed as an element of ⊕
P∈P1

k
(1)k(P )∗/k(P )∗

l

which is in the kernel of
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the norm map

⊕
P∈P1

k
(1)k(P )∗/k(P )∗

l → k∗/k∗
l

.

Let ρ be a non-trivial element of lR. As we already mentioned in chapter 1

degsupp(ρ) ≥ 2.

Theorem 2.2.1 Let ρ ∈ Rl. Suppose that degsupp(ρ) = 2. If supp(ρ) =

{P1, P2} (two distinct rational points), then there exist λ, a, b ∈ k∗ such that

ρ = (∂P ((λ, (t− a)(t− b)l−1)l)).

Proof. Suppose that degsupp(ρ) = 2 and supp(ρ) = {P1, P2}. Since P1 and

P2 are two rational points of P1
k, we choose an affine line A1

k in P1
k such that P1

and P2 correspond to the maximal ideals (t − a) and (t − b) for some a, b ∈
k∗. Write ρ = (χP ). Since P1 and P2 are rational points, [k(P1) : k] =

[k(P2) : k] = 1. Since supp(ρ) = {P1, P2}, by Faddeev’s exact sequence we have

Nk(P1)/k(χP1).Nk(P2)/k(χP2) = 1 where Nk(Pi)/k are the norm maps from k(Pi) to

k for i = 1, 2. So χP1 = χ−1
P2
∈ k∗/k∗

l
and χP = 1 for all P 6= Pi. Let λ ∈ k∗

represents χP1 .

Let β = (λ, (t− a)(t− b)l−1)l. We claim that ρ = (∂P (β)). If P is any closed

point of the affine line A1
k not equal to P1 and P2, then t− a and t− b are units

at P and hence ∂P (β) = 1. If P is the point out side the affine line, then it

easy to see that vP ((t − a)(t − b)l−1) = −l. In particular ∂P (β) = 1. Now,

∂P1(β) = (−1)vP1
(λ)vP1

((t−a)(t−b)l−1)λvP1
((t−a)(t−b)l−1)((t− a)(t− b)l−1)−vP1

(λ) k∗l ∈
k∗/k∗l. Since vP1(λ) = 0 and vP1((t− a)(t− b)l−1) = 1, we have ∂P1(β) = λk∗

l
=

χP1 and ∂P2(β) = λl−1k∗
l
= λ−1k∗

l
= χ−1

P1
= χP2 . Hence ρ = (∂P (β)) 2
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Theorem 2.2.2 Let ρ ∈ Rl. Suppose that l ≥ 3 and degsupp(ρ) = 2. If

supp(ρ) = {P} (degP = 2), then there exists a ∈ k such that ρ = (∂Q((t, t2 +

at + 1)l)).

Proof. Suppose that degsupp(ρ) = 2 and supp(ρ) = {P}. Since degP = 2,

k(P )/k is a degree two extension. Let λ ∈ k(P ) representing χP in k(P )∗/k(P )∗
l
.

Let N be the norm map from k(P ) to k. Since corP (ρ) =
∑

corQ(ρ) = 1,

N(χP ) = bl for some b ∈ k∗. Since l is odd and [k(P ) : k] = 2, replacing λ by

b−
l(l+1)

2 λl+1, we assume that N(λ) = 1.

If λ ∈ k∗, then N(λ) = λ2 = 1 and hence λ = ±1. Since l is odd, we have

λ = λl. Since ρ is non-trivial, this is a contradiction. Hence λ is not in k∗.

Since N(λ) = 1, the minimal polynomial of λ is of the form t2 + at + 1. By the

change of projective coordinates (see Corollary 1.3.3(ii)), we assume that there

is an affine line A1
k in P1

k containing P such that P corresponds to the maximal

ideal (t2 + at + 1).

Let β = (t, t2 + at + 1)l. If Q′ is a rational point of the affine line A1
k corre-

sponding to the maximal ideal (t) then vQ′(t) = 1 and vQ′(t
2 +at+1) = 0. Hence

we have ∂Q′(β) = (−1)vQ′ (t)vQ′ (t
2+at+1)tvQ′ (t2+at+1)(t2 + at + 1)−vQ′ (t) k∗l ∈ k∗/k∗l.

Thus ∂Q′(β) = (t2 + at + 1)−1 = 1. If Q′′ is any closed point on the affine line

other than P and Q′ then clearly, ∂Q′′(β) = 1. If P∞ is the point out side the

affine line, then vP∞(t) = −1, vP∞(t2 + at + 1) = −2 and

∂P∞(β) = (−1)vP∞ (t)vP∞ (t2+at+1)tvP∞ (t2+at+1)(t2 + at + 1)−vP∞ (t) k(P∞)∗l

Hence ∂P∞(β) = 1. We have ∂P (β) equal to the image of t in k(P )∗/k(P )∗
l
.

Since P corresponds to the maximal ideal (t2 + at + 1), the image of t in

k(P ) = k[t]/(t2 + at + 1) is λ. Hence ρ = (∂Q(β)). 2
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Theorem 2.2.3 Let ρ ∈ Rl. Suppose that degsupp(ρ) = 3. If supp(ρ) =

{P1, P2, P3} (three distinct rational points), then there exist a1, a2 ∈ k∗ such that

ρ = (∂P ((t, (t− a1)(t− a2)(t− a1a2)
l−1)l)).

Proof. Suppose that degsupp(ρ) = 3 and supp(ρ) = {P1, P2, P3}. Let ai ∈
k(Pi) be such that χPi

= aik(P )∗
l
, for i = 1, 2, 3. Since (corP (ρ)) = 1 and corPi

are identity functions, we have a1a2a3 ∈ k∗
l
.

By the change of projective coordinates (see Corollary 2(i) of Chapter 1),

we can assume that there is an affine line in P1
k containing all Pi and each Pi

corresponds to the maximal ideal (t−ai), i = 1, 2 and P3 corresponds to (t−a1a2).

Let β = (t, (t − a1)(t − a2)(t − a1a2)
l−1)l. Then we have ∂Pi

(β) = ai for i = 1, 2

and ∂P3(β) = (a1a2)
l−1 = a3 module k∗

l
. If Q is closed point of P1

k not equal to

Pi, i = 1, 2, 3, then it easy see that ∂P (β) = 1. Hence ρ = (∂P (β)). 2

Theorem 2.2.4 Let ρ ∈ Rl. Suppose that degsupp(ρ) = 3. If supp(ρ) =

{P1, P2} (degP1 = 1 and degP2 = 2), then there exist λ, a, b, c ∈ k∗ such that

ρ = (∂P ((λ, (t2 + at + b)(t− c)l−2)l) or ρ = (∂P ((t, (t2 + at + b)(t− c))l)).

Proof. Suppose that degsupp(ρ) = 3 and supp(ρ) = {P1, P2} with degP1 = 1

and deg(P2) = 2.

Let λ1 ∈ k(P1) and λ2 ∈ k(P2) be such that χP1 = λ1k(P1)
∗l

and χP2 =

λ2k(P2)
∗l
.

Suppose that λ2 ∈ k∗k(P2)
∗l
. Let λ ∈ k∗ be such that λ2 = λ modulo

k(P2)
∗l
. Let N : k(P2) → k be the norm map. Since

∑
corQ(ρ) = 1, we have

λ1N(λ2) ∈ k∗
l
. Choose an affine line in P1

k containing P1 and P2, so that P1



2.2. l-torsion ramification sequences 27

corresponds to a maximal ideal (t − c) and P2 corresponds to a maximal ideal

t2 + at + b. Let β = (λ, (t2 + bt + c)(t − c)l−2)l. Let P be a closed point of

P1
k. If P is not equal to either P1 or P2, then it is easy see that ∂P (β) = 1.

We have ∂P1(β) = λl−2 and ∂P2(β) = λ. Since λ = λ2 module k(P2)
∗l

and

λl−2 = λl−1
2 = λ−2

2 = λ1 modulo k∗
l
, ρ = (∂P (β)).

Assume that λ2 6∈ k∗k(P2)
∗l
. In particular, λ2 6∈ k and k(P2) = k(λ2). Let

t2 + at + b be the minimal polynomial of λ2 over k. Note that b is the norm of λ2

from k(P2) to k.

Once again by Corollary 1.3.3(i), we assume that there is an affine line in P1
k

such that P1 corresponds to a maximal ideal (t − c), c 6= 0, and P2 corresponds

to the maximal ideal t2 + at + b.

Let β = (t, (t2+at+b)(t−c))l. It is clear that ∂P1(β) = λ1 and ∂P2(β) = λ2. If

P is any point which in the affine line and not equal to P1, P2 and the closed point

P0 corresponding to the maximal ideal (t), then it is easy to see that ∂P (β) = 1.

We have ∂P0(β) = (λ1N(λ2))
−1 = 1 modulo k∗

l
. If the P∞ is the point out side

the affine line, then ∂P∞(β) = 1. Hence ρ = (∂P (β)). 2

Theorem 2.2.5 Let ρ ∈ Rl. Suppose that degsupp(ρ) = 3. If supp(ρ) = {P}
(degP = 3), then there exist λ, a, b, c,∈ k∗ such that ρ = (∂P ((λ, (t3 + at2 + bt +

c))3)) ( l = 3) or ρ = (∂P ((t, (t3 + at2 + bt + c))l)).

Proof. Suppose that degsupp(ρ) = 3 and supp(ρ) = {P}. Let λ ∈ k(P ) be

such that χP = λ modulo k(P )∗
l
. Let N be the norm map from k(P )∗ to k∗.

Suppose λ ∈ k∗k(P )∗
l
. Multiplying λ by an lth power of an element in k(P ),

we assume that λ ∈ k∗. Then N(λ) = λ3 ∈ k∗
l
. If l > 3, then λ ∈ k∗

l
. This
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is contradiction as ρ is non-trivial. Hence l = 3. Choose an affine line in P1
k

containing P so that P corresponds to a maximal ideal (t3 + at2 + bt + c). Let

β = (λ, t3 + at2 + bt + c)3. Then it easy to see that ρ = (PQ(β)).

Assume that λ 6∈ k∗k(P )∗
l
. Then k(P ) = k(λ). Let t3 + at2 + bt + c be

the minimal polynomial of λ over k. We choose an affine line in P1
k containing

P such that P corresponds to the maximal ideal t3 + at2 + bt + c. Let β =

(t, t3 + at2 + bt + c)l. If Q is a point not equal to either P or the point P0

corresponding to the maximal ideal (t) or the point P∞ out side the affine line,

then ∂Q(β) = 1. It is clear that ∂P (β) = λ. We have ∂P0(β) = c−1 modulo k∗
l
.

Since t3 + at2 + bt+ c is the minimal polynomial of λ, we have c = −N(λ), which

is an lth power. Hence ∂P0(β) = 1. It is easy to see that ∂P∞(β) = 1. Hence

ρ = (∂Q(β)). 2

2.3 The l-symbol algebras

Let k be a field and l a prime number not equal to the characteristic of k. Assume

that k contains a primitive lth root of unity. Fix a primitive lth root of unity ζ in

k. Let D be a central division algebra over k and a ∈ k∗. Then E = D ⊗ k( l
√

a)

is a division algebra if and only if D does not contain an lth root of a (see [4] §9
Corollary 9).

Suppose that D does not contain an lth root of a. Let σ be the automorphism

of k( l
√

a) given by σ( l
√

a) = ζ l
√

a. Then E = D ⊗ k( l
√

a) is a division algebra and

the automorphism σ extends to an automorphism of α of E which is the identity

on D.
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Proposition 2.3.1 Let D and a be as above. Let g ∈ k[t]. Then ∆(E(t), α, g) '
D ⊗k (a, g)l.

Proof. We have ∆(E(t), α, g) = E(t)⊕E(t)y⊕· · ·⊕E(t)yl−1, with multiplica-

tion defined by yl = g and yf = α(f)y for f ∈ E(t). We can consider D as subal-

gebra of E and hence of ∆(E(t), α, g). Let x = l
√

a ∈ k( l
√

a) ⊂ E ⊂ ∆(E(t), α, g).

We have xl = a, yl = g and yx = α(x)y = ζxy. Hence the k(t)-subalgebra of

∆(E(t), α, g) generated by x and y is isomorphic to (a, g)l. Since α is identity on

D, for any d ∈ D we have yd = α(d)y = dy. We also have xd = dx for all d ∈ D,

because k( l
√

a) is the center of E = D⊗k( l
√

a). Hence, every element of D and ev-

ery element of the subalgebra generated by x and y commute. Now define a map

φ : D⊗ (a, g)l → ∆(E(t), α, g) such that φ(b⊗ c) = bc. So, φ((b1⊗ c1)(b2⊗ c2)) =

φ(b1b2⊗ c1c2) = b1b2c1c2. Since the elements of D and (a, g)l commute therefore,

b2c1 = c1b2. So,φ((b1 ⊗ c1)(b2 ⊗ c2)) = b1c1b2c2 = φ((b1 ⊗ c1)φ((b2 ⊗ c2). Hence,

there is a k(t)-algebra homomorphism φ : D ⊗ (a, g)l → ∆(E(t), α, g). Since

D ⊗ (a, g)l is simple, φ is injective. By the dimension count, it follows that φ is

an isomorphism. 2

Corollary 2.3.2 Let D, E and a be as above. Let g ∈ k[t]. Then D ⊗k

(a, g)l is not a division algebra if and only there exits f ∈ E[t] such that

αl−1(f) · · ·α(f)f = g.

Proof. Follows from Theorem(2.1.1) and Proposition(2.3.1). 2

Corollary 2.3.3 Let D be a central division algebra over k and a ∈ k∗. Suppose

that D does not contain an lth root of a. Then, for every g ∈ k[t] of degree co-
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prime with l, D ⊗k (a, g)l is a division algebra.

Proof. By Corollary 2.3.2, D⊗k (a, g)l is a division algebra if and only if there

is no f ∈ E[t] such that αl−1(f) · · ·α(f)f = g. Since deg αi(f) = deg f for any

i we get, l deg f = deg g. So, l divides deg g. 2

Proposition 2.3.4 Let D be a central division algebra and g ∈ k[t]. Then

∆(D(x), α, g(xl)) ' D ⊗k (t, g(t))l,

where xl = t and α is the automorphism of D(x) defined by α(x) = ζx and

α(d) = d for all d ∈ D.

Proof. Let t = xl ∈ ∆(D(x), α, g(xl)). Since α(t) = t, we see that yt = α(t)y =

ty and hence for any i, yit = α(t)yi = tyi. Thus, t commutes with every element

of ∆(D(x), α, g(xl)). So, t is in the center of ∆(D(x), α, g(xl)). We have y ∈
∆(D(x), α, g(xl)) with yl = g(xl) = g(t). The sub-algebra of ∆(D(x), α, g(xl))

generated by x and y is clearly isomorphic to (t, g(t)) and commutes with D.

Hence we have a homomorphism D⊗k(t, g(t)) → ∆(D(x), α, g(xl)). By dimension

count, it is an isomorphism. 2

Corollary 2.3.5 Let g ∈ k[t]. The algebra ∆(E(t), α, g) ' D ⊗k (t, g)l is not

a division algebra if and only there exits f ∈ D[t] such that αn−1(f) · · ·α(f)f =

g(tl).

Proof. Follows from Theorem(2.1.1) and Proposition(2.3.4). 2
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Theorem 2.3.6 Let D be a central division algebra over k. Let and λ ∈ k∗

and g ∈ k[t] be a separable polynomial of degree l which is reducible. Suppose

that D does not contain an lth root of λ. The tensor product D⊗ (λ, g(t))l is not

a division algebra if and only if g(t) = b(t− a)l and there exists θ ∈ D ⊗ k( l
√

λ)

such that αl−1(θ) · · ·α(θ)θ = b.

Proof. Suppose D ⊗ (λ, g(t))l is not a division algebra. Let p(t) be a monic

irreducible factor of g. Since g is reducible and of degree l, the degree of p(t) is

co-prime to l. Let F = k[t]/(p(t)). Since [F : k] = deg(p(t)), which is co-prime

to l, D ⊗k F is a division algebra and there is no element in D whose lth power

is λ. By (2.3.1), there exists f ∈ (D ⊗ F )[t] such that αl−1(f) · · ·α(f)f = g(t).

Since g is a polynomial of degree l, by comparing the degrees of both sides, we

see that deg(f) = 1. Since p has a root in F , g has a root a in F . Since a is a

central element, by substituting t = a both sides, we get that f(a) = 0. Hence

f(t) = θ(t− a) for some θ ∈ D ⊗ F ⊗ k( l
√

λ). We have

g(t) = αl−1(f) · · ·α(f)f = αl−1(θ) · · ·α(θ)θ(t− a)l.

Since g is separable, we have p(t) = t − a and hence F = k. Therefore g(t) =

αl−1(θ) · · ·α(θ)θ(t − a)l for some θ ∈ D ⊗ k( l
√

λ). Conversely, suppose that

g(t) = αl−1(θ) · · ·α(θ)θ(t − a)l. Then (λ, g(t))l = (λ, b(t − a)l)l = (λ, b), where

b = αl−1(θ) · · ·α(θ)θ. Since θ ∈ D ⊗ k( l
√

λ), D ⊗ (λ, b)l is not a division algebra

by Corollary (2.3.2) and hence D ⊗ (λ, g(t))l is not a division algebra. 2

Let b, c ∈ k and α and β are roots of the polynomial t2 +bt+c in an extension

of k. Then we have α + β = −b and αβ = c. Using these equalities and binomial

expansion, it is easy to see that, for any odd natural number l,

αl +βl = −{bl + lC1c(α
l−2 +βl−2)+ lC2c

2(αl−4 +βl−4)+ · · ·+ lC l−1
2

c
l−1
2 (α+β)}.
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By induction, it easy to see that αl + βl ∈ k and is a polynomial in b and c

with integer coefficients. Let hl(b, c) = αl + βl ∈ k.

Theorem 2.3.7 Let D be a central division algebra over k and a ∈ k∗. The

tensor product D ⊗ (t, t2 + at + 1)l is not a division algebra if and only if there

exist u ∈ D and v ∈ k an lth root of unity such that hl(u, v) = a.

Proof. Suppose D⊗ (t, t2 + at + 1)l is not a division algebra. Then, by (2.3.5),

there exists f ∈ D[t] such that αl−1(f) · · ·α(f)f = t2l+atl+1, where α is identity

on D and α(t) = ρt. By considering the degree on the both sides, we see that

f(t) = θt2 + ut + v for some θ, u, v ∈ D. By comparing the coefficients, we get

that θl = vl = 1. Since k contains a primitive lth root of unity, θ, v ∈ k. Since k

is the center of D, we can divide the polynomial f by θ and assume that θ = 1.

Thus we have f(t) = t2 + ut + v, with u ∈ D and v ∈ k. Since u and v commute,

by comparing the coefficient of tl both sides, we get that hl(u, v) = a.

Conversely, suppose that there exist u ∈ D and v ∈ k an lth root of unity

such that hl(u, v) = a. Let f(t) = t2 + ut + v. Then it is not difficult to see that

αl−1(f) · · ·α(f)f = t2l+atl+1. By Corollary (2.3.5), the algebra D⊗(t, t2+at+1)l

is not division. 2

Theorem 2.3.8 Let D be a central division algebra over k, a ∈ k∗ and g(t) ∈
k[t]. If a is not an lth power in D and tl− a does not divide g(tl) in k[t], then the

tensor product D ⊗ (t, (t− a)g(t))l is a division algebra.

Proof. Assume that a is not an lth power in D and tl− a does not divide g(tl).

Suppose that D ⊗ (t, (t − a)g(t))l is not a division algebra. Then, by Corollary
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(2.3.5), there exists f(t) ∈ D[t] such that αl−1(f) · · ·α(f)f = (tl − a)g(tl). Since

a is not an lth power in D, tl − a is an irreducible element of (D ⊗ k( l
√

a))[t].

D ⊗ k( l
√

a)[t] is principal domain so, tl − a is a prime element.Hence, tl − a

divides αi(f) for some i. Therefore, f = (tl − a)u for some u ∈ D⊗ k( l
√

a)[t] and

αi(f) = (tl − a)αi(u) for all i.Therefore, (tl − a)lαl−1(u) · · ·α(u)u = (tl − a)g(tl).

Hence tl − a divides g(tl), which is a contradiction. 2

Theorem 2.3.9 For every central simple k-algebra A

index(A⊗ (a, b)l) ∈ {1
l
indA, indA, l indA}.

Proof. Let d = ind(A⊗(a, b)l). We know that for two central simple k-algebras

A and B, ind(A⊗ B) divides (ind A) (ind B). Thus d divides l ind(A). Write l

ind(A) = dd′ for some d′. Since A⊗(a, b)⊗(a, bl−1) ∼ A, the ind(A) divides indld.

Write ld = ind(A)l′ for some l′. We have l2 ind(A) = ind(A)l′d′. Since l is a prime,

we have d′ = 1 or l or l2. Hence index(A⊗ (a, b)l) ∈ {1
l
indA, indA, l indA}. 2

Theorem 2.3.10 For any central simple k-algebra A

index(A⊗ (λ, g(t))l) = indA or l indA,

where degree of g(t) is l.

Proof. Let A′ = (A⊗(λ, g(t))l). By (2.3.9), index(A′) ∈ {1
l
indA, indA, l indA}.

Let D (respectively D′) be a division algebra Brauer-equivalent to A (respectively

(A⊗ (λ, g(t))l). We have [D′] = [A][(λ, g(t))l] = [D][(λ, g(t))l] = [D ⊗ (λ, g(t))l].

Hence D⊗ (λ, g(t))l is division algebra if and only if ind(A′) = l ind(A). Suppose

D ⊗ (λ, g(t))l is not division algebra. Then, by (2.3.9), index(A ⊗ (λ, g(t))l) =
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indA or 1
l
indA. By (2.3.6), we have g(t) = b(t−a)l and there exists θ ∈ D⊗k( l

√
λ)

such that αl−1(θ) · · ·α(θ)θ = b. Hence A′ = (A⊗(λ, b)l). Assume that index A′ =

1
l

index A. Then deg D′ = 1
l

index A and degk(t)(D(t)) = degk(D) and hence deg

D(t) = deg (D′⊗k(t) (λ, b)l). Since D(t) and D′⊗k(t) (λ, b)l are Brauer-equivalent,

it follows D(t) ' (D′ ⊗k(t) (λ, b)l). Hence D(t) contains a subalgebra isomorphic

to (λ, b)l. So that D(t) contains elements f ,h such that fh = ξhf , f l =λ and

hl = b. We may find f0,h0 ∈ k[t] and f1,h1 ∈ D[t] such that f = f1f
−1
0 and h =

h1h
−1
0 . Then clearing denominators,

f1h1 = ξh1f1 and hl
1 = bhl

0 where ξ is lth-root of unity.

From these equations, it follows that the leading coefficient of h1 is in k and that

it does not commute with the leading coefficient of f1 which is in D. This is a

contradiction as k is the center of D. Therefore, index(A⊗ (λ, g(t))l) = indA. 2

Theorem 2.3.11 For any central simple k-algebra A

index(A⊗ (t, t2 + at + 1)l) = indA or l indA.

Proof. Let A′ = (A⊗(t, t2+at+1)l). By (2.3.9), index(A′) ∈ {1
l
indA, indA, l indA}.

Suppose index A′ = 1
l

index A. As in the proof of (2.3.10), D(t) contains a sub-

algebra isomorphic to (t, t2 + at + 1)l. Hence D(t) contains elements f , h such

that fh = ξhf , f l =t and hl = t2 + at + 1. We may find f0,h0 ∈ k[t] and f1,h1

∈ D[t] such that f = f1f
−1
0 and h = h1h

−1
0 . Then by clearing denominators, we

have

f l
1 = tf l

0 , f1h1 = ξh1f1 and hl
1 = (t2 + at + 1)hl

0

where ξ is an lth-root of unity.



2.3. The l-symbol algebras 35

From these equations, it follows that the leading coefficient of f1 is in k and

that it does not commute with the leading coefficient of h1 which is in D. This

is a contradiction as k is the center of D. Therefore, index(A⊗ (t, t2 + at + 1)l)

= indA or l indA. Now, index(A ⊗ (t, t2 + at + 1)l) = indA if and only if

D ⊗ (t, t2 + at + 1)l) is not a division algebra. By (2.3.7), D ⊗ (t, t2 + at + 1)l is

not a division algebra if and only if there exists u ∈ D and v ∈ k an lth root of

unity such that hl(u, v) = a. Otherwise index(A⊗ (t, t2 + at + 1)l = l indA 2

Theorem 2.3.12 For any central simple k-algebra A

index(A⊗ (t, (t− a)g(t))l) = indA or l indA.

Proof. Let A′ = (A ⊗ (t, (t− a)g(t))l). By (2.3.8) ind A′ = l ind A if a is not

an lth power in D and tl− a does not divide g(tl) in k[t]. Otherwise ind A′ = ind

A. 2



Chapter 3

Hermitian forms and the u-invariant

Throughout this chapter k and K denote fields of characteristic not equal to 2.

Let A be a central simple K-algebra with an involution σ. Let ε ∈ {±1} and

S(σ, ε) = {x ∈ A|σ(x) = εx}.

Let r = dimkS(σ, ε) and k = {λ ∈ K|σ(λ) = λ}.

By a theorem of Mahmoudi ([8]) we have

u(A, σ, ε) ≤ r(r + 1)

2m2[K : k]
u(k)

where m is the degree of A over K.

In this chapter we give a better bound for u(A, σ, ε) when the degree of A is

at most 4.

Let K = k(
√

d) be a quadratic field extension of k and θ a k-automorphism of

K. Note that there is only one non-trivial k-automorphism K. If θ is non-trivial,

then θ(
√

d) = −
√

d. Let η ∈ {±1} be such that θ(
√

d) = η
√

d. Let A0 be a

central simple algebra k with an involution τ of first kind. Let A = A0 ⊗K and

σ = τ ⊗ θ. Then A is a central simple algebra over K and σ is an involution on

A. The involution σ on A is of first kind if η = 1 and second kind if η = −1.
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Identify A0 as a subalgebra of A. Then we have A = A0 ⊕ A0

√
d. Let

πi : A → A0 be the projections given by π1(x + y
√

d) = x and π2(x + y
√

d) = y

for all x, y ∈ A0. Let h : V × V → A be an ε-hermitian form over (A, σ). Let

hi = πih : V × V → A0. Then h(x, y) = h1(x, y) + h2(x, y)
√

d. We have

h1(x, y) + h2(x, y)
√

d = h(x, y) = εσ(h(y, x)) = ετ(h1(y, x)) + εηh2(x, y)
√

d.

Now it is easy to check that h1 is an ε-hermitian form over (A0, τ) and h2 is a

ηε-hermitian form over (A0, τ). The assignments h 7→ hi induces homomorphisms

π1 : W ε(A, σ) → W ε(A0, τ)

and

π2 : W ε(A, σ) → W ηε(A0, τ).

Let h0 : V0×V0 → A0 be an ε-hermitian space over (A0, τ). Let V = V0⊗A0 A.

Then we can write V = V0 ⊕ V0

√
d. Define h : V × V → A by

h(x1 +y1

√
d, x2 +y2

√
d) = h0(x1, x2)+ηdh0(y1, y2)+(ηh0(x1, y2)+h0(y1, x2))

√
d.

Then it can be checked that h is an ε-hermitian form over (A, σ) and the assign-

ment h0 7→ h induces a homomorphism ρ : W ε(A0, τ) → W ε(A, σ).

Lemma 3.1 Let K/k, A0, A, σ, τ , ρ and π2 as above. Then π2 ◦ ρ = 0.

Proof. Let (V0, h0) be an ε-hermitian space over (A0, τ). We have ρ(h0) =

(V, h), where V = V0 ⊕
√

dV0 and h is as defined above. Let W = {x +
√

d 0|x ∈
V0} ⊂ V . Then we have

π2ρ(h0)(x1 +
√

d 0, x2 +
√

d 0) = π2(h0(x1, x2) +
√

d 0) = 0.
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Thus W ⊂ W⊥. Let x +
√

y ∈ W⊥. Then we have 0 = π2ρ(h0)(z +
√

d 0, x +
√

dy) = ηh0(z, y) for all z ∈ V0. Since h0 is non-degenerate, we have y = 0.

Hence W = W⊥ and π2ρ(h0) is hyperbolic. 2

Theorem 3.2 Let K/k, A0, A, σ, τ , ρ and π2 as above. Let (V, h) be an

anisotropic ε-hermitian space over (A, σ). Suppose that π2(h) = h′ ⊥ h for some

hyperbolic space h. Then there exist an ε-hermitian space h1 over (A, σ) and an

ε-hermitian space h2 over (A0, τ) such that

h = h1 ⊥ ρ(h2) and π2(h1) = h′.

Proof. We prove this by induction on dimh. If the dim(h) = 0, i.e. there is

no h, then we take h1 = h and we are done. Assume that dim(h) = m ≥ 1.

In particular π2(h) is isotropic. Then there exists z ∈ V , z 6= 0, such that

π2(h)(z, z) = 0. Let V0 = zA0 be the A0-submodule of V generated by z.

Since π2(h(z, z)) = 0, we have h(z, z) ∈ A0. Let a, b ∈ A0. Then h(za, zb) =

σ(a)h(z, z)=
¯
τ(a)h(z, z)b ∈ A0. Thus the restriction of h to V0 induces an ε-

hermitian form (V0, h0). Since h is anisotropic, the form (V0, h0) is anisotropic

and hence non-degenerate. Since V is an A-module, we have V0 ⊕ V0

√
d ⊂ V

and ρ(h0) is the restriction of h to V0 ⊕ V0

√
d. Once again using the fact that h

is isotropic we have h = h′1 ⊥ ρ(h0). Since π2(ρ(h0)) is hyperbolic (by 3.1), by

the Witt’s cancellation, we have π2(h
′
1) = h′ ⊥ h′ for some hyperbolic space h′.

Since dim(h1) <dim(h), we have dim(h′) <dim(h. Hence by induction, we have

h′1 = h1 ⊥ ρ(h′2) with π2(h1) = h′. We have

h = h′1 + ρ(h0) = h1 + ρ(h′2) + ρ(h0).

Let h2 = h′2 + h0. Then h1 and h2 have the required properties. 2
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Corollary 3.3 Let K/k, A0, A, σ, τ as above. With the notation as above we

have the following exact sequence:

W ε(A0, τ)
ρ→ W ε(A, σ)

π2→ W−ε(A0, τ).

Proof: Follows from (3.1) and (3.2). 2

Theorem 3.4 Let k be a field of characteristic not equal to 2 and K = k(
√

d)

a quadratic extension of k. Let A0 be a central simple algebra over k with an

involution τ . Let A = A0 ⊗k K and σ = τ ⊗ θ, where θ is an automorphism of

K. Let η ∈ {±1} be such that θ(
√

d) = η(
√

d). Then we have

u(A, σ, ε) ≤ 1
2
u(A0, τ, ηε) + u(A0, τ, ε).

Proof: If u(A0, τ, ε) is not finite, then there is nothing to prove. Assume that

u(A0, τ, ε) is finite.

Let h be an anisotropic ε-hermitian form over (A, σ). Suppose that the di-

mension of h ≥ 1
2
u(A0, τ, ηε)+u(A0, τ, ε)+1. We know that dimπ2(h) = 2dim(h).

Thus dimπ2(h) ≥ u(A0, τ, ηε) + 2u(A0, τ, ε) + 2. Since any ηε-hermitian space

of dimension bigger that u(A0, τ, ηε) is isotropic, we have π2(h) = h′ + h with

dimh′ ≤ u(A0, τ, ηε). In particular, then dim(h) ≥ 2u(A0, τ, ε) + 2. By (3.2),

there exist an ε-hermitian space h1 over (A, σ) and an ε-hermitian space h2 over

(A0, τ) such that

h = h1 ⊥ ρ(h2) and π2(h1) = h′.

Since dim(ρ(h2)) =dim(h2), we have dimh2 ≥ u(A0, τ, ε) + 1. Hence h2 is

isotropic. Therefore ρ(h2), in particular h, is isotropic. Which is a contradic-

tion. Hence dim(h) ≤ 1
2
u(A0, τ, ηε) + u(A0, τ, ε). This proves the theorem. 2
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Theorem 3.5 Let k be a field of characteristic not equal to 2 and K = k(
√

d)

a quadratic extension of k. Let A0 be a central simple algebra over k with an

involution τ . Let A = A0 ⊗k K and σ = τ ⊗ id, where is is the identity map of

K. Then

u(A, σ, ε) ≤ 3

2
u(A0, τ, ε).

Proof. By (3.4), we have u(A, σ, ε) ≤ 1
2
u(A0, τ, ηε) + u(A0, τ + ε). Since σ =

τ ⊗ id, we have η = 1. Therefore u(A, σ, ε) ≤ 3
2
u(A0, τ, ε). 2

Theorem 3.6 Let k be a field of characteristic not equal to 2 and K/k a

quadratic extension. Let A0 be a central simple algebra over k with an involution

τ . Let A = A0⊗k K and σ = τ ⊗−, where − is the non-trivial automorphism of

K/k. Then

u(A, σ, ε) ≤ minimum{u(A0, τ, ε) + 1
2
u(A0, τ,−ε), u(A0, τ,−ε) + 1

2
u(A0, τ, ε)}.

Proof: By (3.4), we have u(A, σ, ε) ≤ 1
2
u(A0, τ, ηε) + u(A0, τ + ε). Since σ =

τ ⊗ −, we have η = −1. Therefore u(A, σ, ε) ≤ 1
2
u(A0, τ,−ε) + u(A0, τ + ε).

Since, σ is an involution of second kind we have, u(A, σ, ε) = u(A, σ,−ε) (see

chapter 1). Thus u(A, σ, ε) ≤ minimum{u(A0, τ, ε)+
1
2
u(A0, τ,−ε), u(A0, τ,−ε)+

1
2
u(A0, τ, ε)}. 2

Corollary 3.7 Let k be a field of characteristic not equal to 2 and K/k a

quadratic extension. Let H be a quaternion algebra over K with an involution σ

of second kind. Then u(H, σ, ε) ≤ 7
8
u(k).
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Proof: Let H be a quaternion algebra over K with an involution σ of second

kind. By a theorem of Albert (see [10]), there exists a quaternion subalgebra

H0 over k such that H = H0 ⊗k K and σ = τ ⊗ −, τ is the canonical invo-

lution on H0 and − the non-trivial automorphism of K/k. By (3.6), we have

u(H, σ, ε) ≤ u(H0, τ, 1) + 1
2
u(H0, τ,−1). By (1.9), we have u(H0, τ, 1) ≤ 1

4
u(k)

and u(H0, τ,−1) ≤ 5
4
u(k). Hence u(H, σ, ε) ≤ 1

4
u(k) + 1

2
× 5

4
u(k) = 7

8
u(k). 2

Corollary 3.8 Let k be a field of characteristic not equal to 2. Let H1 and

H2 be two quaternion algebras over k and τ the involution given by the tensor

product of canonical involutions on H1 and H2. Then u(H1⊗H2, τ, 1) ≤ 29
16

u(k).

Proof: Since H2 is a quaternion algebra, there exist λ and µ as in the paragraph

before (1.5.1). Thus by (1.5.3), we have u(H1⊗H2, τ, 1) ≤ 1
2
u(H1⊗k(λ), τ2,−1)+

u(H1 ⊗ k(λ), τ1, 1). Since τ1 is an involution of second kind, by (3.7), we have

u(H1⊗k(λ), τ1, ε) ≤ 7
8
u(k). Since τ2 is an involution of first kind, by (3.5), we have

u(H1 ⊗ k(λ), τ2,−1) ≤ 3
2
u(H1, ¯ ,−1). By (1.5.4), we have u(H1, ¯ ,−1) ≤ 5

4
.

Hence u(H1 ⊗ k(λ)) ≤ 15
4
. Therefore, we have

u(H1 ⊗H2, τ, 1) ≤ 1

2
× 15

8
u(k) +

7

8
u(k) =

29

16
u(k).

2

Corollary 3.9 Let k be a field of characteristic not equal to 2. Let H1 and

H2 be two quaternion algebras over k and τ the involution given by the tensor

product of canonical involutions on H1 and H2. Then u(H1⊗H2, τ,−1) ≤ 17
16

u(k).
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Proof: As in the proof of (3.8), we have

u(H1 ⊗H2, τ,−1) ≤ 1
2
u(H1 ⊗ k(λ), τ2, 1) + u(H1 ⊗ k(λ), τ1, 1)

≤ 1
2
× 1

4
u(k(λ)) + 7

8
u(k)

≤ 1
8
× 3

2
u(k) + 7

8
u(k)

= 17
16

u(k).

2

Corollary 3.10 Let k be a field of characteristic not equal to 2. Let A be

a central simple k-algebra of degree 4 with an orthogonal involution τ . Then

u(A, τ, +1) ≤ 29
16

u(k) and u(A, τ,−1) ≤ 17
16

u(k).

Proof. Since A is a central simple k-algebra of degree 4 with an involution of

first kind, we have A ' H1 ⊗ H2. Let σ be the tensor product of the canonical

involutions on H1 and H2. Then σ is an orthogonal involution on H1 ⊗ H2 (cf.

[7], 8.1.3). Hence we have u(A, τ, ε) = u(A, σ, ε) (cf. §1.5). The corollary follows

from (3.8) and (3.9).

Remark 3.11 . Let H be a quaternion algebra over K and σ an involution of

second kind with fixed field k. Then by ([8]), we have u(H, σ, ε) ≤ 5
4
u(k). Let

A be a central simple k-algebra of degree 4, with an orthogonal involution τ .

Then, by ([8]), we have u(A, τ, 1) ≤ 55
16

u(k) and u(A, τ,−1) ≤ 21
16

u(k). Hence our

bounds are sharper.
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