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PREAMBLE 
• 

The electrical properties of cry talline systems ale fan h II pll unclel srood with 

the firm base of the Bloch-Floquet theorem. But most of the materials II'e deal 

with in nature do not possess a strictly ordered character and imperfections are 

inevitably present in them. The complexity involved due to the lack of periodicity 

makes it necessary to study the effect of disorder in these sy:otems. 

Yluch of the work in this area was ini t iated by the semll1al Ivork of Anderson 

in 1958. His results revealed that the electronic states in dlsol(lered sy t E' IllS Me 
• 

spatially localized. Later l\'lott and Cohen, Fri tzsche and Ovshillsky pllt forth 

what is known as the l\{ott-CFO model, which conjectured that uependlllg 0 11 the 

extent of disorder present in the system there can be both extended as II'ell as 

localized states and that they should be separated by a critical energy Ee , called 

the mobility edge. Economou and Cohen subsequently gave a simple cri terion to 

find the mobility edge Ee. 

Mott and Tworse's result on complete localization in one dimensional (lD) 

system for any extent of disorder emphasized the importance of dimen 'ionality 

in the phenomenon of localization. It was believed for some time that 1D was the 

marginal dimension for localization, But the simulation work done by Thouless 

and coworkers showed that in 2D also all states could be localized at any disorder. 

This view was consolidated by the scaling theory of Abrahams et al. and also 

t he subsequent experiments that followed it, 

Also , Thouless's criterion as to when a given wire of small cross-sect ion would 

behave one dimensionally sparkled a lot of experimental activity in this area, But 

the experimental results did not show complete agreement with his results based 

on the localization theory. 

• • xvn 
• 
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XVIII Preamble 

In this thesis we have studied electron localization and metal-insulator tran-

sit ion (MIT) in low-dimensional disordered systems. To begin with we invest i­

gate t he resistance of thin-wires (quasi I-dimensional). 'v'le dew lop the problem 

initiated by Thoules and study in detail the dependence of the resi t rtnce on 

temperature. a rea of cross-section and bulk resistivity. The dependence of the 

ratio of the increase in resistance !:::'R to the metallic resistance Ho, 6.Rj Ro, on 

the bulk resist ivity Pe is studied wit hin t he framework of localization theory. By 

considering the diffusion of an electron as a wave packet made up of broad local-

ized states, we distinguish between two regimes defined in terms of step lengths 

travelled by t he wavepackets on the scale of localization lengt h. We calculate 

6.Rj Ro from the exponent ial length dependence of R given by the scaling theory 

of localization. 'vVhat we have focussed on is that it is the t unneling states (TS) 

or the two level systems (TLS) that playa pivotal role in deciding the inelastic 

scattering rate. Thouless' result is retrieved in our approach under a special con-

dition. Also , the order of magnitude of 6.Rj Ro that comes from our expression 

is in good agreement with the experimental value. 

l\ext we study the effect of the influence of t he environment in dephasing an 

electron system of mesoscopic dimensions. Theoretically it has been believed that 

TcP(T ) , the time over which the phase memory is retained should increase with 

the decrease in inelastic events and should become infinite at T = 0 in very large 

systems. However recent experiments contradict this belief. Alternatively, the 

decoherence t ime saturates with the lowering of temperature. A proper theoreti­

cal consensus regarding the saturat ion of TcP(T ) is st ill in debate. We propose here 

that inelastic scattering from TLS is important in this connection. The coherent 

oscillation of the tunneling ent ity between the wells of a TLS gets affected and 

become incoherent when t he TLS start to interact with one another. This hap-

pens at lower T and a dense concentration of TLS, and shows up in t he scattering 
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XIX 

of electrons from them. It is t his incoherent oscillation, we argue in this chapter, 

that eventually leads to the saturation of T¢(T) . 

After studying the quasi-1D and mesoscopic systems we moved on to 2D sys­

tems. It is the unexpected experimental result of Kravchenko et aJ. that caused 

a revival of work in this area by showing that at very low electron concentrations, 

n s , and low disorder, a metallic state could be produced and a MIT could occur 

as a function of ns. This and the following experimental results led to a dras-

tic change in the localization scenario in 2D systems as described by the scaling 

theory. The new experimental results revealed the existence of an anomalous 

metallic phase cont rary to the widely accepted view based on scaling theory. \Ve 

have critically examined experimental results and the theories that attempt to 

explain them in the light of the old results where complete localization was found. 

vVe are of the view that one cannot look at the new results independently of the 

old ones because one should either prove that the old results are wrong or show 

that the new results are due to new conditions under which the experiments are 

performed. Even in the latter approach one should ensure that the old results 

are obtained in appropriate limits. 

We have attempted to explain this MIT by taking into account various factors 

like electron-electron interaction, disorder, percolation, tunneling states, etc. vVe 

propose that the observed metallic behaviour could arise due to a novel possibility 

of delocalization caused by the interaction between the localized elect rons, below 

a particular concentration at which the interact ion energy Vee exceeds the Fermi 

energy EF . In the transition region, around a critical ns( = nc) the resistivity 

shows a non-monotonic behaviour as a function of T. Unambiguous metallic and 

insulating phases are found on either sides of ns. The new insulating phase 

below nc has been argued here to be a Wigner glass where electrons are frozen 

in random locations by long-ranged interactions among them that are otherwise 
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t rapped in small puddles formed in a 2D electron system due to very low EF . 

The experiments also reveal some subtleties in t he electrical beha.viour which we 

have t ried to put in the right perspect ives . 

Next we move on to t he old problem of the minimum meta llic conductivity, 

O'mm, the concept of which was int roduced by :\-Iott in connection with Anderson 

localization. \Vherever there is a metal-insulator transition the quest ion of O'mtn 

is inevitably associated. I-.iott was of the view that the MIT across t he mobility 

edge Ee ought to be discontinuous. The conductivity 0' would attain a minimum 

value 0' mm just before dropping abrupt ly to zero on the insulat ing side of the 

electron spectrum. 

\\'e have looked at the general problem of t he vanishing of 0' mtn in ~IIT 's in 

disordered systems. vVe have considered the basic definition of localization, in 

terms of the poles and branch-cut of Green 's function , and looked into the conse­

quences of the coexistence of poles and branch-cut (in a section of the spectrum of 

electron states) on O'mtn. vVe show that if the intermediate singularly cont inuous 

spectrum exists and separates the loca lized and extended regimes t hen O'mtn will 

be zero and the MIT will be continuous. 

The works are organized in the sequence described above. The first chapter , 

'introduction' , introduces the basic concepts such as types of disorder , scaling 

theory, conduction mechanisms in Anderson systems, tuuneling phenomena meso­

scopic systems etc. that are used in the lat t er chapters. 



Chapter 1 

INTRODUCTION 

1.1 Disordered systems 

In recent decades much interest has been developed in the study of the struc­

ture and properties of disordered condensed matter systems. The reasons are two 

fold : rapid advances in solid state physics and t heir numerous applications, and 

the fact that disordered systems - crystals with impurities, liquid metals , amor­

phous substances and the like - are systems of generic nature, whereas ordered 

structures such as perfect crystal lattices etc. strictly speaking, are idealized 

objects. 

The theory of ordered condensed matter systems cannot be applied to dis­

ordered systems without substantial modificat ions. The notion of translational 

symmetry in the crystalline lattice enables one to describe the low lying lev­

els of a macroscopic system in terms of various quasi-part icles characterized by 

quasi-momentum and a dispersion law. However , t he energy spectrum of a disor­

dered condensed matter system is more complicated. For instance in the case of 

disordered materials the spectrum consists of both extended and localized states. 

1.1.1 Different types of disorder 

The term disorder in the context of disordered condensed matter systems 

is generally used to refer to a scenario more complicated than that in doped 

semiconductors. A disordered system has disorder on every site, i.e. the potential 

a t each site can be different (see e.g. fig.(l.l )) . The site energies E are represented 

by a probability distribut ion, P(E), i.e. the site energy can be anything in a given 

1 
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range with the corresponding probability. The width of the distnbution measures 

the extent of disorder in the system. Thus disorder is actually a measure of the 

probabilistic distribution of site energies. The degree or extent of disorder in a 

typical uniform dist ribution of site energies measures the difference between the 

depths of the shallowest and the deepest potential wells, or the spread of site 

energies in the probability distribution, (see fig. (l.1)) . 

The probability distribution curve can have any shape , uch as Gaussian, 

rectangular , square or Lorentzian , etc.; a random binary alloy has a bimodal 

distribution comprising two 6- functions, the separation between which measures 

the disorder. Generally, in nature, a random event with no external influence has 

a Gaussian distribution function (fig. (l.2) ). 

The above description pertains to what is generally termed as subst~tU2twnal 

or compos~tional or cellular disorder. The underlying lattice structure is normally 

believed to be intact. Another type of disorder is topologlcal or structural disorder. 

A topologically or structurally disordered system does not have an underlying 

lattice structure. A topologically disordered system can tentatively be viewed as 

a system with high density of dislocations. Another way is to treat the system 

as a collection of microcrystals with random orientations. Of course the order 

within each microcrystal is the local short range order. A structurally disordered 

system must contain a sufficient number of defects that destroy the topology of 

the curvilinear network. 

1.2 Anderson model 

The idea of localized electron states in disordered systems was first given by 

Anderson, in his classic paper entitled 'absence of diffusion in certain random 

lattices' [2]. He considered a tight binding (TB) model of a regular solid, with 

the disorder introduced by letting the site - energy vary from site to site and is 
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approximated as rectangular wells of varying depths, Et (fig.(1.1)) . An electron 

is initially (at time t=O) taken to be firmly localized on a lattice site. Then 

the interactions between nearest neighbour sites are switched on to allow the 

electron to diffuse away. The diffusion process is governed by the following TB 

Hamiltonian. 

(1.1 ) 
t t J 

where Et are the random site energies and 

1/;J - V, constant for nearest neighbours and 

o otherwise 

at and a! are the annihilation and the creation operators. The width W of the 

distribution function for Et is the measure of disorder. Generally W, normalized 

by the band width, i.e. W/(2ZV) , is taken as the measure of disorder (Z is 

the co-ordination number of the lattice) . Anderson showed that when W / V 

'--...J __ ___ _ 

vex) 
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Figure 1.1: Potential energy of an electron in Anderson model 

reaches a certain crit ical value, all states become localized in the band. That 

is, irrespective of the energy of an electron in the band its probability to be 

found at the site where it was present at t=O will be non-zero even at t = 00 . 

In other words , there is a critical value W e of W such that for W > We, all 

the states at t he middle of the band and by inference all the states in the band 

are localized. On the other hand, for W < We the states in the middle of the 
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w P(e:) 

High disorder Relatively low disorder 

Figure 1.2: The extent of disorder 

band are extended. Anderson solved the dynamics of an electron in a medium of 

random t:/s through a renormalized perturbation expansion (RPE) of self-energy 

of the Green s function, the propagator of the electron. He investigated the 

convergence/divergence of the RPE at the center of the band , E -+ O. Through a 

laborious calculation Anderson showed that the convergence of the RPE signals 

the localizat ion of the state under consideration. 

A wave function 1jJ(r) is supposed to be localized if it decays fast enough as 

Irl -+ 00 so that J 1jJ* 1jJ d3r exists. It generally decays in an exponential way, 

1jJ(r) -+ exp (-air!) as r -+ 00, where l/Ct is the localization length. 

1.2.1 Matt - CFO model 

In 1967 Mott [11, 13] first pointed out that if in Anderson model the ratio W/V 

lies below the critical value for localization, then only the states in the band tails 

would be localized. He introduced the concept of an energy Ee, called the mobility 

edge, which separates the localized states from extended states in the middle of 

the band. The mobility edge depends on the characteristics of the system and 

in particular on the degree of randomness. As the randomness increases, the 

localizability increases leading to an inward movement of the mobili ty edges. At 

W = We the two Ee's moving away from the two band tails, collapse into each 

other and all extended states turn into localized states. This transition to an 
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insulating state is termed as Anderson transition. 

Later. Cohen, Fritszhe and Ovshinsky (CFO) [14] arrived independently at the 

same picture in their amorphous semiconducting alloys. So the model is named as 

the l\Iott - ero model. They also proposed that the tails of the conduction and 

valence bands could extend through the gap, overlap and pin the Fermi energy 

(fig. (l.3)). The l\Iott-CFO model is firmly supported by the experiments. 

DOS 

E • 

Figure l.3: The model of CFO 

1.2.2 Further developments 

Following Anderson , Ziman [16], Lloyd [17] and Brouer [18] tried to simplify 

Anderson's theory. But they made the mistake of performing configurational 

averaging to start with. The information about localization was lost in the pro­

cess. Their negative results conveyed to the future workers on the subject the 

crucial message that configurational averaging should be done after the quantity 

of interest has been calculated and that localization occurs due to multiple back 

scattering from disorder which results in quantum interference. 

Thouless [19] clarified the mathematical intricacies in Anderson's paper [2]. 

Economou and Cohen [27] expressed Anderson's stay put probability in terms of 

Green 's function and the imaginary part of self energy. They also gave a simple 

criterion to calculate the mobility edges Ee using the self - consistent single - site 

• 
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approximation, called the coherent potent ial approximation (CPA) for obtaining 

the ensemble averaged self energy. Abou - Chacra et a l. [32] around this time 

solved the localization problem exactly for Cayley tree lattice . It provided a lot 

of inSight into the otherwise difficult problpm from a nalytical point of view. 

1.2.3 Numerical simulations 

Computer simulations on localization are particularly significant due to the 

difficulties involved in doing analytical calculations and also due to the ambigu­

ities in interpreting the experimental information. The exist ing theories could 

not satisfactorily explain simple questions like the location of mobility edges for 

a given system , the critical disorder ~VC to cause Anderson t ransition, etc. Con­

sequently numerical simulat ions of Licciardello and Thouless [54] and Weaire and 

Srivastava [52] and many others [104] proved useful. 

The method employed by Thouless and his co-workers is as follows: A lat t ice 

of finite size is considered, usually with periodic boundary condit ions to avoid sur­

face effects. The results obtained have to be analyzed carefully. For sufficiently 

large systems the localized and the extended states can be distinguished easily, 

but the systems of sizes that could be handled on computer in those days were 

not sufficiently large a nd hence the distinction between extended and localized 

states was difficult. Even the extrapolation of the results to an infini te system 

was not completely reliable. Thouless et al. proposed to use a nti-periodic bound­

ary condition and study t he sensit ivity of the states to change in the boundary 

conditions from periodic to anti-periodic with increasing system size. We will 

elaborate on it in a later section on scaling theory. 

The above simulations generally predicted mobility edges and therefore metal­

insulator transition in 2D systems. However, later works by Licciardello and 
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Thouless [54] suggested that those states which were earlier interpreted as ex-

tended could be localized with large localization length. But there could be a 

relatively sharp transition between states with short and long localization lengths. 

These results inspired the scaling theory of loca lization that formally showed that 

all states in 2D could be localized at a rbitrarily small disorders [57]. 

Weaire and Srivastava [50] studied the inverse participation ratio 

, 
, , 

where a, is the probability amplitude on site i . The above quantity represents 

the im'erse of the fraction of sites that lie under a wave function . Weaire and 

Srivastava [51] also calculated the condition for localization in hypercubic lattices 

in 4 and 5 dimensions. They found that the critical value of W / ZV increases with 

dimensionality, but is still a factor of six or seven less than Anderson's estimates. 

1.3 Scaling theory 

In the scaling theory one tries to understand localization by considering the 

behaviour of the conductance 9 as a function of the system size £ or of some 

other variable characteristic of the system size. Although the idea of the scaling 

theory was a lready indicated in the works of Wegner [56] and Thouless et al. [19] , 

the first formulation of this idea was given by Abrahams et al. [57]. 

The main ansatz of the theory states that if one constructs a hypercube of 

size 2£ out of hypercubes of size L , then the conductance of the composite cube 

a(2£) is uniquely determined by that of the initial cube a( £). In other words, 

the idea is that the change in effective disorder when the system becomes a little 

bigger is determined by its value at the previous length scale, the only measure 

of this effective disorder being the conductance. 

Consider an electron moving in a disordered medium. The electron wave in the 

random medium gets scattered repeatedly leading to random changes in the phase 
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on each episode of scattering. The distance over which the phase fluctuates by 

21f defines the mean free path I. Beyond I , the electron motion is not ballistic but 

diffusive, so that, upon averaging over the impurity configurations, the averaged 

one electron propagator < G(r ) > behaves as exp( -ITI / I). This means t hat the 

scattered components interfere, and for a localized state the ll1terference effects 

are such that the wave amplitude is large only in a small region of space and falls 

off exponentially around it . 

Thus the microscopic length scale of interest in the localizat ion problem is 

the mean free path which in turn forms the lower length cut off for diffusive 

motion. The conductance go at this length scale is the microscopic measure of 

disorder, being small if disorder is large and vice versa. g( L) has two very different 

asymptotic forms for L > > I uepending on the microscopic disorder. 

Abrahams et al. [57] argued that quantum interference effects in a disor­

dered system evolve continuously as a function of scale size. They calculated the 

functional form of this effect by identifying the leading microscopic contribution 

to this process and predicted consequences for the observed properties. To the 

question of what is the measure of quantum interference, following the ideas of 

Thouless, Abrahams et al. argued that conductance itself is such a measure. It 

is small if quantum interference is large and vice versa. 

Thouless originally considered putting together blocks of random material of 

size L. A cube of disordered material will have a discrete spectrum and the eigen 

energies will be distributed randomnly to give rise to a rounued off form of the 

density of states (DOS). The time taken to cross the cube is t = L2 I D where 

D is the diffusion constant. So when several such cubes are joined together, it 

will be very unlikely that the energies of different cubes will match up because of 

the interfacial perturbation caused by putting the blocks together. The spectra 

of the cubes will be similar, yet distinct from each other. However, since the 
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electron spends only a fini te time in a ny cube, the uncertainity in energy can be 

measured , and it will be given by 8E = Ii/ t . 

If 8E is small , then the electron will not be able to get into the next cube a nd 

hence will be localized. If 8E is large, t hen t he time spent in each cube will be less 

and t he electron will easily fi nd a compatible state in t he next cube. Therefore 

the most important quant ity is t he ratio of 8E to t he average separation of the 

eigen energies of a cube, namely dE / dN. The blocks can be characterized by 

two parameters , the strength t (L) of coupling between the wave functions in two 

neighbouring blocks and W (L ), which is t he mismatch between an energy level 

in one block and the closest level in t he neighbouring block. 

Finite size scaling 

Before studying the scaling by putting the blocks together. we ought to have 

a cri terion for ident ify ing localized and ex tended tates. This can be done by first 

applying periodic boundary condi t ions (fig .(1.4)) on a fini te block and then study­

ing t he effect of changing the bounda ry condit ions to ' anti-periodic ' (fig. (1.5)) . 

Consider a system of size L and suppose a localized state lies within the system 

Figure 1.4: Periodic boundary condi t ion 

Figure 1.5: Anti-periodic boundary condi t ion 

as shown in fig. (1.6a). Such a localized state will be insensitive to the change in 

boundary conditions. 1 ext consider a system of length L and let the localized 

state be located at the boundary as shown in fig.(1.6b). Such a localized state 

will be sensitive to the change of boundary conditio,ns. However, if the system 
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(a) (b) (e) 

o C~ 
o L o L o L 2L 

Figure l.6: Sensitivity to boundary conditions 

is scaled to length 2£, and if the localized state now happens to be well within 

the boundaries, then it will be insensitive to the change of boundary conditions. 

Further increase in t he size of the system will have no effect on this localized state. 

o 

(a) 

L 

-2L -L 

- L 

(c) 

o 

(bl 

o 

L 2L 

As L - r:t>, c. E - 0 =:> Localized 

L 

Figure 1. 7: Effect of scaling on a localized state 

On the contrary, an infinitely extended state will always show sensitivity to the 

change in boundary conditions no matter how many blocks are put together. 

In other words , if the length of the system is less than the localization length , 

then, even though the state may be localized, it will be sensitive to the boundary 

conditions. This sensitivity will reduce as the size of the system is scaled up, 

fig.(l.7). But, for an extended state the sensitivity will keep on increasing with 

system size, fig.(1.8). The energy shift !:lEn of the nth energy level is the difference 

between the nth energy levels calculated with periodic a nd antiperiodic boundary 

conditions, !:lEn = IEnP - En AI. It is found to be of the order of lilt, t being the 
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Figure 1.8: Effect of scaling on an extended state 

time taken to diffuse to the ends of the wire. The larger the disorder , the greater 

will be the time taken to reach the ends of the wire. 

Let 6.Es = liD / £2 be the sensitivity to the change in boundary conditions of 

a single block. When another such block of length £ is attached , the sensitivity of 

the combined system will be, 6.Ec = ~3 = H6.Es ) . Thus we see that when two 

systems are combined together, the sensitivity of the combined system is reduced 

by 1/4th of the sensitivity for an individual block. Thus as we keep on increasing 

the length of the system, if 6.E for the combined system reduces rapidly, then the 

state is detected to be localized or else it is extended. The 6E which measures 

the sensitivity of the energy levels to the change in boundary conditions also gives 

a measure of the strength of coupling of a level in one square to its neighbours. 

A finite system will have a discrete set of energy levels. Let dE / dN be the 

spacing between the levels as in fig.(1.9a). Joining of another system will broaden 

the energy levels, as in fig.(1.9b). Let 6E be the range over which the energy 

levels of the first system vary when a second system is connected. Considering 

the Einstein's relation for conductance 

e2 D dn 
(J= 

2 dE 

• 

we can write, 
21i (J dE 

6E = e2 £2 dn' (1.2) 
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Consequently, the resistance will be 

p = 
2ltdEj d,V 

• 

e2 6E 
(1.3) 

Thus the resistance medsures t he rat io of the spacing between t he energy levels 

to the sensitivity of the energy levels to the change in the boundary conditions. 

The latter is also the measure of the coupling between the neighbouring energy 

levels when the system is scaled. If a state is localized. 6E will be small and 

f 
dEldN 

I 
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lE Tl lrrt ll[(nn ~ 
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W llHflIm 

(b) (e ) 

Figure 1.9: Energy level representation of scaling; V is the strength of coupling 
between two cells. 

the resistance of the subsystem will be large. Smaller value for 6E means that 

the coupling between the two subsystems is weak, which in turn means that the 

resistance of the individual subsystem is large, i.e. the state is localized. 

Thus, if 6E < < dE j dN, p > > ~~. So as the system is scaled to larger and 

larger dimensions, the sensitivity of the energy levels to the change in the bound­

ary conditions becomes smaller and smaller and the resistance of the subsystem 

becomes greater than 2ltj e2
. This is the a rgument given by Thouless to show 

that any system of a given cross-section would behave one dimensionally with 

localized states only if it becomes sufficiently long. This made Thouless to argue 

that once the zero temperature resistance of the wire exceeds 2ltj e2
, the resistance 

will be found to increase exponentially with length instead of linearly. 

The above inequalities also indicate that if the uncertainty in energy is large, 

• 

• 
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then the time the electron spends in each cube is less which \vould imply that 

the electron is easily able to find a compatible state in the next cube and thus we 

have an extended behaviour. vVhen p < < 2fij e2 , Ohmic behaviour is seen and the 

resistance will add up normally. but for p > > 2n,j e2 the net [r istance is found 

to increase exponentially. Thus Thouless predicted that all 1D systems with 

impurity resistance greater than about 2fi/ e2 would exhibit thermally activated 

hopping conductance at low temperatures and will be insulators at absolute zero. 

The length of the wire for which the resistance is of the order of 2fi/ e2 is called 

the localization length, ~. 

Thus d15/ ,rin is the only relevant quantity whose scaling behaviour relates to the 

scaling behaviour of transport quantities. It can also be called a dimensionless 

conductance gc(L), 

6.E 
dE jdn 

2fi 2fi d-2 = g(L) = aL = gc(L). 
e2 e2 

(1.4) 

gc( L) is often termed as the generalized dimensionless conductance or Thouless 

number and is related to the conductance g(L) as in eqn.(1.4). In particular, one 

can write down a single parameter scaling function, 

dlng 
,8(g) = dlnL' (1.5) 

For a system of size L , let g(L) be the conductance. Then the conductance 

for a system of length (L + dL) depends only on the previous conductance, i.e. 

g(L + dL) = f[g(L)] and 

,8[g(L)] = dlng(L) 
dlnL 

L g(L + dL) - g(L) 
g(L) dL 

(1.6) 

The above equation, called the renormalization group equation, has an important 

feature that the scaling function 6(g(L)) depends on L only through g(L). 
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Large conductance i.e. g» gc : 

In the regime where Ohms law is valid , i.e. kF » 1, g(L) = (TLd- 2 and 

so that, 

21i L d- 2 2(T 
e 

(J( gc(L)) = lim dlngc( L) = d - 2 
L---O dln(L) 

(1.7) 

(1.8) 

i.e .. in the metallic limit, {3 approaches a value (d - 2) asymptotically as L -t 00 . 

Small conductance i.e. g« gc : 

For small conductance all the electronic states could be locahzed so that the 

scale dependence of gc( L ) and (J would be described by 

21i 
e2 go (d) exp 

dlnL 

L 
--

-L 
~ 

~ 
(1.9) 

(1.10) 

Also, note that, since (J goes to -00 as the size L approaches infinity from 

eqn.(1.9) and comparing with eqn.(1.10) one gets 

f3 = 
In gc(L) 

go(d) 

The intermediate perturbative regime: 

(1.11) 

For weak disorder , i.e. kFl» 1, it is possible to calculate corrections to the 

Boltzmann transport theory result for (T using diagrammatic perturbation theory. 

It turn out that singula r back scattering leads to a significant scale dependent 

correct ions to the conductivity to higher order terms in l/kF l. These terms 

contribute a correction going as 1/ 9 so that for large 9 

/3(g) = 
a 

(d-2)--
9 

(1.12) 

• 
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For an electron gas a = ge = 2nje2 . {3 (g) is thus always less than its Ohms law 

value for a disordered system and hence the conduction is never quite Ohmic. It 

always increases more slowly wit h scale size than is suggested by 9 = (J Ld
-

2
. 

The scaling curve can thus be constructed using the eqn. (1.12) for large 9 

and f3 = ln 9 j go for small 9 and also the assumption that /3(g) is continuous and 

monotonic. The cont inuous behaviour of f3(g) is expected because it describes 

how the conductance of a finite system evolves as a funct ion of scale size. Abra­

hams et al. calculated f3( ge) for ge r-..J 1 with some approximation as a function 

of ln 9 for d = 1,2 and 3. The behaviour of f3 (g) is as shown in fig. (1. 10). The 

I .. ... ---- ... ... . ---.- d = 3 
• • 

R dIn g 0 

f' = C 0 "3 
dIn L 

----
----r. 

-• 
• • • - -- ;·- ---- ------------- --- -·d= I 

• • 

• • • 
• • 

• • 
• 

Figure 1.10: Schematic plot of f3(ge) vs lnge for d=1 ,2 and 3. 

asymptotics eqn. (1. 11) and eqn.(1.12) are shown in dashed lines. From this graph 

one can draw a number of important conclusions. 

For d=l: In this case 

(1.13) 

i.e. the derivative '!:rz < 0 for all ge' Therefore the scaling procedure always 

results in diminishing ge' This corresponds to f3(ge) going downward irrespective 
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of the starting point. On carrying out the procedure a sufficient number of times, 

we reach the asymptotics g = go exp (- ~) . Thus we find that as L ---+ 00 both 

the conductance as well as the conductivity of a 1D disordered system vanish 

exponentially. This result was known well before t he developll)ent of the scaling 

theory of localization. 

For d=2: The new result of scaling theory is that lim gc = 0 in the 2D case as 
£ ->00 

well. In 2D, the conductivity as well as the conductance have the same physical 

dimension, i.e. the conductance of a square does not depend on its size. 

The (3 function is always negative in this case and does not become zero except 

at gc ---+ 00. This implies that there is no mobility edge and hence no transition 

to a true metallic conduction. When g = gc (i.e. the value of conductance g for 

which (3 = 0) is of order unity there will be a cross over at a scale Ls from the 

slow decrease of eqn.(l.lS) to exponential decrease. The localization length is of 

the order of Lc and is given by 

go - gc 
Lc = l exp( ) 

a 
(l.14) 

This is the perturbative estimate of the localization length in 2D. It depends 

exponentially on the mean free path and consequently localization effects are dif­

ficult to observe experimentally for weak disorder. Another striking consequence 

of the scale dependence of eqn.(l.lS) is that a 2D system is non-Ohmic at a ll 

length scales. This leads to a characteristic 'non-metallic' resistance increase as 

temperature decreases. This would imply that even if for small squares the con­

ductance per square is large, it decreases logarithmically as the side L of the 

square increases so that eventually g becomes small for some large values of L 

and thereafter the conductance decreases exponentially with L. 

If the material parameters or properties are such that the conductance go 

calculated from Drude's formula is large compared to unity, then for values of L 
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that are not too la rge , one can treat the disorder perturbatively. This will give 

9 = go - aln(L/l) (1.15 ) 

where l is the mean free path, a is a numerical constant and go = (': 2 j2':ih(kFl ). 

This formula is valid so long as the second term is small as compared to the first. 

For a film made up of a good material, the 2D localization effects will be 

tangible only if the film is very large, i.e. L ;::::: l exp (go/a) . Thus, for a film made 

up of a good metal the 2D localization is indeed 'weak' in certain sense. 

At finite temperatures one should replace L by the distance which electrons 

travel without suffering an inelastic collision. This distance increases with the 

lowering of temperature. This in turn leads to a logarithmically increasing con­

duct ivity which has also been observed experimentally. But t he interpretation 

of this result is unambiguous because a similar behaviour would result from Alt­

shuler et al. 's theory associated with electronic interact ion. 

For d=3: As is seen in the fig. (1.10), the beta function has a zero on the abscissa 

at a value g3 of order unity. This zero is an unstable fixed point which represents 

the mobility edge. For 9 > g3 , the scaling procedure will monotonically enhance 

the conductance. For 9 < g3 , (3(g) is negative. Increasing the length scale from 

l decreases 9 so that one moves down on the scaling curve and at large enough 

length scales, (3(g) corresponds to the insulator regime. 

Thus the conductance g3 at the scale l corresponds to the critical disorder. 

The scaling trajectories move away from the critical point (3(g) = 0 which in turn 

marks a change of regime and is hence ident ified with the mobility edge. 

1.4 Conduction mechanisms in Anderson systems 

Just as in crystalline materials, in an amorphous material also it is the position 

of the Fermi energy EF relative to the energy bands that determines whether the 

material will exhibit metallic or insulating (or semiconducting) behaviour. The 
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difference will be that the band edges will be blurred and each band contains two 

types of electron states - localized and extended - separated sharply by mobility 

edges as proposed in Mott-CFO model [11 , 14]. In such a situation electrons 

can participate in conduction at different temperature ranges in the following 

ways: (fig. (1.11)) 

VB 
DOS 

~ Fp(insulator) 

\,e{O.~ \..'3.) : semiconductor) 
v,\. \\ : '3.\' v , 

low tern (b Ep(metal) 
, , 
: CB , 

Extended 

, , , 
: Extended 

Ev E--l.-

Figure 1.11: Conductivity mechanisms at different temperatures 

1. At high temperatures for which thermal energy is sufficient to excite elec­

trons to the extended states beyond Ec in the conduction band (CB), the 

ordinary conductivity due to electrons drifting in the electric field will occur. 

This will be of the form 

0" = O"oexp (1. 16) 

where 0"0, a function of mobility and the DOS, is the minimum metallic 

conductivity. 

2. At lower temperatures excitations can occur only to t he localized states 

between EA and Ec. The electrons in these states can contribute to the 

cond uctivi ty only if they are able to acquire sufficient energy, ,6. WI , to hop 

from one localized site to the other. Thus the minimum activation energy 
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will be (EA + ~Wl) and the conductivity will be of the form 

(1.17) 

where al is almost 1000 times smaller than ao and it depends on the fluc-

tuations in the electron motion due to phonon interactions i. e. on the rate 

at which electron tries to jump. This is the thermally assisted hopping. 

This is illustrated in the figure below. The rate determining process is the 

B 

E c 

Figure 1.12: Thermally activated hopping 

hopping of an electron from a state A below the Fermi energy to one above 

say B (fig.(1.12)). The probability per unit time that this occurs is the 

product of the following factors, 

(a) Boltzmann factor, exp( - W / kaT), where W is the energy difference of 

initial and final states; 

(b) a factor Vph depending on the phonon spectrum; and 

(c) a factor depending on the overlap of the wave functions. 

If the localization is very strong, an electron will normally jump to the 

state nearest in space because the term exp (-20:R) where 0: is the inverse 

localization length, falls off rapidly with distance. This nearest neighbour 

hopping is called Miller-Abraham hopping [4]. Nearest neighbour hopping 

is expected only when O:RC > > 1 where Ro is the average distance to a 

nearest neighbour. The hopping energy W is of the order of the band width, 
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W rv RgG~EF)' Thus nearest neighbour hopping with an exponential factor 

exp ( - k":r) is observed only if states are Anderson localized throughout the 

whole band, so that any mobility edge is in a higher band. 

3. At still lower temperatures t,,·o other hoppmg processes are po::':'lble. One of 

them happens if a band of localized states exists around E F . For the case of 

amorphous semiconductors it is suggested that there is a high concentration 

of localized states near the center of the gap that anchors EF in that region. 

In such cases just as in (b) thermally activated hopping to the neighbouring 

DOS 

Figure 1.13: Amorphous semiconductors 

sites can occur from states that are close to EF . This will give a conductivity 

a = a2 exp (1.18) 

where 6. W2 is the average energy difference between sites. This will be 

approximately half the energy spread of the band around EF . a2 will depend 

on the electron jump frequency. 

4. Another possibility arises if aRo, 1 is comparable with or less than unity, 

or if the temperature is sufficiently low. Then the phenomenon of variable-

range hopping happens. The hopping distance R increases with decreasing 

temperature. This is elaborated below. 

10 = 2~rQ where Wo is the energy level for an electron in a single well. 
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At very low temperatures, where kaT < < 6. U'2 , the rate of thermally 

activated hopping to the neighbouring sites will be very small and it is 

more likely that an electron will be able to find a state of similar energy 

by tunneling beyond its nearest neighbours to more distant sites. Then 

there will be a greater selection of possible energies. This is called variable 

range hopping and it leads to a conductivity of the form exp (- B /Tl/4). 

This mechanism which was first proposed by Mott can be derived from the 

following simple argument. 

Since the electron states around EF are localized, their wavp. funct ion will 

fall off exponent ially with distance R as exp (-O'.R), where a: is a constant. 

Hence the probability of hopping to R will vary as exp (-2C'tR). To derive 

the hopping energy we note that the minimum energy between states around 

EF can be derived from the DOS per unit volume. G(EF) as fo llows. If in 

a volume V there is only one state between E and E + 6E then 

1 
dE = VG(EF) (l.19) 

dE now measures the energy spread between one state and the next and 

this is only the energy separation between neighbouring sites. Hence the 

average separation between the neighbouring states , 6W3 , with the electron 

being able to sample states within a radius R is 

1 
(l.20) 

Thus the farther the electron is able to tunnel, the greater will be the 

likelihood that it will find a site with small 6.W3 . The probability for such 

a thermal excitation will be exp (-6 W3 / kaT) and this together with the 

probability of hopping to R gives the combined probability of the form 

P = exp (l.21 ) 



• 

22 Introduction 

The maximum probability will occur when t he magnitude of the exponent 

is a minimum i. e. when ~ = 0 This gives, 

and 

where 

R~ 

6.W3 
0"3 exp -

kBT 

1 1/ 4 

(1.22) 

(1.23) 

(1.24) 

It is difficult to get good estimates for Q and G(EF) but experiments yield value 

of B to be around 2. 0"3 is controlled by jump frequency. From eqn.(1.21) we can 

see that as T is reduced the average hopping length grows as Tl /4. But when 

the hopping conduction is governed by the temperature dependence of the form 

0" = 0"3 exp (E3/kBT) wit h a constant activation energy E3 , the average hopping 

length is of the order of the mean separation between the impurities, which 

does not vary with temperature. To emphasize this characteristic difference, 

the conduction mechanism leading to Mott's law is referred to as variable range . 

hopping (VRH). In contrast to VRH, E3 conduction is usually referred to as 

nearest neighbour hopping. 

The index 1/4 is a matter of dispute. A theory due to Efros group [37] shows 

that when interaction between electrons are introduced into the problem, the 

index becomes 1/2. This is difficult to be determined experimentally and all the 

conditions under which 1/2 is to be expected are not entirely clear. The effect 

of correlation on hopping has been considered by various authors. Pollak [23] 

and Srinivasan [24] first pointed out that Coulomb repulsion between electrons in 

occupied centers could lead to ordering, similar to Wigner crystallization, with a 

reduction in the DOS at Ep or perhaps a gap. 
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Knotek and Pollak [35] show that the field in which the localized states exist 

is itself partly determined by the electrons, and a given electron can raise the 

energies of nearby states above the Fermi level. It thereby creates for itself a 

sort of electronic polaron. and the electron can only jump to a distant state of 

very nearly the same energy by taking a 'polaron ' with it. This means that 

simultaneously with its jump, other electrons with energies near the final state 

must jump into new positions. This reduces the hopping probability. 

According to Mott [38, 47] the claims made by Efros et al. [37, 46] that cor­

relation int roduces an energy gap, or a 1/T1/ 2 behaviour [38], or that deviations 

at low T as proposed by Kurosawa et al. [40], are not true. 

In the 2D case the conductivity is found to have 1/3 power dependence on T, 

B 
a = aoexp Tl /3 (1.25) 

The expected value of B in 2D [41] is B = N( ~~2) kB ' 

1.5 Tunneling phenomena 

Amorphous dielectric solids like glasses exhibit remarkable features at low 

temperatures which are very much different from their crystalline counterparts. 

Pohl and co-workers' [26] observation of the anomalous temperature dependence 

of specific heat and the thermal conductivity below 1K (in comparison with their 

crystalline counterparts [3]) has led to a lot of theoretical investigations into 

the acoustic and thermal properties of amorphous insulators. Of the several 

theories proposed to account for such behaviour [6, 29], the tunneling state model 

proposed by Anderson, Halperin and Varma (AHV) [29] and independently by 

Phillips [30] has been the most successful. The first hypothesis of the tunneling 

model is that in a glass, a certain number of atoms or group of atoms exist, 

which have two equillibrium positions. These correspond to the minima of an 

assymmetric double well potential. The tunneling motion of such atoms can be 
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described as an oscillation around either of the two potential minima and it give 

rise to two level systems (TLS). At low temperatures the localized oscillators are 

in their ground states denoted by 11 > and 12 >. These states are not exact eigen 

states because of the tunneling through the potential barrier. Or in other words, 

glasses contain localized TLS 's characterized by quantum mechanical tunneling. 

The microscopic origin of such localized states remains unresolved even now. But 

there is much to be learnt about them from a purely phenomenological point of 

view. The question, whether there exists a et of tunneling-model parameters 

and assumptions which are consistent wi th an increasingly restrictive body of 

experimental results is also important . 

Tunneling states explain and link the observed specific heat and thermal con­

ductivity. Their simplest example is found in alkali halides [21] and also in a 

partly amorphous material, polyethylene [22] . In a regular lattice of a crystal 

all atoms or molecules occupy a well defined position, allowing only one possi­

ble configuration. In contrast , the random network of an amorphous solid can 

be realized as a large number of different configurations and certain atoms or 

group of atoms can occupy at least two diffe rent positions or configurations of 

almost equal potential energy. The amorphous state differs fundamentally from 

the perfect crystal in that finite displacement of a few atoms does not necessarily 

increase the internal energy. This would suggest that the TS 's corresponding to 

two neighbouring equillibrium positions could occur naturally in some amorphous 

solids. Thus on hindsight it can be said that TS should occur in materials with an 

open structure, and atoms with low co-ordination, possibly only two fold, should 

be able to move back and forth to give rise to two equivalent configurations. If 

all atoms are linked to more than two neighbours, then the structure will be very 

rigid and double well potentials will be unlikely to be formed. 

In general, the well will not be symmetric and in particular, a stress applied 
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to the system will introduce an assymmetry and the potential of one well will 

be changed relative to the other by Po.E where Po is the dipole moment when 

the particle is definitely in one well. So an assymmetric well is considered when 

determining the response of the system to an applied fi eld . In the symmetric 

case there will be an energy barrier Vo bet\\l'een the two sites. In the st ressed case 

an energy difference 22:. is induced between the two sites. Classically, the defect 

can exist either in site 11 > or 12 > while quantum mechanically, the defect is 

considered in both wells simultaneously. 

The mathematics needed to treat a quantum defect can be developed by 

considering a potential as shown in the fig.(1.14). The potential V is con~idered 

as the sum of the potentials VI and V2• 

The total Hamiltonian is given by 

( l.26) 

The Hamiltonian for the first and the second well is given by 

Hl 1i
2 

\12 V, 
2m + 1 

= H -~ 

H2 1i
2 

\12 V; 
2m + 2 = H - VI 

(l.27) 

< IIHdl > + < IIV - VIII> < IlHI2 > 

< 21Hll > < 21H212 > + < 21V - ~12 > 

To a good approximation each term < ilV - ~Ii > can be neglected in comparison 

with E, =< il H,li > . If the zero of energy is chosen as the mean of the two ground 

state energies E1 and E2 , then the Hamiltonian matrix becomes 

(l.28) 

• 
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6 0 is defined as negative because the matrix element < llHI2 > is • neoatlve o 

since the negative contribution from V - 112, for e.g. in eqn.(1.27) overwhelms 

the positive contribution from H2 . 6 0 can be evaluated for specific potentials. 

On diagonalizing this Hamiltonian the eigen functions are found to have energies 

±E/ 2 where E2 = (6 0
2 + 6 2). 

Thus in an isolated well the tunneling particle has a series of vibrational 

states separated by an energy !iw which is of the order of Debye energy. The 

separation in energy of the two minima is often referred to as the 'asymmetry' t::. 

(fig.(1. 14)). The two lowest eigen states have rela tive energies ±E = (66 + 6 2)1/ 2 

where 6 0 , the coupling energy is approximated by 6 0 = li...ue- ).. . Here W IS 

the frequency of oscillation in an individual well and A = d(2mV/ fi} )1/2 is the 

tunneling parameter. In the basis (w L , 'lj.'R) , the wave functions in the left and 

right wells respectively, the Hamiltonian of a single tunneling system IS as 111 

eqn.(1.28) . Due to the tunneling, 'l/JL and l/JR are not true eigen states. So in the 

orthogonal basis with eigen states 'I/J+ and 'I/J- the Hamiltonian reads as 

o 
o -E 

where E = (6 2 + 66)1/2 . Thus in the basis ('I/J+, w_) one gets a TLS with energy 

splitting E. The parameters of the tunneling states (TS) do not have well defined 

values as a consequence of the random amorphous network. The distribution 

of coupling strengths is determined by the distribution of barrier heights and 

asymmetries for the double well potential shown in the fig.(1.14). The eigen 

states are coupled to the long wavelength phonons through the modulation of 6 0 

and 6 caused by an elastic wave. The resulting variation of E leads to rela..xation 

effects. The modulation of 6 0 and 6 by the elastic wave leads a lso to phonon 

induced transitions between the eigen states of the defect. 

The low excitation energies generated by a mechanism which in turn results 
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Figure 1.14: Two level system or tunneling states 

in atomic tunneling is of the order of 1O-5eV < E < 1O-4eV corresponding to a 

temperature between O.lK and II<. 

I\f H3 molecule is an example of a system that illustrates the symmetrical 

double well potential. Two structures are possible for molecules of t he type 

XY3 namely the planar form and the tetrahedral form. In the tetrahedral form 

exemplified by N H3 , the three Y atoms form an equilateral t riangle but the X 

atom can have two equivalent positions of equillibrium, one above and one below 

the plane of the triangle and the potential function for this atom is represented 

by two wells, centered at the equillibrium positions of t he atom with a separating 

potential hill whose height is conditioned by the magnitude of the molecular 

binding forces. The two configurations possible for the j atom in the N H3 

molecule represents the two different states of the molecule which form the set 

of basis states for the analysis of t he behaviour of the N H3 molecule. Finally we 

note that two level systems can occur due to several reasons: 

(a) the separation between energy levels may be so large that the thermal 

energy may not be sufficient to enable the tunneling entity to go from the 

ground to excited states. However , if the energy is just enough to cause 

transition to the first excited state alone, then we get a TLS. 
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(b) the excited states may be just too far away for an excitation to occur but 

the ground state may be two fold degenerate as in the case of N H3 molecule. 

(c) as a result of certain interactions like hyperfine interaction , crystal field , 

nuclear quadrupole interactions etc., the energy level of the atom may get 

split up into two levels resulting in TLS. 

Although the terms TS and TLS a re often used interchangeably, there is in fact 

a distinction between the two. TS is more general and assumes that there is a 

distribution of values of .60 or equivalent ly Vo, the coupling energy, as well as E. 

1.5.1 Quantum mechanical tunneling of molecular spins 

The magnetization measurements by Friedman and his collaborators on crys­

talline .Un12 acetate at temperatmes from 1. 7K to 3K gave the first direct ev· 

idence [123J for t he tunneling of a spin through a potential barrier from one 

orientation to another. The spins of lV!n12acetate molecules apparently reverse 

direction by ' resonant quantum tunneling' from one potential well to another. At 

low temperatures, the many constituent elect ronic spins of the molecule freeze 

into an overall state of fixed angular momentum 10n. Application of an exter­

nal magnetic field along the crystal axis destroys the symmetry between the two 

wells. The quantum tunneling between the t\VO levels on opposite sides of the 

potential barrier should be greatly enhanced when they have the same energy, or 

are degenerate. This is the resonant tunneling and it occurs when the applied 

field strength H is zero and the two wells are completely degenerate. But this 

resonant tunneling can also happen at a series of other H values also, i.e. when­

ever the applied magnetic field raises one well above the other just enough so 

that the energy levels once again coincide - but now for unequal values of Iml. 

For the case of Mn12acetate this happens when H is positive or negative multiple 

of about 0.45T. When resonant tunneling occurs lots of spins escape quickly into 
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the positive m well thereby suddenly reducing the sample's negative magnetiza­

tion. Thus as H is increased, the +m well sinks lower and lower and the levels 

come repeatedly into resonance, until finally all the spins rest at its bottom and 

the magnetization of t he ample is finally saturated in the other direc tion. The 

observations of spin orientation tunneling in lockstep through potent ial barriers 

holds promise for future applications. The ultimate size limit for magnetic mem­

ories can be reached once it is possible to figure out as to how to store and how 

to read back information in these paired molecular potential wells. TLS also has 

some prospect in quantum computing. If, in the absence of an external field , 

the two wells are degenerate, a spin can in fact tunnel back and forth in a co­

herent superposition of states and this is exactly what one wants for quantum 

comput ing. rviore works are going on in this system [161]. 

1.5.2 Dynamical or chaos assisted tunneling 

Heller [64] showed long back that discrete symmetries may have 'surprising' 

quantum effects. For instance, classical trajectories can be trapped in symmetric 

regular regions of phase space, separated by chaotic regions which behave as 

impenetrable barriers. Quantum mechanics, however, couples wave functions 

which describe equivalent motions on both sides of the 'chaotic barrier' [82] . 

This new type of quantum tunneling is dynamical in nature, and maybe much 

faster than the ordinary tunneling through a static potential barrier. 

The phase-space trajectories on either sides of the chaotic barrier would be de­

terministic, i.e. given the initial state, the final state after , say a given time, will 

be predictable. In the normal circumstances when the barrier is non-chaotic, iden­

tical states on either side of the barrier can be connected by quantum mechanical 

tunneling. But for the chaotic barrier unusual thing happens. If the trajectory 

• 
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on one side of the chaotic barrier touches the barrier it gets c.onnected to an ar­

bitrary state on the other side which cannot be predicted a priori. The reason is 

that the trajectory evolves non-deterministically in the chaotic case. Thus chaos 

assisted or dynamical tunneling apparently allows transitions between states of 

very different energies. \Ve believe that regions of randomness which also have 

self-similar or fractal character could give rise to dynamical tunneling. 

Works of Reichl and Zheng [96] on the lD quartic double well potential in the 

presence of a monochromatic external field revealed the appearance of chaotic 

trajectories with initial energy lower than the barrier height and which are able 

to increase their energy and cross over the barrier. The phase space chaotic layers 

increase with the strength of the field and, for external frequencies close to the 

harmonic frequency within each well , the spreading of chaotic layers is maximum 

at a given field strength. This barrier crossing due to energy diffusion is a pure 

classical effect related to chaos and , therefore should not be called tunneling. 

Thus the study of quantum tunneling for double well potentials in the presence 

of a periodic time-dependent driving force became a focus of major theoretical 

work [96, 114] . ?vIacroscopic quantum tunneling [91], the possibility of tunneling 

rate enhancement through double quantum wells in semiconductor superlattices 

[109], intermolecular and intramolecular hydrogen transfer processes [107], tun­

neling processes of hydrogen isotopes and muon between interst it ial sites in metals 

[103] and Josephson junction in the presence of a microscopic field [112] are some 

of the applications stimulating these studies [116]. 

1.5 .3 Fluctuation induced tunneling 

There is a great deal of evidence [1] that in ultrathin films a few tens of 

angstroms thick prepared by evaporation onto a substrate kept at not too low 

a temperature consist of arrays of small islands separated from each other by 
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a distance of the order of 100Ao. For electrical conduction to occur electlOn!:> 

have to be transferred from one island to the next across the gap and it is the 

mechanism of this transfer that determines the resistance of the film. 

There are several mechanisms by which the conduction is possible, for P.g. 

thermionic emi sion and tunneling. Though thermionic emission , \\'here the cur­

rent depends exponentially on the height of the potential barrier between islands, 

is frequently mentioned as a possible conduction mechanism it is found that the 

tunneling current depends much more sensitively on the separation between the 

grains than the thermionic current. 

In the temperature range where the electrostat ic energy required to transfer 

an electron from one neutral grain to another is appreciably larger than kaT, the 

density of thermally excited grains are negligible leading to unusual t ransport 

effects in these granular materials. In such cases the conduction is induced by 

the application of a large electric field. Thus in the limit of low temperature 

and high electric field, the major contribution to the conductivity is due to fi eld 

induced tunneling between the neutral metal grains separated by one or more 

barriers [25J. The low field electrical conductivity of many disordered materials 

has temperature dependence of the form , a rv exp (-b/T!) where I = 1/ 4 in 

many amorphous semiconductors and semiconducting glasses and I = 1/ 2 in 

disordered materials such as granular metals and some disordered semiconductors. 

Although I = 1/4 behaviour has been justified in terms of Mott 's variable range 

hopping and derived by Ambegaokar [15J there is no definite theory for the I = 

1/2 behaviour. Ping Sheng et al. [33J proposed a theory which explains the 

I = 1/2 behaviour by a structural effect. They relate the high and low field 

behaviours through a single structural parameter. 

Ping Sheng et al. [55J have also proposed a tunneling conduction mechanism 

for disordered materials in which there is a modulation of tunneling barriers by 
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thermal fluctuations with the resulting fluctuating local electric field causing the 

conduction. Since the granular material which mimic a network of tunnel junc­

tions is situated in a thermal bath there will inevitably be thermal fluctuations 

that will lead to a range of voltage differences across the junctions. 

Later [90] they shovied that the whole range of the observed "I values in 

granular systems can be understood in terms of a general theoretical model tha.t 

gives I = 1/4 for T ~ ° and I> 1/2 (but < 1) for T ~ 00. 

1.6 Mesoscopic systems 

Mesoscopic systems fall in between microscopic and macroscopic systems in 

terms of the length scale. A. system exhibits mesoscopic behaviour if the system 

dimension is of the order of either of the three characte ristic length scales namely. 

the de Broglie wavelength , inelastic mean free path or phase relaxation length. 

Since these length scales are strongly dependent on the material as well as T and 

magnetic field, mesoscopic transport phenomena have been observed in conduc­

tors having a wide range of dimensions from a few nanometers to micrometers. 

These systems have two important features: firstly, the spectrum of electronic 

states are discrete and secondly the electronic motion is coherent in t he sense 

that an electron propagates across the whole sample without experiencing inelas­

tic scattering. Its wave function maintains a definite phase or the phase changes 

deterministically. The electron thus exhibits a variety of novel and interesting 

interference phenomena. In our work we have mainly dealt with the second case, 

namely the phenomenon of long range phase-coherence. 

Interest to study mesoscopic systems arises since there are many new phenom­

ena that are intrinsic to mesoscopic systems. It is almost like a large molecule, 

but always coupled, at least weakly, to a much larger essentially infinite system 

via phonons, many body excitations, etc. Fundamental principles of quantum 
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mechanics related to the concept of phase of the wave function and statistical 

physics are amenable to theoretical clarification and experimental examination 

in these systems. '-'Vith the advancement of technology, many of the theoretical 

predictions can now be confronted by experiments. A great majority of meso­

scopic conductors are patterned out of a two dimensional electron gas (2DEG) 

formed at a GaAs-AlGaAS interface. 

Many of the rules valid in the macroscopic physics are not valid in the meso­

scopic regime. For example, the rules for the addition of resistances, both in 

series [20, 77] and parallel [95], are different in mesoscopic regime. 

Majority of the interesting effects in mesoscopic systems are due 0 quantum 

interference effects. These effects are known to be affected by the coupling of 

the interfering particle to its environment , namely heat bath. The way such a 

coupling modifies the interference phenomenon has been studied both theoret­

ically [7, 89] and experimentally. The effect of coupling to the environment is 

characterized by a phase breaking time. TdJ, which is the characteristic time for 

the interfering particle to stay phase coherent. 

We have looked into the problem of the saturation of the phase breaking 

t ime or the decoherence time, with the lowering of temperature currently being 

debated in literature [102, 105, 124]. Theoretically it has been believed so far that 

T",(T) should increase with decrease in inelastic events and should become infinite 

at T = 0 in very large systems. Recent experiments have however found that the 

phase of the electron wave function does not remain coherent over indefinitely 

large distances as the temperature is lowered. It saturates at a certain value. 
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Chapter 2 

RESISTANCE OF QUASI-ONE DIMENSIONAL WIRES 

2.1 Introduction 

In this chapter we study the electronic properties of quasi-one dimensional 

disordered systems. Borland [8] and Halperin [12] initiated work in this area. 

:\tIott and Twose [28] first formulated an approach for the development of local­

ization in 1D systems of large but finite length. A survey of both theoretical and 

numerical work in this area is given by Ishii [34] . ~Iost of the discussion of this 

problem considers the solut ion of the problem with one-point boundary condi­

tions. i.e. they start with a given wave funct ion and derivative (on the amplitude 

at two neighbouring points in the TB case), and show that the solution grows 

exponentially with probability unity. It is then argued that an eigen state for a 

long but finite system occurs at just those energies where an exponentially grow­

ing wave function from the left matches an exponentially growing wave function 

from the right. Wegner [42] had demonstrated the localization without using this 

approach. 

2.1.1 Dimensionality 

Dimensionality of a system refers to the number of degrees of freedom in the 

electron momentum in that system. In other words, the dimensionality of the 

system is effectively the number of dimensions for which the system size is larger 

than the inelastic length, which is the distance up to which the electron can 

travel so that both the initial momentum as well as the energy are destroyed. 

For example, a wire of cylindrical cross-section (of radius a) is one-dimensional 

34 
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(lD) if 1m < a. 

Reduction in dimensionality can be achieved by applying a confining potential 

to a system of electrons. If the confining potential is applied only in one direction, 

then the elect ron can move in two other directions, and in this case we will have 

a quantum well . In a quantum wire there is confining potential in two directions 

as a result of which electrons can move only along a single direction. If there is 

a potential confinement in all the three directions then the degrees of freedom 

for the electron reduce to zero and we have what is called quantum dot. If 

the number of degrees of freedom (DOF) is labelled as D f and the number of 

directions of confinement potential as Dc, then D f + Dc = 3 for all solid state 

systems. Table 2.1 shows the four possibilities . Traditionally, low dimensional 

System Dc Df 
Bulk 0 3 
Quantum Well 1 2 
Quantum Wire 2 1 
Quantum Dot 3 0 

Table 2.1: System vs dimensionality 

systems are labelled by the remaining DOF in the electron motion i.e D f rather 

than the number of directions of the confinement potential , Dc· 

Since the inelastic length , 1m is a function of temperature, one can cross 

over from 3D to an effectively 1D behaviour in a given wire on cooling. Besides 

electron-phonon interaction, 1m also depends on the scattering of electrons from 

other electrons and two level systems (TLS or TS). The temperature dependence 

of the inelastic scattering rate due to e-phonon collisions depends on the phonon 
. 

dimensionality which is the number of dimensions of the system in which the 

thermal phonon wavelength A.n is greater than the diameter of the wire and also 

on whether A.n > Ie (dirty limit), where Ie is the elastic mean free path [49]. For 

• 
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example in a wire of diameter a such that An » a and An » l , T{h ex T - 2 . 

Low dimensional electron systems can be fabricated in several different ways. 

The techniques have been perfected enormously. A detailed discussion of the 

experimental methods can be found in [143]. 

Qualitatively, the idea of localization in a random ID potential can be un­

derstood from the arguments of Yuval based on the nature of random walk and 

uncertainity principle [43] . A wavepacket which diffuses a distance L has an en­

ergy spread t::,E ex 1/ L2 while the energy level spacing varies as dE / dN ex 1/ Ld 

where d is the dimensionality. For d = I , as L increases, the number of energy 

levels in the packet decreases. Correspondingly when there is only one eigen state 

left in the finite packet , localization sets in, i.e. 

t::,E ex 
1 

£2 
while 

1 
dE/ dN ex L 

Thus, t::,E < dE/dN =? all states a re localized in ID. Therefore for the ID case 

as the packet diffuses a length L , the spread in energy of the wave packet becomes 

less than the spacing between the energy levels that are contained in the packet. 

For the 2D case, 

t::,E ex 

i.e. t::,E 

1 
L2 ' 

dE/dN 

dE 1 
dN ex £2 

i.e. for the 2D case, both the spread t::,E in energy of the wavepacket and the 

energy level spacing dE / dN decrease as 1/ L2 and hence no conclusions regarding 

localization can strictly be drawn. In this sense 2D is truly the marginal case. 

2.1.2 Schrodinger's equation in quantum wires 

Here we work out the Schrodinger equation under the conditions that give 

rise to a quasi-ID wire. The equation for a 3D system with potential V is 

li2 

- \l2'l/J(X, y , z) + V(x, y, z) = E'l/J(x, y , z) 
2m* 

(2.1 ) 
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Since there is a potential confinement in two directions, say y and z, we can split 

the potential V and the wave function 'lj; as , 

V (x , y, z) = V(x) + V(y. z); 'I/J(x, y. z) = 'ljJ(x)'lj;(y, z) . 

Splitting the total energy E also similarly and further simplifications give 

17,2 fj2 
- f) 2'lj;(X) = Ex1jJ(x) 

2m" x 
(2.2) 

The solution of eqn.(2.2) is a plane wave, exp (zkxx), which gives the standard 

dispersion relationship, Ex = n2 k; / 2m". The eqn. (2.3) is merely the Schrodinger 

equation for the 2D confinement potential characterizing a quantum wire. For 

a general cross-section, eqn. (2.3) should really be solved by using a full 2D so­

lution, which is very tedious . So special cases of the solution of eqn. (2.3) for 

relevant commonly found geometries are taken. Such particular solutions rely 

upon the ability to further decouple the motion into independent components. 

For infinitely deep rectangular wires for instance , 

1jJ (y) 1jJ(z ) = (2.4) 

This is similar to ID infinitely deep quantum well. The confined states of a quan­

tum wire are therefore described by two quantum numbers, (ny, n z ) in contrast 

to the sole number required for the ID confinement potential in quantum wells. 

For a circular cross-sect ion, the Schrodinger equation for the motion in the 
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confined cross-sectional plane of a quantum wire taking into account the cylindri­

cal symmetry has to be solved and is done numerically using for example shooting 

method [143] . 

2.1.3 Density of states 

The density of states (DOS) changes as we go from 3D crystal to a quantum 

well (2D) and again to quantum wires (lD) and also to quantum dots (OD). DOS 

is defined as the number of states per unit volume per unit energy interval in real 

space and is denoted by 

(E) = dN 
p dE (2 .5) 

In the bulk crystal, the three degrees of freedom (3D OF) for the electron momen-

tum map out a sphere in k space, while in quantum well the electron momenta 

fill successively larger circles. For a quantum wire with just 1DOF, the electron 

momenta fill states along a line as is shown in the figure below. The total number 

27t -- , , , . . . 
~ L .. 

-k o k 

Figure 2.1: Occupation of states in k-space along a 1D quantum wire 

of states N is then equal to 2k/7f and the DOS is given by 

2m· 1/ 2 1 

1i2 7f E1/2 
(2.6) 

for E = 1i2 k2 /2m·. The energy E is measured upwards from a subband minimum. 

Table 2.2 gives the DOS for bulk, well, wire. We note here that a reduction in 
, 

DOF for the electron motion leads to a reduction in the functional form of p(E) 

by factors of E1/2. 



2.2. Thouless' approach 39 

Dimensionality p(E) 

3D (Bulk) 1 (2m") 3/2 E 1/2 
27r2 /i2 

2D (Well) .lem")lEO 
21T /i2 

ID (wire) 1 em") 1/2 E - 1/2 
rr /i2 

Table 2.2: Dimensionality vs density of states 

If there are many confined states within the quantum wire with subband min­

ima E" then the DOS at any particular energy is the sum over all the subbands 

below that point, which can be written as 

(2.7) 

The quantum wires show maxima in the DOS at around the sub band minima, 

E=E • 
1 

E(meV) 

Figure 2.2: Density of states versus energy 

i.e. at around the point at which charge would be expected to accumulate. This 

is in contrast with bulk and 2D cases. 

2.2 Thouless' approach 
, 

A one dimensional system in the strict sense is a linear chain of atoms where 

the electrons are bound to move only forward and backward along a particular 
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direction. In the presence of an obstacle on its path a part of the wave function 

will be reflected and a part will be transmitted. In a disordered chain this process 

continues at every obstacle and the t ransmitted part of the wave function steadily 

decreases. As a result the conductivity decreases successively and eventually 

the wave function decays to zero and it is said to be localized. Though it was 

simple to visualize localization in 1D its experimental verification was not readily 

possible because of the difficulty in making a 1D wire. At this point Thouless 

[49, 75] argued that all systems, regardless of their cross-sectional area will behave 

one dimensionally in so far as localization is concerned, provided that they are 

sufficiently long or in other words the ratio of length to the cross sectional area 

should be very large. In practise only quasi-one dimensional (lD) wires could 

be made, which were actually 3D systems of very small cross-section. Thouless 

studied the effect of localization in these wires and concluded that they would 

behave one dimensionally in terms of localization if the diameter is less than the 

inelastic scattering length and also if the length is greater than the localization 

length, which is the length of the wire for which resistance is greater than 2fij e2
• 

This concept is also known by the term, the maximum metallic resistance. In 

such a 1D system, the resistance depends exponentially on the length rather than 

linearly i.e. (exp (Ljl - 1)) as the temperature is lowered below 10K. For a very 

disordered wire with A = 2.5 X 1O- llcm2 , (r '" 250AO). T£ is predicted to be 

of the order of 1K. By using Fokker - Planck approach Thouless calculated the 

increase in resistance to the original resistance Ro and obtained an expression 

PeJDTin -
A (7rfije2 ) 

(2.8) 

where Pe is the impurity resistivity, Tin, the inelastic scattering time and (7rfije2
) 

equal to 36kO, the quantum unit of resistance. He further argued that the effect 
• 

of localization will only be observed at very low temperature and with very thin 

wires for the following reason. 

-
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Consider the motion of an electron in terms of the motion of wavepackets 

made up of big localized states. The electron starts as a sharp wavepacket and 

diffuses, but eventually, the diffusion is limited by the extent of localized states 

that make up the packet. After a t ime t , an inelastic scat tering process would 

scatter the electron to a new wavepacket. 

At ' high' temperatures an electron will experience frequent inelastic collisions. 

Each of these collisions will cause the electron to jump from one localized state to 

another [49, 75]. If t he inelastic scattering rate is high, the electron will change 

states many t imes before it can diffuse a distance of the order of localization 

length. As a result the electron will never ' know' that it was in a localized 

state and t he localization will have no effect on the conductance. The effect of 

localization will only be felt when the mean free path for inelastic scattering, lm' 

is comparable to the localization length l. This can happen ither by reducing 

the cross-sectional area of the wire and/ or increasing the amount of randomness 

which will decrease 1 or by reducing the temperat ure which will increase ltn. No 

matter how la rge the cross-section is, there will always be a temperature TL at 

which lm is equal to l , and this will approximately be the temperature at which 

localization becomes observable. In addit ion, the argument that TL should scale 

inversely with the diameter of the wire makes this effect not ordinarily observed. 

As t he temperature is lowered the scattering by phonons become less effective 

and eventually the electrons will be able to diffuse a distance of the order of 

localizat ion length between inelastic events. ~1ovement beyond this length is not 

possible and hence the electron will remain there until another inelastic scattering 

event will cause a transition to a new packet of states. The size of the localized 

state is given by 

1 = 

where AF and kF are the mean free path and the wave number of an electron at 
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the Fermi surface. The t ime taken to diffuse this distance is 

T 

where Tph = 2)"~/3D is t he relaxation t ime and t is t he time between two inelastic 

events represented as Tph· Therefore the condition for the localization of eigen 

states to be apparent is approximately 

T (2.9) 

The ratio of T to Tph at room temperature is (f - 1) where f is the resistance ratio 

which is defined as the rat io of t he resistivi ty at room temperature to the residual 

resistivity and is an approximate indicator for the sample purity. Originally 

Thouless had considered e-phonon or e-e scattering for the inelastic process. But 

then, the dependence of Ttn on T was found to b e different from that observed 

experimentally in all samples. Moreover , the lesser experimental value got for ~ 

implies that Tm is smaller than that considered by Thouless. At this point Lee 

suggested that Tm must be due to the TLS or TS and later on Black et al. [58J 

showed that the TS will be dominant under these condi t ions. Thus it was not 

certain as to what would be the mechanism responsible for Ttn . Thouless' theory 

based on the localization of electrons is found to give a correct dependence of 

c;: on T if the inelastic scattering is taken to be due to TS. Thus, even if the 

temperature is low it does not mean that the effect of localization will be large 

because Ttn would be large. The presence of TLS in the disordered material will 

also affect Ttn and will reduce it and hence the effect of localization can be smaller. 

2.2.1 Temperature dependence of e-phonon and e-e interactions 

If the localized electron wave packet after diffusing a distance of the order 

of localization length gets scattered by a phonon, then Tm ex: T - P where the 

exponent p depends on whether the material is clean or dirty and whether the 

-
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phonons are 1D or 3D [49] 

P = 1 for 1D phonons in a clean material 

p = 2 for 1D phonons in a dirty material 

p = 3 for 3D phonons in a clean material 

p = 4 for 3D phonons in a dirty material 

If e - e scattering is considered , the relaxation rate is of the form 

1 2m{3(k8T)2 

Tee /i3k} 

where /3 is a numerical constant which is not far from unity. 
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Schmidt [36], Altshuler et a!. [76] as well as Abrahams et al. [80, 80] suggest 

the e-e scattering rate for the disordered case to be Tee <X T - d/ 2 where d is the 

dimensionality, rather than T - 2 which is the case for a pure metal. 

T ee T - 2 for pure metals 

<X T - d
/
2 for disordered metals at low temperature. 

For d = 2 a logarithmic singularity occurs which leads to (T In T) -1 behaviour of 

the life time and a failure of the quasi-particle picture near the Fermi surface. 

2.2.2 Experimental status 

The first observation of localization effects in 1D wires were made by Dolan 

& Osheroff [61] in a relatively wide (typically 1J.Lm) very thin ( 50AO) strips of 

AuPd alloys made using optical lithography. Later, Garland et al. [62] studied 

percolative mixtures of Ag particles in KC!. However, measurements at temper­

atures as low as 0.5 mK showed no evidence for localization and indicated that 

the effect of localization could be lesser than that predicted by theory. But note 

that the percolative mixtures are somewhat different from the continuous metallic 

structures which were considered in the theory. Hence the conditions necessary 

to observe localization may have not been met in these systems. 



• 
44 

Resistance of quasi-1 D .... 

Giordano and his co-workers at the same time [63] studied continuous AuPd 

wires made using a lithographic technique with diameter of the order of 300 AD. 

Localization effects were observed in these samples and the increase in R with 

the lowering of T \vas found to vary as 11 A in good quantitati" e agreement wI th 

theory. The temperature dependent part was found to vary as TI / 2 

Later in 1980, Chaudhari et al. [69] studied very thin (50 AD strips with widths 

of order 1000 AD) wires of amorphous WRe made using electron beam lithogra­

phy. These wires showed localization effects and the resistance rise was found to 

depend on A & T in good agreement with [63] . Chaudhari et al. made use of 

the superconductivity of their sample by using the phase slip centers observable 

below Tc to measure Ttn . There was a good agreement with the value obtained 

in conj unction with the measured value of 6RI Ro. This was the first direct 

evidence that the inelastic scattering time are of correct magnitude to explain 

within the localizat ion picture, the behaviour of R which has been observed. 

Overcash et al. [71] worked on freely suspended wires rather than depositing 

them on substrates or embedding in a matrix. They studied the behaviour of 

whiskers of Bi and Bi doped with Sb with diameters as small as 1400 AD, but 

could not find any evidence of localization in their estimates of T, in a manner 

predicted by Thouless. 

So it is concluded that Thouless' estimates are not consistent with the ex­

periments on WRe and AuPd wires. Other experimental results also showed a 

resistance rise consistent with that found for AuPd and WRe wires. 

2.3 Interaction effects 

Early studies on the interacting electron gas using perturbation theory in the 

, unscreened Coulomb interaction led to a strong singularity near the Fermi surface. 

But works of Nozieres and Pines [10) removed all the singularities by taking 
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into account the screening factor. These results when fitted into the rreneral 
o 

framework of Landau 's Fermi liquid theory (FLT) showed that the effects of 

interaction could be represented by the introduction of a number of Fermi liquid 

parameters describing the renormalization of physical quantities like specific heat 

and magnetic susceptibility. 

It was generally believed that impurity scattering would not lead to any es­

sential modification of the FLT. But Altshuler et al.'s work [65, 66] showed that 

interactions in a disordered Fermi liquid do lead to strong singularities near the 

Fermi level. They treated the disordered Fermi liquid problem by performing a 

perturbation theory to the lowest order in interact ion strength. The disorder is 

treated by the conventional diagrammatic technique [9], which should be valid in 

the limit kFl > > 1. For the ID case the ratio of 6.R/ Ro was found to be 

2 - F 4DIi 1/2 

L£ kaT 
(2.10) 

where F is the screening parameter and L£ = RTA/2Pe is the size of the localized 

state. Here the criterion for ID behaviour is that the diameter of the wire must 

be less than the coherence length. The dependence of 6.R/ Ro on A, T , and Pe is 

the same as in the localization theory. 

2.3.1 Experimental results supporting interaction theory 

White et al. [86] have reported the experimental results on ultrathin wires 

of Cu, Ni and AuPd alloys and also the results of a careful reanalysis of the 

data in the published literature. In all cases, the quantitative prediction of the 

interact ion model of Altshuler et al. [76] consistently accounts for much of the 

observed resistance rise and in the case of Cu, it accounts for essentially all of it. 

So White et al. infer that interaction effects are at least of comparable importance 

with localization and may dominate over the latter in the metallic samples. 

Skocpol et a l. [85] fabricated a new MOSFET analogue of narrow metal wires 
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and demonstrated the imultaneous presence of both localization and interaction 

effects in good agreement with quasi-ID theory using parameters estimated from 

2D results. The main problem concerning localization theory was in Tm, which is 

a relatively unknown parameter in the case of narrow wire . In contrast, in the 

case of Si in\'er ion layer in which the conductivi ty and the diffusion constant of 

the electron can be easily varied by changing the gate voltage on a single device, 

much more is known about the relevant length and scales. Thus, in case of narrow 

Si inversion layers both weak localization and interact ion effects are seen. 

2.4 Unclear issues 

Since the work of Thouless [49, 75] there has been a lot of work on the prob-

lem of localization, both in ID as well as in thin wires using various theoretical 

approaches. All of these theories basically make the same prediction for the be­

haviour of R as a function of T. Thouless' result for the ratio of the increase in 

R to the metallic resistance Ro is given in eqn. (2.8) . From this equation it is seen 

that the effect of localization is proportional to A -1, Tm 1/ 2 and p~/2 . It is also 

evident that all of the temperature dependence comes from that of Tm and hence 

Tm is the key quantity. 

Since there are a number of different scattering mechanisms which could con­

ceivably be important, it is impossible to make an a priori est imate of Tm . The 

most obvious mechanisms are electron-electron and electron-phonon scattering. 

But the experimental results are not consistent with either of these scattering 

mechanisms. This has led to the suggestion that some other scattering mecha­

nism is dominant in these systems [75, 88]. One possibility is that the scattering 

of electrons from the tunneling levels which is believed to be present in all highly 

disordered systems [29, 58). 

The electron-electron interact ion effects also lead to a behaviour similar to 
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that predicted by theories based on localization. In this case Tm is replaced by 

li/kBT [74]. The predictions of the two theories are so similar that it is difficult 

for experiments to distinguish between them. 

The temperature dependent part of resistance is found to vary as T - 1/ 2 [68]. 

This would imply that the inelastic cattering time should 

independent of the cross-sectiona l area of the wire. 

\·arv as T-l and is 
• 

The only scattering mechanism that behaves in this way is the e-tunneling 

level scattering [49 , 58, 75]. Black et a l. [58] have used the experimental data 

for the metallic glass PdSiCu to estimate Tm = 2.3 x 1O- 9T - 1(secK - 1) in this 

system. Substituting this value of Tm in the above equation, the value of 6.R/ Ro 

is found to be a factor of seven larger than that observed experimentally. This 

level of disagreement is reasonable taking into account the fact that this Tm was 

calculated for a different material than was used for the wires and also the general 

difficulties encountered in making absolute estimate of the scattering times [73]. 

So far we have considered the dependence of the resistance rise on the cross­

sectional area of the wire as well as on temperature. 'T:; is found to have a 

dependence on Pe, the impurity resistivity as well. This dependence has been 

investigated in two ways. First , by depositing the AuPd in two different ways, 

namely sputtering and thermal evaporation, it was possible to make wires with 

two different values of Pe for the same composition [63, 68]. Secondly, it was 

possible to anneal the sputtered wires studied previously by gently heating the 

wire. It is expected that this annealing, which was carried out at temperatures 

less than 200DC, well below the melting point of AuPd, did not change the cross­

sectional areas of the samples. The advantage of annealing was that it allowed 

Pe to vary continuously over a reasonably wide range. It has been observed that 

as Pe is decreased the fractional resistance rise ~ also decreases in qualitative 

agreement with the equation for ~. The fig. (2.3) shows the results for the 
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Figure 2.3: Fractional resistance rise vs temperature 

resistance rise as a function of Pe . 7:: IS found to vary approximately linearly 

with Pe in contrast with the .jPe variation predicted by the theory in dotted 

line. Thus there is a problem in understanding the variation of t-;:; with Pe. 

This variation is not consistent with the theories based on e-e interaction effects 

and those based on localization unless the inelastic scattering time exhibits an 

unexpected and so far unexpla ined dependence on Pe. 

In sum, experimental results showed a lesser effect of localization than was 

expected by theory. This is deduced from the fact that the inelastic scattering 

t ime was shorter and increases less rapidly at low temperatures than that calcu-

lated by Thouless [49] . It was also not clear as to what would be the appropriate 

mechanism for the inelastic scattering. 

2.5 Our approach 

We have taken up the issue of the Pe dependence of 6.R/ flo within the frame 

work of the localization theory. We will emphasize on the role of inelastic scat­

tering of electrons from the TLSs in determining the resistance of a thin wire. 

The element of disorder , which is due to the random distribut ion of site energies 

is introduced by treating the inelastic events probabilistically. So, disorder will 
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not appear in our formulation as an exclusive parameter but will be embedded in 

the frequency or probability of inelastic scattering from the TSs. It is assumed as 

discussed earlier that the system has topological disorder that gives rise to TSs 

which are distributed randomnly in the ystem. 

\,Ve consider the movement of an electron as an elastically diffusing wavepacket 

made up of broad localized states. This narrow wavepacket diffuses along the 

length of the wire until an inelastic event like a phonon or a TS scatters it into 

another localized state. It then starts to diffuse again up to localization length 

and then waits until it encounters another inelastic event. A wavepacket , which 

comprises group of waves of slightly different wavelengths, strongly localized m 

a very small region of space is taken to mimic a particle to describe its motion. 

The energy of an elastically diffusing narrow wavepacket, would not change in 

the course of diffusion until it meets a phonon or a TLS. 

vVe distinguish the diffusion of wave packets in terms of the step-lengths trav­

elled on a scale of localization length l and identify two regimes depending upon 

the temperature and the concentration of the TS present in the system. The 

range of diffusion of a wavepacket vary from ao, to l, the localization length. 

In the short-step regzme, the distance travelled between two consecutive inelas­

tic events or the step-length, IT , is of the order of inter-atomic distance z.e. ao or a 

few multiples of it such that l is sufficiently larger than IT = rao, r = 1,2,3, ... ; 

and the long-step regime where the step-lengths Lr can be almost of size l , Lr = rl 

with r = 0,1,2, ... Here r = 0 corresponds to two inelastic events occurring 

within a span Lo such that l > Lo > IT; and r > 1 indicate step-lengths pro­

tracted beyond l by Mott's variable-range-hopping [13]. If the packet diffuses full 

localization length l without encountering an inelastic event, it can tunnel into a 

nearby degenerate or nearly degenerate localized state . 

The diffusion process which consists of elastic scattering events contributes 

• 
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to R. At low temperatures R is large because the distance diffused is large. As 

T increases, phonon assisted hopping makes the electron jump between diffusion 

processes. The hopping actually reduces R because the potential fluctuations in 

t he regions which the electron skips while hopping are not felt by it and hence 

these regions do not contribute to R. The hopping helps the electron to cover 

larger distances without experiencing much diffusion. 

The inelastic life time in the two regimes shall be represented by T < and T> 

respectively - while T < is dominated by direct inelastic collisions, T > is dominated 

by incoherence time or the typical t ime taken in reaching the edge of a localized 

state. A wire of length L can be imagined to be made up of s(lr) number of 
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Figure 2.4: Long and short steps of wavepackets; ___ represents envelopes of 
localized wave functions 

segments of length lr and S(Lr) number of segments of length LT' In general 

they will peak at different values of segment lengths with the constraint 

N n 

L s(lr)lr + L S(Lr)LT = L , (2 .11 ) 
r=l r = O 

o 

where N Llao and n = Lil. 

Treating each diffusion step in terms of a metallic resistor the net dimen­

, sionless resistance Pe, scaled in 7rnl e2
) is just an incoherent sum with segments 

• 

• 
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contributing as resistances in series: 

N It 

Pe = L s(lr)(e1r
/

1 
- 1) + L S(Lr)(eLr / 1 - 1) . (2 .12) 

r = 1 r=O 

At higher temperatures, inelastic eVf'nts will be more flequent as a lesult of which 

the segment length becomes smaller H . lrll « 1 and Lrl l « 1. Hence on 

expanding the exponentials one gets the behaviour at high temperatures which 

is the metallic one, Pe '" Po = LIZ. Thus 

N It 

Po = L s(lr)lrl l + L S (Lr)Lrll '" Li l. (2. 13) 
r = 1 r=O 

The incremental resistance ratio due to both the packets is given by 

6.R Pe - Po --
Ro Po 

N e1r/ 1 - 1 n eLr / 1 - 1 
LPr + LPr (2.14) 

lr l l 
-1 

Lr l l 
-1 , 

r=1 r=O 

where we have defined fractional contributions to the total length, 

N n 

Pr = S( lT )lTI L, Pr = S(Lr )Lrl L; with L Pr + L PT == (1 - a) + a = 1, 
r = 1 T=O 

(2 .15) 

and have assumed metallic behaviour over the span of each stretch of dzffuswn 

of size IT or LT, so that for lr, Lr < l from eqn .(2.12) we have R", Ro = Li l. 

In general, the packet will make a relatively fewer excursions over distances 

larger than l without meeting an inelastic event since the probability for undergo­

ing variable-range hopping is exponentially smaller ('" exp ( - T - 1/ 2 )) than that 

for finding an inelastic scatterer ('" T-l /2, see later). So, on average we will al­

ways take LT < l. Torodov's numerical scaling result [122] that in the localization 

regime the resistance R of long thin wires will fit a different expression with R 

proportional to sinhLll will also give the same result as eqn.(2.14). Each term 

in eqn.(2.14) dominates separately in one of the regimes described above. 
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Short steps: For frequent inelastic scatterings from T Ss or phonons Pr is sharply 

peaked to order O(N - l/2) about (lr) < l. Then the leading localizat ion correction 

from the packets able to diffuse over short distances in the ran o-e of loca.lization 
o 

length l , is 

(2.16) 

This result is essentially the same as t hat of Thouless eqn. (2.8) but is derived here 

more directly from t he exponent ial length dependence of R given by the scaling 

theory of localization. What we gather here is t hat Thouless' result belongs to 

the short-step regime. If T< is small due to frequent scatterings from phonons 

t hen this will be t he weak localization regime. The term 'weak' is used here in a 

generic sense and not to refer to the weak localization t hat arises due to the t ime 

reversal symmetry [93]. However , T< can also be small due to scatterings from 

TSs even a t low temperatures if the disorder is sufficiently high. In this situat ion 

also, in spite of the disorder being rather high , t he effect of localization would 

be reduced to some extent. Thus at high disorders (and low temperatures) a 

competition between strong localizat ion and inelastic scattering from TSs - both 

produced by strong disorder - decides the value of T < or the extent to which the 

effect of localization is felt. 

Long steps: If the inelastic events from TSs and / or phonons are of such frequency 

that the wavepackets can manage to diffuse over dist ances of the order of l wi th 

. some non-zero probability, then on scale l we will have 

6.R> = a2:::;=oPr[e
r
;l - l] ~a (e(r) -l ) _l 

Ro 2:::;oPr (r) 

a 
~ 2" (r ) . (2.17) 

For peaked distribution P" r has been replaced by (r), the coarse grained average 

of Lr/l on the scale l. The last result in eqn.(2.17) is obtained for (r ) < 1, 

neglecting (r)3 and higher powers of (r). In this regime although (Lr ) < l, there 

will be some excursions made by the packets over distances of order l or a few 

multiples of it. 



• 

, 

2.5. Our approach 53 

Thus in a general sense we can include the frequency of inelastic events in our 

formulation by introducing a probability P> for a packet to take a step of size 

l (i .e. move to another localized state after havin rr diffused throurrh one of size o 0 

/) and a probability P< of not diffusing (i. e. encountering an inelastic scattering 

well within a distance of l ); P> + P< = l. 

Such a trajectory can be represented as a sequence of randomly arranged 

vertical partitions and horizontal bars. The partitions represent steps of 'zero' 

size on a scale / and the bars represent steps of an average size of order l . Thus the 

partit ions , n < in number, represent inelastic events, and the bars , n> in number, 

represent diffusion steps with , n> + n< = n . This will enable us to estimate the 

coarse grained average (r ) which will be the average occupation fraction in a box 

bounded by vertical partitions. i. e. 

(2.18) 

The most probable values n< and n> are found by maximizing the binomial 

distribution W(n» = niP;> p~< In> !n<!. Using Stirlings approximation and 

maximizing, we get 

(2. 19) 

The probabilities P> and P< defined in the strictly 1D model must be related to 

the physical decay or diffusion rates in the quasi-1D wire. In a thin wire , such 

that d « lm [94] the minimum energy states will be uniform across the wire, with 

roughly AI a6 chains of states exponentially decaying along the wire. For time 

intervals greater than AID, the diffusing packets can be taken as uniform in the 

transverse direction while diffusing 'one-dimensionally'at a rate DIl2 along the 

wire. The 1D diffusion probability P> then depends directly on D I l2. 1 

1 If a step of size 1 is taken in time t in a medium of diffusion constant D then 1 ~ .Ji5i, and 
the jump frequency P> = l it ~ DIl2 . 
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The incoherence t ime T> is related to the decay time Tl of anyone of the 

localized states that make up the packet. Since there are A/ a6 chains of states 

across the wire, the packet decay rate , l /T>, must be related to the 1D decay 

probability summed across the wire, L P< = (A/a~)P< . That is. the decay in 

anyone of the chains should bring about incoherence and decay in the overall 

combination. Since the incoherence t ime of the packet comes from the decay of 

any of t he localized states, the rate per chain (1/T»/(A/a6) is to be related to 

the ID probability P<. 

Equating the ratio of probabilities to the ratio of relevant rates, i.e. 

(2.20) 

we finally get 

(2.21) 

Our next task is to determine T>, the packet incoherence time. Each localized 

state used in the construction of a packet has an energy width Ii/Tl and the 

incoherence time T> for the diffusing electron should be associated with it. Many 

localized states of width Ii/Tl will form a packet which in turn diffuses until it gets 

scattered. Thus the width of the localized state will affect the intrinsic energy 

width of the packet and hence the packet incoherence t ime T>. Since we do not 

know the details of how a particular packet is constructed, we must consider a 

typical diffusion path-length and work backwards. 

A free wavepacket made up of plane waves of momentum Ii(k) broadens as it 
1 

moves, with the co-ordinate space width 6.x = ((x - (X(t)))2) 2 proportional to 

the distance (x(t)) travelled. Since 6.x > 1i/6.p, the width in co-ordinate space 

is inversely proportional to the energy width and so 

• (2.22) 
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Thus in the energy space its width narrows such that 6.E > IiK/{x(t)) (with the 

constant J( rv Iik/m). We assume that for an elastically diffusing wave packet 

the same type of relation holds, 

6.E > IiK/ J2Dt . (2.23) 

Since the localized states decay in Tl, the intrinsic energy width of a packet should 

be, 

_n_ > (2.24) 

The J( is estimated by considering a narrow packet of '31Ze rv ao and initial 

intrinsic width n/TO that does not narrow in its short life time TO. That is 

(2.25) 

Using the equality sign for a rough estimate we obtain from eqn.(2.24) 

(2.26) 

Substituting in the expression for 6R>/ Ro we get, 

(2.27) 

Thus we obtain 

6R> A- 1T - 1/ 2 
rv Pe 

flo 
(2.28) 

in agreement with the experimental behaviour. Using the parameters of [70] one 

can find 6R>/ flo as follows, 

Numerical values 

1 n 47rn 
D --

Pe e2 mkF 
2 

2 DJTOTtn 6R> 1 n 47r /'i 
O! D2 -

a~A7rn/e22 Ro e2 mkF 

-
1 16n2 vToTm 

0!15m2k} a~A 
• 
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From Chaudhari and Habermeir's work [70] 

Ii ~ -2 
mDk

F
Al/ 2 ~ 10 and we set Ct = 1 

1 

By transmission electron diffraction it is found that at 4.2 K 

D 

.'. T tn = 
4.3 X 108 x 4.2 

0.0553 x 1O- 8sec 

We have found that 

, 

TO 

13.74 x 1O-14sec 
2 

DT> = 3.73 X 10-2 

Expe11mental results: From the graph given in [70], In T( 4. 2K ) - 1.44 

Thouless' case: 

The area: 

Here 

R(T) - R( 13K) ~ 2 x 10- 2 

R(13K) 

6R< (1 - Ct)PeVDT< --
A)2 (~) Ro 

0 

1 2 X 10- 12 
DT< -

2
ltnlet - -

. A 
• • 

6R> 4nli Ii DT < e
2 

0.0161 X 103 

:. Ro = mDkF ~ AV2 nli -
(2.29) 
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Thus Thouless' result is found to be anomalollsly large [70, 81] . Large T, and the 

erroneous assumption of a Pe independent J DT, were apparently responsible for 

Thouless' high value. 

Thus we've got 

(1 - a) 
• 

This expression covers the physical conditions ranging from the extreme ones 

where an electron can barely diffuse a few atomic spacings, to the moderate 

ones where it can make some excursions of the order of localization length. The 

conditions allowing many and longer excursions can be taken into account by 

including higher powers of (r) in eqn.(2.17). 

2.6 Discussion and comments 

Here we have derived an expression for the increase in resistance to the metal-

lic resistance, 6R/ Rn in the framework of localization theory. We have considered 

the inelastic events probabilistically, the main cause to be from TLS. We find that 

the electrical resistance of quasi-1D systems is sensitive to the frequency of inelas-

tic scattering events. The identification of the physical condit ions under which 

Thouless' results [75] should be valid and those that would have been present in 

the experiments [72] done to verify his results , calls for new experiments under 

controlled conditions of disorder and temperature to study in detail the roles of 

inelastic scatterings from TSs and phonons separately in the electrical transport 

in quasi-1D systems. This should give more insight into the microscopic details 

of electron diffusion in the backdrop of localization. Experiments at very low 

temperatures should possibly reveal something new arising from the interaction 

between TSs which can change the nature of tunneling from coherent to incoher-

ent [124, 125]. 



, 

58 Resistance of quasi-1D .... 

It should also be interesting to investigate the conditions under which the Tee 

takes over from TTS, and also the nature of this t ransit ion. This t ransit ion is 

expected to be different from the weak [93] to strong localization cross-over. 

The scaling theory of localization as<;Cl ts, besides arguing the absence of ex­

tended states in ID and 2D, that in 2D there can be a t ransition from strongly 

localized (SL) to weakly localized (WL) regime depending upon the sheet resis­

tance value Ro. A great deal of effort has been devoted to extending the study 

of localization as well as strong localization(SL) to weak localizat ion (WL) tran­

sition [118] in the quasi-ID limit, still it has not been demonstrated in quasi-ID 

with the same clarity as in 2D. 

• 

• 

-



Chapter 3 

INTRINSIC PHASE-DECOHERENCE IN 
1\iIESOSCOPIC SYSTEl\IIS 

3.1 Introduction 

One of the fundamental properties of an electron under quantum mechanical 

conditions is that the phase of its wave function remains coherent over a length 

of time and space. The electron loses the phase coherence if it interacts with Its 

environment. The coherence-decoherence transition define the t ransition from 

quantum mechanical behaviour of a 'closed ' system to the classical behaviour of 

the same system when it is treated as 'open '. \Vhat should comprise 'a system 

of interest ' and its ·environment' with which it may be coupled, depends on how 

we want to define the problem; the experiments are designed accordingly. For 

example in our problem of the movement of an electron in a random potential, 

the electron and the impurities or t he disordered potential comprise the system 

of interest while other electrons , phonons and TLSs etc. form parts of the envi-

ronment. 

For this problem it is now established that the elastic scatterings of the elec­

tron under study from the impurities do not dephase it , or randomize its phase 

[20]. On each such scattering episode the momentum of the electron changes 

and also the phase of the single-electron wave function, however the changes are 

in a deterministic manner in that these changes are correlated and in principle 

computable. Normally, the phase relaxation length, or the length over which the 

phase has reversed, can be much larger than the elastic mean free path. The in­

elastic scattering events due to electron-phonon (e-ph), electron-electron (e-e) or 

59 
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e-TLS interactions, on the other hand randomize the phase of t he electron wave 

function. It was believed until recently that in the limit of temperature T -+ 0 

the inelastic events could be minimized and consequent ly the phase-decoherence 

time Tq, and the phase-coherence length L", could be arbitl dnly large. 

Under normal conditions achievable in experiments a disordered system can 

be viewed as a jigsaw of phase-coherent units , where each unit is of mesoscopic 

length scale and contains many elastic scatterers. To study the long-range phase­

coherence one ought to do experiments on a sample of mesoscopic size and weak 

localization is an appropriate phenomenon to investigate for analyzing different 

scattering processes for it is sensitive to phase and momentum relaxation. All 

electrons incident in the same state acqui re the same phase shift after going 

through a given set of elastic scatterers so much so that a time reversed course 

of the same collisions can restore the original phase of the wave function. An 

inelastic collision in t he course of these events destroys the phase memory of the 

electron irrevocably. 

3.2 Saturation of phase-decoherence time 

Some recent experiments [102 , 124] along these lines ha\'e shown that Tq" and 

in turn L q" approaches a fimte temperature independent value below a temper­

ature that may lie between a few mK and 10K depending on the system under 

study. It has been observed in a wide variety of disordered conductors that Tq, 

saturates to a value between 10-9 sec and 10- 12 sec below 4K depending on the 

system. It is further claimed that this phase decoherence is intrinsic in charac­

ter, that is, it should not depend on the coupling with extrinsic environmental 

factors. This led to t he suggestion that the decoherence could be caused by the 

zero point oscillations of the electrons [124]. This point of view was, however, 

refuted on the simple ground that the energy of the zero point oscillations cannot 
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be transferred in the course of inelastic collisions of the electron III questIOn wlth 

the electrons around it. 

Not withstanding the mechanism of dephasing, which is a matter of intense 

debate [167], the result is undoubtedly of fundamental importance and of far 

reachinoCJ" consequences . A number of phenomena includin u electron localization 
'0 , 

that depend on quantum interference would require rethinking. As for localiza­

tion, the experimental result [124] poses a serious puzzle by indicating that the 

zero temperature dephasing length L,,(T = 0) is much smaller than the typical 

localization length ~. This would have the serious implication that large local­

ized states (o r weak localization , W1) would not exist. There ought to be a 

competition between quenched or stat ic disorder and the factors that limi t the 

intrinsic decoherence time T", in deciding the extent of localizat ion even for T --> O. 

Consequently, there could be a lower critical value of disorder below which local­

ization may not happen. (If Lif> r-v (k~l)' localization will occur only if ~ < L q" 

i.e. kFl < 1, which implies the W1 regime for which kFl '" 1 should actually be 

non-existent]. 

3.3 Sources of dephasing 

Phonons are the most obvious source of dephasing, but they have to be ruled 

out in the temperature range in which T", has been obsen'ed to saturate. The 

inelastic processes that may persist at such low temperatures are e-e and e-T1S 

interactions. 

While the e-e interaction is generally considered to be a good candidate as a 

phase randomizing agent at low temperatures it should be noted that the sam­

ples in the experiments in question have fairly low concentration of electrons, 

r-v 1012cm- 2 [128]. The e-e interaction energy should be considerably small in 

these samples as compared to that in the earlier experiments, when the electron 
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density used to be much higher. It is therefore not clear as to what extent will 

these interactions be instrumental in the dephasing phenomena. These could 

at most be quasi-elastic which would imply that there would have to be many 

collisions of this kind befo re the electron' phase would change by 27T. Instead 

of thinking in terms of many colliding electrons it helps to consider one electron 

subjected to a random t ime and space dependent electric field created by all the 

other electrons. T his is t he electric noise inside the system. It is however certain 

that if T¢ saturates, then as a consequence, the e-e interaction correction to con­

ductivity will also saturate. It ,,,ill be of interest to examine the factors t hat can 

saturate Tee. 

We will investigate in some detail the interaction of electrons with TLSs as a 

plausible mechanism of the phase decoherence. In this scenario one studies the 

movement of an electron under t he combined in fluence of static or quenched dis-

order and a dynamical environment due to an atom or a group of atoms moving 

back and forth between two locat ions in space which correspond to minimum 

energy states separated by a potent ial barrier in the configuration space. While 

the movement of an electron under t he influence of a static disorder is diffusive, 

the dynamical disturbances in space caused by TLSs can make the electron move 

into anot her state inelastically even at T = O. vVe expect that the inelastic scat­

tering from TLSs should dominate at very low temperatures when other sources 

of inelastic scattering have diminished or become ineffective. Inelastic scat ter-
• 

inO" from TLSs as the source of decoherence of a n electron has been discussed in o 

t he literature [97] ; here we have a very different mechanism to propose for the 

dephasing phenomenon. 

Ovadyahu [97] first found in some of his indium oxide samples with low re­

, sistivity (kFl > 2) that inelastic scattering time was much shorter than the e-e 

interaction time. The results fitt ed well when e-TLS scattering was invoked as 
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the phase-breaking mechanism. Zawadowski et al. [97] considered non-magnetic 

TLSs having degenerate Kondo ground states. In a certain temperature range 

the TLSs exhibit non-Fermi liquid (NFL) behaviour which apparently is the sig­

nature of dephasing. They propo e that the c;cattering of an electIon from a 

TLS of this type, changes the tate of the TLS and thus the environment of the 

electron changes. This causes the de phasing. Imry et al. [141] propose a pertur­

bative theory in electron-environment inte raction where T¢ is much longer than 

the quasi-elastic scattering t ime T. The scattered electron undergoes a phase-shift 

due to the motion of the scatterer. The phase-shift changes the conductance and 

also causes dephasing. If the defect motion is slower than the t ime scale of elec­

t ronic motion only the conductance changes, but if t he defect moves faster than 

the electronic motion then dephasing also happens. 

3.4 Our proposal 

Our arguments are somewhat similar to those of Imry et al. [141] but only 

at the beginning. We propose a novel mechanism for the saturation of T¢ which 

accounts for the T-independence of T",. First of all we propose that the phase-shift 

of an inelastically scattered electron should depend not only on the fact that the 

scattering it is undergoing is inelastic in nature, but also on the character of the 

scatterer. The latter should be particularly significant in the case of dynamical 

scatterers like TLSs, whose character depends on the nature of the tunneling -

whether it is coherent or incoherent. 

We can formally write, 

(3.1) 

where c is a parameter signifying t he character of the inelastic scatterer. In the 

case of e-TLS scattering, Ttn (= Te-TLs) would predominantly depend on temper­

ature and concentration of TLSs. While its dependence on concentration of TLSs 
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is obvious, we understand the dependence of Te-TLS on T like this: first of all, 

the tunneling will have to be assisted by phonons if A is larger than a certain 

Amm [29, 98] where e->'(~ 6 0 ) represents overlap between wave fune [ions for the 

two potential wells in the TLS. Since A depends inversely on T , the tunneling 

will be increasingly more difficult as T ........ 0 and at some point it wIll be impos­

sible for those parameters of the TLS that determine Amm. Below this value of 

T the system will freeze into one of the configurations represented by the two 

wells. Thus as T decreases, the tunneling rate of this type of TLSs decreases and 

consequently the scattering rate Te_1TLS decreases. In simple terms the rate of 

t unneling becomes slower than the time scale of the electron movement. How­

ever, if the TLS is such that A < Am p,' then tunneling continues to happen even 

if T ---+ O. Such TLSs are particularly 19nificant for the saturation of T". 

vVe will now discuss the parameter c in the eqn. (3. 1). The character of a 

TLS can depend considerably on its interaction with other TLSs. :\ote that the 

motion of the tunneling entity (an atom or bunch of them) produces a strain field . 

If the TLSs are far away from each other or the temperature is not low enough to 

preclude phonons, then the strain field may not affect the other TLSs because it 

may get weakened or dissipated by phonons. But if the concentratIOn of TLS is 

high, or there are intermediary impurities, then the strain field produced by one 

TLS can affect the nature of oscillation of the other TLSs if the temperature is 

so low that the dissipation of the st rain fi eld by phonons can be ruled out. While 

an isolated TLS generally oscillates between two wells coherently, the interaction 

between TLSs can make the oscillations incoherent. This crossover as a function 

of decreasing temperature will have its influence on the phase-shift of the electron 

scattering off the TLS; it should add to the change in the phase of the electron. 

If the mean interaction between the TLS is represented by an energy J then 
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one can combine the local parameter .60 with it and describe the TLS-TLS in­

teraction by a dimensionless parameter [120] 

J.L = 1/ .60 . (3.2) 

If 1 dominates over the local coupling energy Uo (i.e. , interaction between TLSs 

is as large as, or larger than, t he coupling between wave functions in the two 

wells of a TLS) then J.L will exceed 1 and the local tunneling motion will become 

incoherent. In glassy systems .60 will have a wide distribution which can vary as 

kBT [125]. Consequent ly J.L can be taken as proportional to T-l . Note that Te-ns 

is also ex T- 1
. In the background of the above discussions , the implications of 

both J.L and Te-ns being proport ional to T - l are important in so far as the phase 

change of the electron is concerned. 

Let us consider the two situations . A > Amm and A < Amm , separately. In 

fact both the situations are important at the same time because TLSs satisfying 

either conditions would be present in the system. 

In the TLSs for which A > Amm the tunneling, which must be assisted by 

phonons, will increasingly slow down with decreasing temperature. As a result 

Te-TLS will increase at a rate ex T - 1 . But, while the tunneling rate slows down, 

the nature of tunneling changes from coherent to incoherent at the same rate, 

namely T - 1 due to increasing TLS-TLS interact ion. If according to Stern et 

a l. [113] e-TLS scattering is turning from inelastic to quasi-elastic and then to 

elastic with decreasing T and is therefore able to change only the conductance, 

the phase-shift in the scattered electron is certainly brought about by the latter 

factor discussed above, namely the coherent-to-incoherent crossover in the nature 

of TLSs. 

The TLSs with A < Amin , in which the tunneling occurs in spite of the absence 

of phonons, can, in principle change the phase of the electron scattering off them 

even as T -+ O. This is true independent of whether the energy exchanged in 
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the scattering process is sufficient for it to be fully inelastic. The phase of the 

scattered electron in any case changes because the tunneling in these TLSs also 

becomes incoherent with decreasing T due to long-range interactions among the 

TLSs. 

The incoherence of the tunneling in both types of TLSs increases wIth de­

creasing T and accordingly the amount of the phase change of the scattered 

electron increases. At sufficiently low T when the phase change is about 2n, the 

decoherence time T", will saturate and become temperature independent. 

3 .5 Discussion and comments 

The above mechanism for saturation of decoherence time TI/> is plausIble al­

though it is based on heuristic arguments. A good amount of further experimen­

tation is required to ascertain a number of finer points. 

First of all it must be checked whether the systems that exhibit T@-saturation 

always have TLSs present in them. This is necessary in order to establish that 

the suggested mechanism is really a universal one. 

Experiments are required to identify the types of TLSs, at least the two types 

discussed above. Having done this it is necessary to study in greater detail the 

coherent-incoherent tunneling crossover as a function of T and whether both the 

above types of TLSs are affected equally as T decreases. 

Experiments are also needed to ascertain if the e-e interactions in dtlute elec­

tron systems indeed involve sufficient energy to be classified as inelastic at low 

temperatures. 

Finally, it could well be as suggested by Imry et al. [141J that there may be 

just a temperature range over which T¢ remains saturated, but at T « Ii /TO (TO 

being the saturation value) the T", may diverge. Only very careful experimentation 

can resolve these issues. 
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We may mention in passing that it is the rapid development of quantum 

information processing [129] that has led to renewed interest in the study of 

dephasing effects. The studies proposed above would be very vital in this modern 

context for one of the major obstacles in the way of implementation of quantum 

computers is the relatively short clephasing t ime in the solid state devices . 

• 
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Chapter 4 

METAL-INSULATOR TRANSITIONS IN TWO 
DIMENSIONAL SYSTErvrs 

Introduction 

No solid has a perfectly regular structure of an ideal solid and hence disorder is 

an essent ial ingredient of the quantum theory of solids. If the disorder is not much, 

t he electrons will be accelerated by the electric field and the electrical resistance 

will be found to be less. The thermal motion of atoms causes some dynamical 

disorder which decreases as the temperature is lmvered and the resistance of a 

met al decreases. At very low temperatures there will be only residual resistance 

which is entirely due to the presence of impurit ies and disorder in the metal. 

For 2D case it was argued in [44] t hat if the film sheet resistance Ro > 

R2D ~ 8fi/ e2 all electronic states would be localized. This concept of maximum 

metallic resistance led to the scaling theory of localization which argued that 

true metallic states do not exist in 2D. The scaling parameter in this case, which 

is the sheet resistance of the film determines whether the conductor falls into 

the strongly localized (8L) or weakly localized (WL) regime. For strong disorder 

the electron t ransport occurs by thermally- activated or variable- range hopping 

between localized states. Consequently the resistance increases exponentially 

with decreasing temperature. As the film sheet resistance decreases and the 

disorder becomes weaker, it crosses over to the WL regime where the resistance 

increases only logarithmically with decreasing temperature. 

Microscopically it is the competition between the localization length ~ and 

the inelastic scattering length (ltn) on which t his crossover depends. In systems 

68 
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where E < ltn, the electrons are 8L and in systems where E > lm the electrons 

are WL. Therefore, although there is no true metal-insulator transition (MIT) 

in 2D, a crossover from weak to strong localization with increasing disorder (i.e 

sheet resistance) does exist and this crossover appears to be continuous. 

Even if a 2DE8 were conducting at high temperatures, as the temperature 

is lowered, an electron begins to settle down with a sequence of phase coherent 

scatterings from impurities. These elastic events give rise to a logarithmically 

increasing resistance. Altshuler et al. [74] showed that weak e-e interactions 

between the conducting particles would also give rise to a similar logarithmic 

correction to resistivity. This result was extensively supported by the experi­

mental evidence [61, 78] and it was generally accepted that the presence of any 

amount of disorder in a 2D system would give rise to these logarithmic correc-

tions for any energy in the band. But the experimental results of Kravchenko et 

al. [121] and other subsequent works [133]on high quality 2D samples challenged 

this understanding. 

The clear distinction between a metal and an insulator is properly made only 

at the absolute zero of temperature. If the resistance is finite at T = 0 then 

the system is metallic, or else is insulating. It is impossible experimentally to 

reach the absolute zero of temperature and hence to characterize the sample at 

T = O. But then using a single scaling parameter it was possible to collapse 

all the resistivity versus T data for different carrier densities onto two separate 

curves, one in the insulating regime and the other in the metallic regime. The 

collapse of all the data onto two separate branches can be taken as an evidence 

that this is a true quantum phase transition between 2D insulating and metallic 

states. Also, the ability to scale the data over several orders of magnitude of 

temperature in the metallic branch showed that as T -+ 0 the resistivity remains 

finite consistent with the definition of a metallic state but in dramatic contrast , 

• 
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with the earlier results. 

4.2 Ways to make a 2DES 

There are two ways of producing a two dimensional electron system (2DES) 

and they are briefly explained below. 

4.2.1 Trapped electrons on liquid He 

In this method the electrons are confined to the neighbourhood of a surface 

is by trapping them above the surface of liquid He . The mall polarization that 

they induce in the liquid makes them att racted to the surface of liquid He. Since 

the liquid is a good insulator they cannot penetrate into it. The application 

of an additional electric field normal to the surface will bind the electrons more 

tightly to the surface. The trapped electrons move parallel to the surface. Typical 

density of trapped electrons is of the order of 108cm- 2 

negative 
------- -- ----------

2DEG 

pO\lUVe 

Figure 4.1: Trapped electrons in liquid He 

4.2.2 Semiconductors and heterojunctions 

Electrons can also be trapped at a semiconductor surface. In metal oxide 

semiconductor (MOS) devices, a p-type semiconductor, usually Si, has an insu­

lating layer, such as Si02 , grown on top of it. A metal electrode known as gate, 

is 'grown on top of the oxide layer. A positive voltage is applied to the gate 

so that the electric field lowers the energy of the conduction band close to the 

• 
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surface. If the field is strong enough, electrons are trapped in a narrow layer on 

the semiconductor side of the interface between the semiconductor and the oxide. 

These trapped electrons a re free to move parallel to the surface, and a current 

can be made to flow along thp surface between two electrodes known as source 

and drain. When a voltage is applied to the gate, the positive carriers near the 

oxide surface can be driven into the bulk. This induces negative charges at the 

interface between Si and 5202. Further increase in voltage will produce conduc-

t ion electrons which appear in a narrow layer near the interface, with thickness 

of the order of lOOAo or less. The sign of these charges are opposite to that of 

the bulk carriers in Si is hence is called as inversion layer. If an n-type Si is 

used instead of a p-type, there will be an accumulation layer , because carriers of 

the same sign as in bulk will be induced. Thus electrons can move freely in the 

;(- ---- -- --

AI SI02 mEG 

1/ 
p-SI 

Figure 4.2: 2DEG in Si MOSFET 

layer while t heir motion perpendicular to the condenser plates is restricted due 

to the quantization of the energy levels. Therefore the electrons constitute a 2DS 

for low energies. The great advantage of this type of device is that the number 

of electrons trapped on the surface can be controlled by adjusting t he voltage 

applied to t he gate which makes it useful for t he study of 2D physics. 

Heterojunction is another type of device which has a junction between two 

different semiconductors such as GaAsj AIGaAs. In this case though t he number 

of electrons cannot be directly controlled it can be arranged in such a way that 
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the electrons are t rapped in regions of very high purity and so are much less 

scat tered than t hey would be in ;'vIOS device. In t hese semiconductor devices , 

MOS or heterojunctions, a much higher density of electrons of the order of 1011 

or 1012cm - 2 can be obtained than is possible above a liquid He surface. The 

dielectric constant is a lso much higher than in t he He vapour. so the electrons 

interact less strongly with one another. 

pGaA s 

I GlAs 
-- --. _----- -- - -- ---- --- -------

~DHG 

~LAs 

po)uh e GaAs 

AICaAs , ub)tr:ue 

Figure 4.3: 2DHG in GaAs/ AIGaAs 

4.3 Recent experimental works 

Experimental works of Kravchenko et al. [121] revealed for the firs t time 

a genuine metallic phase and a MIT in Si MOSFETs with very low disorder. 

Later experiments on the 2DEG formed in GaAs/ AIGaAs heterostructures also 

gave t he same result [135, 136]. Very low concent ration of electrons in these 

samples apparently plays t he cent ral role in this context . If the concent ration 

of a 2DEG is reduced , the e-e interaction energy, Vee, reduces, but at the same 

t ime the Fermi energy EF also reduces considerably. Interesting thing is that 

while at high electron concentrations Vee < EF , with decreasing concent ration 

at one point t he decreasing Vee exceeds Ep , i. e. Vee > Ep. The st rength of this 

interaction is measured relative to EF in terms of a dimensionless quantity [31] 

(4. 1 ) 
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where Vee = e
2 I t:T; t: is dielectric constant and T is the average distance between 

carriers. Note that 

[Vee]2D 
e2 Jns7r 

Ep 
/i2n s7r 

( 4.2) --
EVm ' m 

So Vce e2 
117 

rs = (4.3) Ep /i2E n 7r s 

Smaller mass m will increase Ep for a given concentration n, and therefore low 

carrier mass systems are usually characterized by small Ts values. Thus the effec­

tive mass a lso plays a role in affecting the different properties [169] . Experimental 

evidence shows that a high value of r s , usually> 5, is a prerequisite for the ob­

servation of NUT. 

Ts also gives a measure of the average inter-particle separation r in units of 

Bohr radius aB, rs = rlaB' with aB = /i2t:/me
2 and T the radius of a circle 

containing one electron on average, r = II Jns7r where ns is the number density. 

( 4.4) 

Large value for Ts implies that the system is dilute - i.e. Ts » 1 or Ep « Vee, 

and low r s would imply a dense system, i.e. Ts « 1, or Ep » Vee. At low r s , 

t he electrons form a weakly coupled liquid while at large T s they undergo a phase 

transition and crystallize. 

Kravchenko et al. performed experiments on Si MOSFETs in a tempera­

ture range ° to 8K and concentration varying from 7.12 x 101Ocm- 2 to 13.7 X 

1010cm-2 . Their samples had a peak mobility of 40,OOOcm2V- 1s-1 at 4.2K. 

The experimental results revealed that, starting from a low concentration say 

about (7.12 x 101Ocm-2 ), as the concentration is increased the system crosses 

over from an insulating phase to an intermediate phase at a critical concentra­

tion nc '"" 8.4 x 101Ocm- 2 and then to a fully metallic phase at a concentration of 

11 x 101Ocm-2 fig.(4.4). The phase of the system in the concentration range above 

-
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8.6 x 1010cm-2 is in contradiction to the widely accepted result of complete local­

ization in 2D. In the range of concentration from 8.6 x 1010cm-2 to 11 x 101Ocm - 2 

. ' 
the system goes .over from an insulating phase to a metallic phase in a somewhat 

gradual manner with decreasing temperature. In this range of concentration, the 

crossover happens at a crit ical temperature of 2K. Later on, the experimental 
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Figure 4.4: Resistivity vs concentration at different temperatures 

works of Simonian [126] and Hannien [135] showed the existence of a metallic 

phase even in 2 dimensional hole gas (2DHG). Hannien performed experiments 

on the 2DHG in GaAs/ A1GaAs heterostructures for concentration varying from 

1.09 x 101Ocm- 2 to 6.4 x 101Ocm-2 , in a temperature range 0 to1.2K. As in the 

case of Si MOSFET, for a concentration range 1.19 x 1010cm- 2 to 2.5 x 10
1O

cm-
2

, 

the system exhibits an intermediate phase and above it a fully metallic behaviour 

is seen. In the intermediate range the system undergoes an insulator to metallic 

behaviour with the decrease in temperature at a critical temperature of 0.2K. 

As the carrier density is reduced, r s increases, until at r s > 5 the interactions 

• 
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between electrons become weak, but sufficiently stronger relative 
•••. ~ ,-. .... , , 

and a ,,,, 
. 

metallic state is found to be formed. Early studies of weakly u· . lL 
)E 

2D dis- , E 
ordered systems (r s rv 4) [83] demonstrated both weak localizat ion 

}~ 
.J .;:,C' 

e-t!' .. 
Iplll -

interactions causing a logari thmic reduct ion of the conductivi ty as T ~ 0. ' 

4.3.1 Comparison of new and old samples 

The MIT was observed in samples of high quality with a mobility about 

ten times higher , and electron concentrat ions about 8 to '9 orders of maO'nitude 
b 

smaller than the samples used in the earlier experiments. The main factor which 

distinguishes the new samples from the earlier ones is the high mobility of the 

order of 30, 000 - 70, 000cm- 2V- 1 8-1 [121 , 150] whereas in the earlier samples it 

was around 2000 - 6500cm -2V-l 8 - 1 . Earlier samples which favoured the scaling 

theory result had a concentration of ns rv 1019cm- 2 [92]. The low mobility in old 

samples indicates that the sample had high disorder but then the high density of 

electrons would lead to large screening of impurities. Thus the effective disorder 

felt by an electron in the earlier samples was still considerably low. The recent 

samples also correspond to low disorder regime - high mobility indicates low 

disorder with marginal screening at low density of electrons 

Kravchenko et al. measured the resistivity of the electron gas as a function 

of T for several electron densities ns , and also as a function of ns for several 

temperatures. Samples with ultrahigh mobility (upto rv 70 ,000 cm- 2V- 1 8-1 of 

Si MOSFET) at zero magnetic fi eld and low electron densities, a little higher than 

a critical value, nc rv 101lcm- 2 , revealed that the conventional weak localization 

observed at T > 1 - 2K is overpowered by a sharp drop of p by an order of 

magnitude as the temperature is decreased. No signs of electron localization 

are seen down to the lowest possible temperature of 20mK. For concentrations 

below the critical concentration, the resistivity increases monotonically as T ~ 0 
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indicating an insulating state st udied earlier [119] . 

4.3.2 Mobility as a function of temperature 

In a semiconductor , the electron gas may be described as degenerate or non­

degenerate depending on whether or not the mobile electrons are sufficIent ly 

numerous to make quantum restrictions on the motion important . A conduction 

electron gas is degenerate when the electrons are numerous and T is rather small. 

It requires (EF - Ec) » kBT and the properties are dominated by the changing 

occupancy of states at E F , with Ec the mobiEty edge. An elect ron gas is non­

degenerate or classical when t he electron density is very small and/ or T is high. 

High temperature case: 

In the high temperature range where the dominant effect of scattering is 

from phonons, the carrier mobility is inversely proportional to T 3/ 2 for a non­

degenerate case and is inversely proportional to T fo r a degenerate case. 

Low temperature case: 

In the low T range, the dominant scattering effect comes from ionized impu­

ri t ies. The mechanism of scattering process is such that the impuri ty ions defl ect 

electrons passing close to them and thereby reduce their velocit ies in the origi­

nal direction. The mean free path of t hese electrons is inversely proportional to 

their concent ration and is mdependent of temperature for the degenerate semi­

conductors. For the non-degenerate case, t he carrier mobility due to scattering 

from ionized impurit ies is proportional to T 3/ 2. Table 4. 1 summarizes the T 

dependence of J-L. 

4.3.3 Mobility as a function of concentration 

Experimentally one observes a non-monotonic dependence in the low temper­

ature mobility as a function of electron density. Starting from the high density 
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side, the mobility is found to increase with decreasinCT concentration reaches a 
b , 

m8.-'Cimum value called the peak mobility J.lmax at a concentration n
max 

and then 

decreases with further decrease in concentration. The peak mobility is actually 

a rough measure of the amount of disorder determined primarily by oxide charge 

scattering and the scattering due to surface charge roughness of the S2 - Si0
2 

interface for the case of MOSFET systems. The mobility of MOSFETs can be 

defined only on the metallic side of the transition ns > nc and is limited by scat­

tering from surface roughness and ionized impurities. In high mobility samples 

such as the ones that showed :NIlTs, high resistivity Si material was used and 

therefore scattering by ionized donors can be ignored. 

The carrier density is varied by applying a voltage to the gate electrode which 

is separated from Si by insulating Si02 (see fig. (4. 2)). At the interface a triangu­

lar potential well , 'the inversion layer' is formed of which only the lowest subbands 

is occupied at low temperature. The increasing and the decreasing parts of the 

mobility \vith concentration reflect scattering by different scattering processes. 

Starting at high electron densities and high applied gate voltages, the carriers 

are pulled towards Si - Si02 interface and they experience strongly the surface 

roughness. Upon lowering the gate voltage, the 2D gas moves away from the in­

terface and hence the mobility increases. On the other hand the random ionized 

impurities invariably present at the interface as a result of fabrication process 

becomes more and more effective at lower electron densities due to the reduction 

in electronic screening. 

Temperature 
High 
Low 

Degenerate 
I.L(X T 1 

J.L = canst 

!fon-degenerate 
J.L tX T 3/2 

J.l tX T 3/ 2 

Table 4.1: Temperature dependence of mobility. 
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A high peak mobility and the associated low values of nmax at which the mo­

bility peak occurs is taken as a signature of good quality MOSFETs [108, 149] 

because it signals both low surface roughness and low density of ionized impuri­

t ies, which is controlled by working under very clean conditions in particular for 

the oxidation process. 

Klapwick et al. [149] claim that an n c > n max has never been reported in Si 

MOSFETs. samples with the highest peak mobility, J-Lmax "" 7 X 104cm2V-1 S-1 

have nc < nmax /2 whereas samples with a more modest peak mobility of 2 x 

10
4
cm2V - 1 

S-1 typically have nc :s nmax /5. Thus the critical density nc differs 

for different materials. It is of t he order of 101lcm- 2 in n-Si and p-SiGe, an order 

of magnitude lower for p-GaAs and even lower for n-GaAs. It is reported that 

[151] the precise value of nc depends on the sample quality, with larger mobility 

samples having lower concentration, nco 

Sarachik [158] plotted the critical density nc vs the scattering rate l /T; T = 

J-Lm* c/ e using the data reported by different groups for five different electron and 

hole systems in 2D and observes that the critical density nc , that marks the onset 

of strong localization is shown to be a single power law function of the scattering 

rate l/T deduced from the maximum mobility, i.e. 

1 fj 

nc = A 
T 

(4.5) 

where A :::::: 2240 cm-
2 
sfj and (3 = 0.67. This implies that in the limit of zero 

scattering rate the critical density nc -+ O. The plot is shown in fig.(4.5). Below 

the curve there is a strongly localized phase and above it there is a metallic 

temperature dependence. This empirical relation implies that a transition to 

strong localization is triggered by the degree of disorder in the system. As the 

transition is approached with decreasing concentration the screening becomes less 

and less effective and as a result interactions become stronger. But both disorder 

and interactions are inextricably linked. 
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Figure 4.5: Critical electron density vs scattering rate 

4.4 Proposed models 

Out of the several models proposed [144] some of them are briefly given here. 

Disorder and correlations can lead to at least two types of localization. In the 

presence of disorder , Anderson [2], Abrahams et al. [57] and many others showed 

that a system of non-mteracting electrons in 2D cannot sustain static conductiv-

ity no matter how small the disorder is; this is called Anderson localization. But 

strong correlation among charge carriers (relative to EF ) at low concentration 

I of electrons can cause a very strong localization in d2sorder-free systems which 

can lead to Wigner crystallization. The electrons arrange themselves as far apart 

from one another as possible to minimize their repulsive potential energy and 

form a crystal. In 2D they form a t riangular lattice. 

Real systems include both e-e interactions as well as e-impurity interactions, 

the former apparently dominate in low-electron density regime while t he latter 
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in the high-density regime. Between these two extremes of electron concent ra­

tion, disorder and correlations compete with one another to decide the nature of 

localization [163]. 

While according to the one parameter scaling theory of localization a 2DES 

is always an insulator, the scaling theory put forth by Finkelstein [99] which 

includes the combined effects of both interaction and disorder predicts the pos­

sibility of a metallic state even in the limit of zero temperature. One reason why 

Finkelstein's theory did not gain much acceptance is t hat the scaling equations 

have the peculiar feature that the scaling variables diverge at some finite value 

of length scale. Castellani et al. [130] reconsidered the problem of 2D metallic 

behaviour and argued that for weak disorder the theory remains under control 

over a large temperature range, provided the renormalization of the energy scale 

relative to the length scale is taken into account . In fact. this renormalization 

allows the possibility of a metallic state with fini te resistance in 2D. 

Azbel [117] found that a system of non interacting 2D electrons in a model 

disorder potential with a set of special scatterers at B=O and T= O is localized 

only when EF < Ec. At all energies above Ec extended states exist. According to 

Azbel the disagreement between his results and those of Abrahams et al. might 

indicate that the resistance strongly depends on the range of scat tering centers. 

Azbel's result might be applicable for the 2DES in Si ),iIOSFETs because the 

prominent scatterers in these samples , particularly at low electron densities have 

been shown to be short-ranged [87] , similar to the model potential. 

A theory developed by Si and Varma [131] takes into account the renormal­

ization of compressibility which becomes important at low electron densities (i.e. 

large Ts) in which case the screening length s is greater than the mean free path l ; 

s > l. At high electron densities, the screening length, s is less than the mean free 

path, and the fact that the compressibility (which is proportional to the inverse 

• 
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screening length) is unrenormalized, as was taken in earlier RG approaches, is 

valid. They argued that for large rs , the interactions become unscreened at low 

temperatures and the conductivity approaches zero as might be expected near 

the MIT. This leads to a MIT controlled by whether s is larger or smaller t han 

l. In sum at high densities the screenin" is "ood r is o 0 ) S 

is high and s < l , which should imply a metallic phase. 

small, compressibility 

At low densit ies T s is 

large, interactions become unscreened at low temperatures and compressibility 

approaches zero for s > l, and an insulating phase is expected. 

Experimental works of Dultz and Jiang [155] as well as Ilani et al. [156] in 

p-GaAs/ AIGaAs also found the compressibility tending to zero near MIT. This is 

what one expects if the insulating phase is one in which the long range Coulomb 

interactions become unscreened [131]' as would also be the case in a disordered 

Wigner crystal [132]. 

Dobrosavljevic et al. [127] proposed a scaling analysis and showed that a 

disordered 2D system of interacting electrons should scale either to a perfect 

conductor or to an insulator in the limit of zero temperature. These authors 

point out that the metallic state is very unlikely to be a Fermi liquid since if the 

interactions were turned off metallic behaviour would disappear and the system 

would become an insulator. 

Chakravarty et al. [132] considered the effect of disorder on a model of a 2D 

non-Fermi liquid. They showed that for sufficiently strong interactions, a non­

Fermi liquid state of interacting electrons is stable in the presence of disorder 

and is a perfect conductor. They [145] subsequently showed that the insulating 

state is due to the formation of a Wigner solid and the transition from insulator 

to metal is due to the melting of this glass into a non-Fermi liquid state charac­

terized by short-range magnetic singlet correlations. Experimental evidence for 

Wigner crystallization was reported by Pudalov et al. [119] and also by Simmons 
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[134] . Yoon et al. [146], based on transport studies in clean p-GaAs/AlGaAs 

heterostructures suggested that, the insulating phase is a Wigner crystal and is 

not due to single particle localization. • 

Mills et al. [147] did not observe insulating behaviour at much lower densities 

where interactions are strong. T he MIT in interacting 2DEG was proposed to be 
• 

similar to superconductor-insulator t ransition in thin films [138, 157]. Also the 

conducting phase was reported to be suppressed by a magnetic field. 

There have been several suggestions that some of the unusual behaviour ob-

served in dilute 2DES at low temperatures can be explained by mechanisms that 

are classical in nature. Altshuler and Maslov [148] had proposed a mechanism 

based on charging/discharging of traps in the oxide close to the 2D layer in Si 

MOSFETs. 

Klapwick and Das Sarma [149] proposed a scenario based on the scattering of 

electrons on charged ion at the oxide-semiconductor interface under conditions 

when the number of electrons and ions are comparable. They showed that this 

could lead to a very large magnetoresistance observed on the insulating side of 

the transition. Das Sarma and Hwang [159J calculated p(T) on the metallic side 

of the transition based on the assumption that nc carriers are frozen to interface 

impurities and the MIT occurs when there are no free electrons left . 

Klapwick et al. [149J highlight that the observed l'vIlT occurs at electron 

densities where the ionized impurity scattering dominates. In particular, the 2D 

MIT is seen clearly in samples with high J.Lmax and usually with nc «nmax . In 

this situation the electron densities are sufficiently low as a result of which the 

screening low and hence are in a regime where carrier scattering and transport are 

dominated by ionized impurities. This has the implication that the electrons are 

facing random localized impurity ions which are poorly screened. Thus screening 

is an important ingredient in understanding the observed 2D MIT. 
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Meir [153] proposed that MIT results from percolation in an electron liquid. 

In this scenario puddles of charges are formed in a percolation landscape. Due 
• 

to the low density, the screening of disorder is weak and hence these potential 

fluctuations give rise to density puddles. Between the puddles t ran:;port i via 

quantum point contacts (QPC) or saddle points and between such tunneling 

events dephasing takes place. That is , the time a particle spends in a puddle is 

greater than the dephasing time. Each QPC is characterized by a critical energy 

Ec such that the transmission through it is given by T (t) = 8(E - Ec) . Then the 

conductance through the QPC is given by the Landauer formula 

G(v, T) = 

2e2 1 

h 1 + exp ( (~c;;) ) 
( 4.6) 

where v is the chemical potential and f FD is the Fermi Dirac distribution function. 

The system here is viewed as being composed of classical resistors, with the 

resistance of each one of them given by the above expression. 

At low temperatures the resistors are divided into two groups, the conducting 

ones, v > tc with conductance of about 2e2 
/ h and the insulating ones, v < tc 

with conductance nearly zero. Thus in brief the system is made up of puddles 

connected to one another via metallic (m) or insulating (i) QPC's. In this back­

ground Meir explains the MIT in the following way. 

Suppose the concentration of electrons is very low. Then the chemical poten­

tial v will be less than tc and i-QPCs will dominate. Consequently no conducting 

channels will exist across the system, and hence is in an insulating phase with 

resistance increasing with decreasing T. Ultimately, R - 00 as T - O. On 

increasing the concentration, when the critical percolation threshold is reached, 

there will be one conducting channel across the system. For a range of concentra­

tion just above nc the system will contain more of i-QPCs and m-QPCs scattered 
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• 

across. Suppose we re in this range of concent ration and then start to increase the 

temperature: at T = 0 only m-QPCs contribute as t he R of i-QPCs is infinitely 

high. As T is increased R will ini t ially increase because of the m-QPCs which 

are actually cont ributing to R. When the temperature exceeds a certain value, 

hopping conduction begins to set in and the i-QPCs also start to contribute to the 

overall conductance. Since the critical percolation cluster is very ramified there 

will be many such i-QPCs in parallel to the main conducting network as a result 

of which the net conductance will decrease. Thus R decreases with increasing 

temperature beyond a part icular temperature. 

If the concentration is increased , the percolation cluster widen:; wIth an in­

crease in ratio of the m-QPC over i-QPCs. As a result , above a particular con­

centration, there are only m-QPCs and then as T increases R will also increase 

continuously. The fact that only deep inside the metallic regime the overall re­

sistance R increases with increasing T suggests that the density at which R is 

approximately temperature independent is not the true crit ical point . The t rue 

critical point is deep into the metallic regime. So one should be cautious in 

associating the temperature independent critical point with the experimentally 

observed temperature independent point as is done routinely in the experimental 

interpretations. 

This theory does not explain what makes a contact metallic or insulating. 

4 .5 Synthesis of available information and our proposals 

The new result on MIT in 2D disordered systems, which arises by changing 

the electron-concentration [121], is generally dealt with without reference to the 

old results [57], where samples with high electron density and considerably low 

mobility showed localization of all states without any MIT. We take the view 

that the subject of MIT in 2D systems should be examined in its entirety. The 

• 
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main quest ion to be settled ought to be whether the old belief larcrely crenerated 
, 0 0 

by the scaling theory of localization [57] , t hat there is no MIT in 2D disordered 

systems at T=O is after all correct , or not? Could it be that the validi ty of the 

old results was condit ional? If so, one should know the conditions clearly besides 

understanding how a new set of condit ions. as in the new experiments [121], gives 

rise to a metallic state. 

We have attempted to piece together a good cross-section of available experi­

mental information and some of the exist ing theoretical ideas to understand how 

the insulating state at the high end of electron density changes into a metallic 

state as the density reduces and how the system enters into an insulat ing state 

again at the low end of the density. There seems to be unambiguous evidence 

that in cont rast to the old belief [57] , a metallic state does appear in 2D dirty 

systems. So MIT certainly takes place in these systems. In fact, it happens twice 

as a function of electron density, once at the high density end and again at a very 

low density. The insulating phase at high density is due to Anderson localization, 

whereas the one at the low density end apparently has a different origin. The 

nature of the intermediate metallic state is interesting too. Our analysis reveals 

some loose ends which require some more experimentation to be t ied up. 

4.5.1 Mobility, disorder and screening 

Electron density, ns , and mobility, J.L , are the two gross parameters that dis­

tinguish the samples in the new experiments from those in the earlier ones. So, 

startincr from the old scenario one should understand how the electron-transport-o 

properties change as n s decreases and J.L increases, say simultaneously. Note that 

J.L is controlled at the stage of preparation of the sample to start with. That is, 

one can make samples with intnns2caily high or low mobilities, and the intrinsic 

factors that control this decide the amount of disorder in the sample. But the 
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electron mobility IL, in a sample wi th a given amount of intrinsic disorder , also 

depends on ns- it increases with decreasing ns , reaches a maximum and then 

decreases again. We will refer to the ns dependence of IL only in special circum­

stances. In general the understanding will be that we have to interpolate between 

the old results in hzgh ns and htgh dtsorder limit and the new results in low ns 

and low disorder limit . 

In spi te of t he above clarification it sho.uld be noted that both the old and 

the new experiments were effecttvely in t he low-disorder regime. In the old sam­

ples t he high disorder was screened by the high ns of electrons, so the disorder 

actually felt by a conduct ing electron was sufficiently low. In the new samples 

the screening effect is marginal, but then , the intrinsic disorder is low. Thus, the 

effective disorder can be assumed to be low more or less uniformly over the whole 

range of ns of interest. We should , therefore. understand the two NUTs in 2D 

systems mainly as a function of ns only. 

4 .5 .2 Interaction energy versus Fermi energy 

As a function of decreasing ns the e-e interaction energy, Vee, decreases because 

the average separation between the electrons increases. But at the same t ime the 

Fermi-energy EF also reduces, i.e. the average kinetic energy E km reduces. If we 

look at the decreasing trends of Vee and Ekm , we find that while Ep is always 

larger than Vee at larger values of ns, around ns ~ l015cm-2 it is overtaken by 

Vee (see fig. (4.6)) . This marks an interesting scenario: For ns < l015cm-2, Vee 

remains greater than Ekm while both keep on decreasing as ns decreases. From 

eqn. (4.2) note that in 2D Vee rv Fs while EF has a stronger dependence on nS ) 

which goes as rv ns . Consequent ly, as ns decreases, Vee becomes stronger relative 

to the faster-decreasing Ep or Ekm . In fact, as ns decreases two things happen 

to Vee: not only does an electron feel its interaction with neighbouring electrons 

• 
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more strongly, but the interaction also becomes more and more long-ranged. 

The latter happens simply because of the reduction of t he electron population in 

the medium; as ns decreases the screening of each electron by the intermediary 

electrons will reduce. Now if the temperature is also low so that EF > kaT we 

will have an interacting electron system in a practically phonon free environment. 

All this we find forms an ideal setting for delocalization of electrons mediated by 

e-e interactions. 

4 .6 Interaction induced collective hopping leading to new metallic 

phase 

The above quantum correlations among the electrons which are otherwise 

localized in the Anderson-sense in a medium of random potential suggest that 
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the Hamiltonian should be, 

where 

represents the one-electron part , and 

Q 

(4.7) 

( 4.8) 

H2 = L e2 /K:ol~ - Ta l, (4.9) 
er.{3 

represents the interaction Ha miltonian. The summation in HI is over all elec-

trons. and in H2 over all electron pairs, K:o is the dielectric constant of t he medium. 

In the absence of e-e interactions, H2 = 0 and we have just the Anderson Hamil­

tonian for a single non-interacting particle in a disordered potential. For H it is 

necessary to use many-elect ron wave function. 'w, which can always be represented 

as a superposition of Slater determinants S, 

ljJ[ = L A [jSJ. (4.10) 
J 

Here I , J denote snapshots of electrons in different positions at different points of 

time and the co-efficient A[ J gives the overlap between these two configurations. 

Ideally a complete orthonormal set of one-electron wave functions should consti­

tute t he set S. However, for a disordered system with localized states one can 

use either atomic type wave functions, such as Wannier functions or the solutions 

cp for the non-interact ing system. Abrahams and Miller [4J have found the latter 

to be, 

cp, = x, ± L (J'J/6 'JhJ = X, + L a'JXJ ' (4.11) 

rl' J"" 
where 6'J = ti - f.J , the difference between the energies on sites i and j; J'J is the 

transfer integral and X, is a site function localized on site i. The above form of 

cp, is valid in the Anderson localization regime, 

( 4.12) 
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For the typical separation between two localized states T'J > > aB, the Bohr 

radius , J'J has the form 

(4.13 ) 

where EO '" e2 
/ K:oa and T'l = 11~ - is I. 

Note that in the presence of e-e interactions, localization not only requires eqn. (4.12), 

but also that there exists a dominant An such that 

WI = Sr + L AuSJ with AIJ < < l. 
i 

(4.14) 

When the number of A's are comparably large, we have a delocal ized 'IjJ and 

a continuous current can result, flowing from one macroscopic configuration of 

electrons to the next. 

By a variational method it is found that [4] the amplitudes a'J and a,k of XJ 

and Xk in </>, of eqn.(4.11) are comparable in magnitude if 6.Jk < J'l' Pollak and 

Ortuiio [101] proposed in analogy with this condition for delocalizat ion that, for 

two dominant configurations K and L , IArKI '" IAnl if 

( 4.15) 

where J K L is the many-electron transfer integral. 

To understand the onset of correlated electron motion , following Pollak and 

Ortuiio [101], we note the following aspects: (a) The hopping probability of an 

electron may depend on preceding hops of other electrons in the neighbourhood; 

(b) several electrons may participate in a single hopping excitation; and (c) as 

indicated above, correlation in the motion of electrons can be inherent in the 

many-electron wave functions. To study the transition from one-electron to many­

electron hopping transport, first recall the one-electron hopping rate, 

I/pheXP (-2T m/~)exp (-E/ kT), ( 4.16) 
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where E is the activation energy for hopping through singly occupied localized 

states of size';; r m is the percolation distance or the length associated with the 

critical percolation resistance or the largest resistance Rm in the current carrying 

percolating network; and l/ph is a typical phonon frequency. Delocahzation in a 

system consisting predominantly of localized states can happen if the latter are 

connected by hopping events and form a percolative network whose nodes are 

the localized states. For a given distribution of localized states there will be a 

largest gap in space that must be covered for the percolation to happen. r m is 

this distance in units of Bohr radius aBo 

The above should be compared with the many-electron hopping rate 

I/ph,eXp (-2rm/ ';-)exp (-2r/';-)exp (-E - E)/kT). ( 4.17) 

The first exponential factor reflects the fact that one electron must still jump 

over the critical percolation distance. As a result of this hop there will be local 

short-ranged rearrangements of other electrons near the initial and the final sites 

of the long hop. The second exponential accounts for these short hops with 

r representing the variance of r tJ , the separation between localized states. The 

local rearrangements affect the occupancy of (near by) localized states in a region , 

and also cause shifts in the locations of electrons in these localized states so as 

to minimize the energy of a configuration of electrons. This causes relief in 

Coulomb energy and effects a lowering of the activation energy as represented 

by the third exponential. , measures the relative importance or effectiveness of 

Coulomb interactions over phonons. The t ransition from one configuration of 

electrons to the one after the collective hopping of this type is generally referred 

to as "polaron transition" [46, 47]. Often a number of electrons hop comparable 

distances. These are called '·cascade transitions" [79] and presumably happen far 

away from the threshold of many-electron hopping [38, 46, 67, 79]. 

At low temperatures l/ph in eqns. (4.16 & 4.17) becomes irrelevant and can be 
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dropped without affecting the plausibility of the physical phenomenon described 

above. Experimentally it has been shown explicit ly by Marnieros et al. [160] 

that at sufficiently low temperatures e-e interactions a lone can cause variable­

range hopping transport which can be independent of phonon di:;tnbutlOn. By 

comparing eqns (4.16) and (4.17) the following conditions are obtained for one­

elect ron and many-electron hopping [101]: 

iexP (-2r/O exp (f./kT ) < 1 :. one - electron hoppmg; ( 4.18) 

> 1 :·many- electronhoppmg. (4 .19) 

That is , the transition from one process to the other happens when 

-2r/ E,+f./kT+ ln i = 0 (4.20 ) 

Taking f. to be a fraction of the typical Coulomb energy and r as fraction of the 

typical separation between the electrons, one can find that the transition from 

one-electron to many-electron hopping should happen if, 

(4.21) 

That is , if the density ns is decreasing, then T should also reduce for e-e in­

teractions to dominate and cause many electrons to hop collectively. One can 

also compute the electron concentration for the onset of many-electron quantum 

correlation effects [101] . In 2D it turns out to be of the order of (7Tr2)- 1 i. e. less 

than l015cm -2, in agreement with the threshold value below which Vee exceeds 

EF or Ekm as is seen in fig.(4.6). 

4.6.1 Coulomb gap 

Another consequence of the fact that long-range interactions among electron 

are important in the present context is the formation of the so called 'Coulomb 

gap' - a deep depletion of one particle DOS near the chemical potential [39]. Due 
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to Coulomb effects, one-electron hops near chemical potential inevitably involve 

a non-zero excitation energy which measures the Coulomb gap. It naturally has 

implications on the electrical conduction [162]. For instance, Efros and Shklovski 

[37] argue that the T dependence of variable-range hopping resistivity should get 

modified as exp (T-l /2) as opposed to Mott's law of exp (T- 1/4) . 

It is of interest for us to understand the dependence of Coulomb gap on ns 

and quenched disorder in the system. The gap is proportional to Vee and is 

inversely proportional to the dielectric constant. The decreasing ns reduces Vee 

and consequently the gap reduces. Similarly, decreasing disorder increases the 
• 

dielectric constant and decreases the gap . Thus in the systems of our interest the 

Coulomb gap should be very small due to low concentration of electrons and high 

mobility in samples. This should ease the conditions for electrical conduction. 

Thus it is our understanding that starting from the old situation of Anderson 

type insulating phase. if ns is reduced, then below ns ~ 1015cm- 2 , the system 

enters the phase where Vee begins to dominate over phonons as well as impurity 

scattering (due to the low T and disorder) , and a metallic phase is produced 

due to delocalization by the Vee instigated collective hopping of electrons. One 

should not deduce from the last paragraph above that the conditions would im­

prove indefinitely for conductance if ns kept on reducing. The disorder and its 

continuously reducing screening, and the ever increasing dominance of Vee over 

EF again change the scenario to suit a very st rong insulating phase as we argue 

in the following. 

4.6.2 Mobility revisited 

Besides being exhibited in terms of ns and T dependence of resistance [121], 

the new insulating phase and the MIT have also been seen in terms of sudden drop 

in electron mobility [106] and a change of sign of the electronic compressibili ty 
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[156] . The lat ter two studies give insight into the microscopic nature of the new 

insulating phase. 

Interestingly, a clear signature of a strong insulating phase at very low n s 

was found by J iang et al. [106] way back in 1988, well before the Kravchenko et 

al. 's [121] discovery. They found that mobility dropped much faster than that 
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Figure 4.7: Mobility versus electron density. The arrows indicate the densit ies at 
which mobility drops faster than linearly for different concentrations 

expected from impurity scattering for ns below a characteristic density n c, typ­

ically around 7 x 1010cm- 2
. For ns > n c, the mobility increases linearly, which 

is indicative of metallic behaviour. Thus nc marked a transition from a metallic 

state to an apparently insulating state of rapidly decreasing mobility. The nc 

was found to decrease with the increasing spacer thickness in GaAsj AlGaAs het­

erostructures at temperatures,....., 4K. The rapid decrease in mobility is attributed 

to the fluctuations in the density n s , the effect of which is apparently felt stronger 

with t hinner spacers. That is the fluctuations need to be stronger to be felt in 

thicker layers, hence perhaps lower nco It is however not entirely clear as to why 
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nc ought to be smaller for thicker pacer layer. Jiang et al. [106] found metallic 

behaviour (i.e. linear increase of mobility with ns) for ns as low as lAx 101Ocm-2. 

4.6 .3 Thermodynamic property- Compressiblity 

The rapid density-fluctuations were investigated in great detail by I1ani et al. 

[156] in very sensit ive experiments using single-electron t ransistors above 2D hole 

gas in GaAsl AlGaAs heterostructures. Measuring chemical potent ial e as a func­

tion of ns they investigated electronic compressiblity, del dns \vith ns changing 

a round nco Compressiblity is related with the ability of an elect ronic system to 

screen a charge brought from outside to a close proximity of the 2D HG. :V10bile 

electrons accumulate in its vicinity to screen it. If the electrons happen to be lo­

calized : they will not be able to move and t hereby screen the charge. So, a system, 

which cannot redistribute its charge, is considered to be incompressible. These 

measurements indeed showed that the electron system was strongly fragmented 

(i.e. highly non-uniform dist ribution of electrons) when it was in the incompress­

ible state. The l/ is found to increase as ns decreases on the metallic side. This 

negative compressibility reaches a maximum and then begins to decrease. This 

marks the transition to an insulating phase. Dultz and Jiang [155] found that 

the insulating phase remains incompressible over entire range of magnetic fi eld 

B. In fact nc increases as B increases, as one would expect . 

4.6.4 Breakdown of screening 

The breakdown of screening at low values of ns was also studied by Wil­

amowski et al. [164] around the MIT in modulation doped Si/ SiGe quantum 

\Yells using conduction elect ron spin resonance (CESR) in a temperature regime , 

kT < < E F . In this limit t he 2DEG exhibits Pauli paramagnet ism, so t hat the 

magnetic susceptibility ~m is proportional to the DOS at EF , D(EF ), which 

in turn is proportional to the Thomas-Fermi screening wave-vector qTF· Thus 
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CESR measures qTP and it is found to be constant upto ns "-J 3 x lQllcm-2 

(with decreasing ns) as one expects in 2D systems. For smaller values of ns, qTF 

drops somewhat gradually to become zero at "-J 7 x lOlOcm- 2. This divergence 

of screening length (qT}) marks an insulating phase (fig.(4.8)) . In these experi­

ments screening does not pertain to that of an external charge but refers to the 

partial shielding of the random potential by the electrons inside the system from 

being felt by the conducting electrons. That the screening wave-vector should 
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be a constant in 2D systems as a function of ns is a result of the Thomas-Fermi 

theory which employs free electron approximation according to which the density 

of electron states should be a constant as a function of energy. Wilamowski et 

al. 's [164] data indicate that the Thomas Fermi approximation remains valid up 

to ns value as low as 3 x lQllcm- 2. This might appear somewhat surprising be­

cause as we have argued earlier, e-e interactions play important role at such low 
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densities. But recall, in the absolute sense e-e interaction actually gets weaker as 

ns decreases; at very low ns it gets stronger only relative to EF , which decreases 

more rapidly than Vee with ns· The weakly interacting electrons can be treated 

as free (or nearly free) if the disorder is also very weak, which incidently is the 

case in the samples of our interest here because the mobility is very high in them. 

For ns < 3 x 101lcm-
2 the qTF falls monotonically [164], i.e. the screening 

length increases. The diminishing qTF indicates reduction of compressibility of 

the electron system. That is the electrons are becoming more and more rigid 

in their movement which happens if they are getting localized. There are two 

possible scenarios: (a) with reduction of screening the disorder is felt more, which 

can lead to greater localization in Anderson's sense; or (b) the ns goes below the 

percolation threshold and electrons get localized in isolated packets, or clusters. 

4.6.5 Sub-percolation threshold region 

Wilamowski et al. [164J believe in (a) a.nd argue that around ns ~ 7 x 

101Ocm- 2
, when qTF vanishes and screening length diverges, the amplitude of po­

tential fluctuation 8V, felt by the electrons, diverges. We don 't find it convincing 

because a diverging 8V would imply an infinite quenched disorder in the system, 

which is in sharp contrast to the fact that the samples under study have very 

high mobility and therefore very weak intrinsic disorder. We are therefore of the 

view that below ns ~ 3 x 101lcm- 2 the scenario (b) comes into play. Just below 

this value of ns the system will get divided into large fragments of 2DEG. The 

fragmentation will increase as ns decreases. Visualizing the fragments as lakes in 

a rugged terra.in of fluctuating potential with the EF defining the surface of the 

lakes, we see that with decreasing ns as EF goes down the lakes become smaller 

and less deep. Tunneling events that may occasionally connect them will also 

reduce with the increasing separation between the lakes. This will result in the 

'-
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electron system becoming more and more rigid or less compressible. 

We can consolidate on this scenario by recalling the parameter T s = Vee / EF 

l /(aBJ7fn s ) [110] and introducing an Td = e8V/ EF (following [164]) \vhich mea­

sures disorder. relatiye to EF or Ektn . vVe have seen that with uecreasinO" n EF o s, 

decreases fast er than Vee, and therefore rs increases. This has Vital implications 

in making e-e interactions more and more relevant in spite of getting weaker. 

vVith decreasing n s , Td also increases because (i) EF decreases; and (ii) more and 

more of actual 8V is felt by electrons as the screening weakens. Since the bare 

(or unscreened) 6V is small, at a particular small value of ns the Td will exceed 

T s, because in 

e8V 
(4.22) 

the 8V cannot increase beyond its bare value but Vee keeps 011 reducing with 

decreasing n s· At this value of ns = n~ (say) the disorder effects, howsoever 

weak they may be, will dominate over e-e interaction effec ts . In this limit the 

delocalizing effects of e-e interaction will become ineffective and the electrons will 

be strongly localized in very narrow regions of space. Note that the electrons will 

be localized by the finite and small extents of t he lakes or more appropriately 

'puddles' (since at ns as low as n~ the regions that confine electrons will be ve ry 

small in extent as well as depth) rather than by quantum interference effects that 

cause Anderson localization. The crossover point , Td < Ts . we suggest, will be 

a t ns = nc and will mark the ~nT; t his should coincide with the breakdown of 

screening (i. e. qTF = 0, or qT~ = 00) and compressibility. 

We suggest that this insulating phase should be a Wigner glass. When T d = 

T s , the disorder and interaction effects together pin the electrons down to the 

randomly distributed puddles. Further reduction of n. below n c shrinks the 

puddles more and makes the pinning stronger. If one could control 8V and reduce 

it , the MI transition point would shift to a lower value of nc because Td/Ts = 1 

• 
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would require a smaller Vee, i.e. Ts would be larger. Thus Wigner crystal would 

correspond to a much larger T s than that required by Wigner glass. 

4 .6.6 Summary 

In sum, we propose that there are two ~vIITs in 2D disordered systems. Start­

ing from the htgh ns and low mobility end. which corresponds to the old ex­

periments, we interpolate between this end and the other one with low ns and 

high mobility. The insulating phase at the h~gh end, characterized by T s < < l. 

is the same old Anderson insulator. If we continuously reduce ns and increase 

the mtTms~c mobility, at one point Ts will exceed 1 (around ns '" 1015cm- 2 ) and 

e-e interactions will dominate over Ektn and a metallic phase should result due 

to delocalization from Anderson localized states by collective electron hopping. 

Such a metallic state should persist as Ts grows with decreasing ns. The Ts = Td 

should trigger the second insulating phase, which we argue should be a \Vigner 

glass state. In fact , the low end :\tilT should be a continuous one; it ought to 

build up gradually from ns :::: 3 x 101lcm- 2 downwards. 

While there are many experiments in the region of low end MIT, experiments 

are required near the h~gh end, say around ns '" 1015cm- 2 to check how the 

metallic state evolves from the Anderson insulator as ns is reduced. 

4.6.7 MIT at non-zero magnetic field 

Curious observations have been made about the similarities in the nature of 

MIT at low ns in the absence of magnetic field (B = 0) and that of the MIT 

in the quantum Hall effect (QHE) setting when there is a strong magnetic field 

(B) perpendicular to the 2DHG systems [139]. The similarities might indicate 

some commonalit ies in the underlying physics of the MITs in B = 0 and B =I-

o situations. For one thing, it is indicated that the two MITs are quantum . 
. 

phase transitions in that they happen when the system is in a degenerate state 



, 

4.6. Interaction induced collective hopping leading to new metallic phase 99 

[152, 165]. 

The most intriguing feature in Hannien et al. 's [139] experiment is the ini­

t ial decrease of nc with increasing B. This means that some of the states that 

are localized (for ns < TI c) at B = 0 gets delocalized when B IS switched on 

and hence n~ is pushed below n~=o . We have two plausible explanations for 

this surprising result. First , at B = 0 and ns < nc , besides the confinement 

within the boundaries of the randomly scattered small puddles, there could be 

a novel weak-localization due to quantum interference over a cluster of puddles 

- an electron may tunnel through a set of suitably placed puddles and make a 

closed t rajectory; the time-reversed paths through these puddles may interfere 

constructively and give rise to a weak-localizat ion. This will be destroyed due to 

breaking of time-reversal symmetry as soon as B is introduced and we will have 

some delocalization due to variable-range hopping. So, now when B is non-zero, 

the MIT will happen at a smaller nco Note that as nc reduces, due to non-zero B : 

the average puddle-size would also reduce and the average spatial gap between 

them will increase. This will make the tunneling between them more difficult and 

therefore less probable. It remains to be understood how the decreasing t rend of . 

nc(B) with increasing B comes about; how it saturates at a minimum value of 

nc; and finally why at higher values of B the MIT happens at larger n~s . Clearly, 

both B-induced delocalization as well as B-induced localization are involved in 

the QHE regime [137] in giving rise to the observed nc(B) behaviour [139]. The 

B- induced localization can be better understood in the following picture. 

Note that in the presence of magnetic field the electron wave function assumes 

a tubular shape. Such a t ube-like wave function , whose width is twice the cy­

clotron radius , spreads along the equipotential lines that mark the boundaries of 

the puddles. At low ns and non-zero B only the lowest Landau levels (LLL's) are 

filled and since B is small, the LLs overlap considerably and the cyclotron orbits 

• 
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are large , so that the cross-section of tubular wave functions is large. As a conse­

quence of the latter there will be large scale overlap of wave functions spreading 

around the peripheries of the puddles. This will result into a lot of quantum in­

terference which will cause both localization and delocalization. The possibility 

of delocalization will reduce nc but the possibility of localization will not allow 

it to become too small. As B increases and tubular wave functions shrink and 

their mixing will reduce and will be restricted more to the nearby energies. While 

the mixing of wave functions on neighbouring puddles helps delocalization the 

reduction in widespread mixing reduces the chances of localization by quantum 

interference. Thus we can imagine delocalization in a more channelized manner 

with reducing possibilities of localization by interference. This will reduce nc 

with increasing B. A minimum will be reached with decreasing overlap of wave 

functions on neighbouring puddles. As the wave function shrinks closer to the 

boundaries of the puddles and delocalization effects due to overlap of wave func­

tions reduce, the MIT can happen at relatively larger puddles, i.e. higher nco 

Thus, in this picture (in which the earlier picture of 'weak-localization' is, in a 

way, also included) we can account for the nc(B) behaviour qualitatively. 

We can conclude that the zero-field density-driven MIT and the ~fIT in the 

QHE setting share the common feature that both involve transition to insulating 

states that arise due to breakdown of percolative type delocalization. Both the 

MIT's are quantum phase transitions too. 

4.6.8 Two allied results 

Finally we will address two more fine observations in the experimental results. 

They both pertain to the metallic phase, i.e. ns > nco The resistivity (p) mea­

surements of Hanein et al. [135] show that at the lowest temperatures in their 

experiments the p showed a tendency to saturate or flatten out to a constant 

• 
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value or a very weakly temperature - dependent value rather than decrease in­

definitely; see fig. (4.9) . That is the metallic phase does not approach an ideal 

metallic state or a superconducting state as in [138]. This result is important for 

one can argue that it is possible that after an initial levelling off, the p might 
• 

begin to rise at much lower temperatures and it may turn out that the newly 

discovered metallic phase is in fact an insulating phase which requires extremely 

low temperatures to show up. It will require very careful experimentation at very 
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Figure 4.9: Support for the saturation of resistivity 

low temperatures to resolve this issue, but on the basis of the available informa­

t ion if we believe that the metallic phase is indeed metallic and that p saturates 

at very low temperatures, then we suggest that the saturation of p could be due 

to the presence of two-level systems (TLSs) [170]- TLSs provide the dominant 

source of inelastic scattering at very low T , moreover the tunneling in them be­

comes incoherent because of TLS-TLS interactions which become more and more 

prominent as T ~ 0; both these factors can make the phase of the electron wave 

function saturate to a T- independent value. This will restrict the p from going 

to zero in the T = 0 limit. 
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The above argument of phase decoherence should be understood carefully 

because if the saturation of phase coherence time is a real phenomenon [170] then 

it might also indicate the absence of weak localization, which will strengthen the 

states of the metallic phase in 2D disordered electron systems, besides supporting 

the saturation of p. 

Another important experimental observation due to Hanein et al. [135] is 

shown in fig . (4. 10). The interesting thing about this result is that on the metallic 

side, in the vicinity of the MIT the p increases as T decreases, reaches a maxi-

mum and then begins to drop at lower T. The last one is particularly intriguing 

since it indicates that an otherwise insulating behaviour turns metallic by the 

lowering of T. Again it seems likely that the saturation of phase-coherence t ime 

(and length) for T -7 0 is important in this connection. According to the perco-
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Figure 4.10: Resistivity vs temperature for various concentration 

lation picture [1 15] just above n c on the metallic side there will be an infinitely 

connected channel, i.e. a lake open at at least two ends. This will have a highly 

ramified and tortuous structure; in fact it will be a fractal [115J. This structure 

makes the electrical conduction very slow and diffusive and gives rise to a high 
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resistance. Consequently. as T decreases p should increase. However, as T -t 0 

phase-decoherence also sets in, i.e. the phase-coherence time T</> as well as the 

length L </> tend to saturate to constant values . Since this limits the quantum 

interference. it give rise to delocalization. Thus as T -t 0, two competing phe­

nomena happen - on one hand resistance in the conduction channel increases due 

to its tortuous st ructure, but on the other hand conditions also become favourable 

for delocalizat ion to some extent due to the saturation of phase-coherence. This 

competition should give rise to a peak in the p - T behaviour. The observed peak 

fig.(4.9) , we suggest, has its origin in this competition. 

-
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Chapter 5 

THE MINIMUM METALLIC CONDUCTIVITY 

5.1 Introduction 

Most part of our work deals with metal-insulator transitions (MIT). The ques­

tion that naturally arises in t ills context is whether the t ransition is of first order 

or second order. A first order transition is one where a discontinuous chanrre 
o 

in the order parameter occurs at the (transition or) cri tical point. The order 

parameter in the case of metal to insulator transition is the conductivity (J . 

It has been a long standing problem as to whether the M-I t ransition driven 

by disorder is first or second order. Or put in another way whether or not there 

exists a minimum value of conductivity, namely (Jmtn, on the metallic side just 

before the transition happens to the insulating phase. 

The concept of (Jmtn was introduced by rvlott [11] in connection with Ander­

son localization. Mott was of the view that the MIT across the critical energy 

termed as the mobility edge Ee, the concept of which emerged from the Mott­

CFO model [13 , 14], ought to be a discontinuous one, i. e. a first order phase 

transition. Though there were some experiments in favour of this proposal [45] 

later experiments [84] proved it to be wrong except in certain special circum­

stances, e.g. in the presence of magnetic field. In this chapter we focus on the 

general problem of vanishing of (Jmm in MITs in disordered systems including the 

MIT driven by the variation of carrier concentration. 

By examining the basic definition of localization in terms of poles and branch-
• 

cuts of Green's function we look at the consequences of the co-existence of poles 

and branch-cuts in a section of the spectrum of electron states [111]. Accordingly 

104 



• 

5.2. Mott-CFO model 
105 

we propose three sections in the spectrum: point spectrum corresponding to the 

poles of the Green's function, continuous spectrum represented by the branch-cut 

of the Green's function and a singularly continuous spect rum where poles appear 

inside the branch-cut. We have defined each part of the spectrum in terms of the 

stay-put probability and its t ime integral and propose t hat if the intermediate, 

singularly continuous, spectrum exists and separates the localized and extended 

regimes then O"m m will be zero and ~IIT will be continuous. 

5.2 Mott-CFO model 

Anderson treated the diffusion of electrons in random lattices, i.e. t he problem 

of localization and delocalization of an electron in a medium of random potential 

in terms of the convergence and divergence of a renormalized perturbation ex­

pansion of self energy. It has also been cast in terms of Green's funct ion having 

simple poles or branch cuts along the real energy axis with the poles correspond­

ing to a discrete set of localized sta tes and the branch cuts to the continuum of 

extended states [2, 27]. Anderson worked out a critical value of disorder above 

which the states at the middle of the band, and by inference all the states in the 

band , are localized. 

Mott later on considered this problem for disorders less than the above critical 

value. He proposed that for disorders less than the critical value, both localized 

and extended states would be present in the system and that there would be a 

particular energy, called mobility edge Ee, which would separate the localized 

states from the extended states. This energy Ee would depend on the degree of 

randomness. Cohen, Fritzsche and Ovshinsky also arrived at the same picture 

in their model for amorphous semiconducting alloys. Thus the model, in which 

extended states exist in the middle of the band and localized states at either ends 

of the band, is termed as Mott-CFO (MCFO) model. 
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According to the MCFO model , the regime of exponentially localized states 

tailing deep into the band gap and the extended states at the center of the band 

are separated sharply from one another by a pair of energies called the mobility 

edges Ec and E~. This indicates that the simple poles of the Green 's function lie 

on either sides of t he cut and that the poles and the branch-cut do not overlap 

as is shown in fig.(5 .1) . Mott suggested that t he transition from delocalized 

(a) MCFOmodel (b) modified MCfO model 

Z plane 
Ec Ec ' , I 

:E 
I 

Ep' I 

: Pt I 

ReE t I ReE I 

00 0 0 0000 a 8 )r 00 o a 00 00 • 
Poles Branch-cut Poles Branch-cut 

Figure 5. 1: Branch-cuts and poles of the disordered Green 's function 

states to localized states should be sharp in that the conductivity should attain 

a minimum value, called the minimum metallic conductivity, amm at Ec before 

becoming zero on the localized side. This minimum value of conductivity appears 

as a pre-factor in the expression for the hopping conductivity in the vicinity of 

(5 .1 ) 

where EF is the Fermi energy, Ec the mobility edge and k t he Boltzmann constant. 

As (Ec - EF) --t 0, a --t amm o Mott's calculation of amm is as follows: 
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5.3 Mott's calculation of O"mm 

From Kubo-Greenwood formula for the conductivity 

where, D * a 3 
1/JI ax 'lh d x , 

gives the transition between states WI and W2 or the overlap between them. 
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(5 .2) 

(5.3) 

(5.4) 

where l is the length over which the phase memory lasts, so v represents the 

volume over which 1/1 retains the phase memory and n is the volume per electron; 

and 8 represents t he overlap of t he phase coherent regions. j ote that 

8 = . /,* a I d3 
If/ k' !:l l,.'k X 

v u I 
(5.5) 

~ exp {z(k - k' ).r } d3x 
n v 

kv / n , if klB < 1 

o otherwise 

Here () is the scattering angle. Averaging over all angles () between 0 & l / kl 

Taking Ioffe-Regellimit, l '" a and substituting in eqn.(5.2) we get 

O.03e2 610 h - 1 - 1 
~ 0 m em 

na a 
(5.6) 

where a is the average inter-atomic distance. 

The questionable assumptions that have gone into this result a re 

• the phase of the wave function fluctuates from site to site and 

• the wave function is treated as a plane wave even near the Ee 
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Experiments in the 1970's [45] showed good agreement with the value in 

eqn. (5.6). Computer simulations by Licciardello and Thouless [4-1] for 2D systems 

showed a constant value of CTmm = O.16e2 / n for all 2D systems. 

However experiments in 1980's [84] done under better experimental conditions 

(i.e. lower temperatures) gave a contradictory result in that there existed no CTmm. 

These experiments show that the conductivity CT approaches zero. as E -+ Ec from 

the extended side almost linearly indicating a second order phase transition. 

5.4 Modified MCFO model 

The experimental results in the 1980's tentatively indicate that there could be 

a transition point Ep below which CT(E) becomes almost linear in range (Ep, Ec) 

which is different from the behaviour typically exhibited by extended states that 

exist in the range Ep and E~ . Before going into the details of the nature of the 

t 
o(E) 

I 
I 

cr min - I 

I 

E :> 

Figure 5.2: Conductivity vs energy plot showing CTmm 

states in the vicinity of the mobility edges on the extended side which has already 

been studied in [111] we first analyze some of the issues that are involved in this 

problem. 

• 
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5.5 Issues involved 

1. The convent ional t ransp ort theory holds when kFl » 1 i. e. l» a where l is 

the length over which t he phase memory in the wave funct ion lasts and a is 

the inter-atomic d istance . Perturbation theory can be used for calculating 

the disorder induced corrections to the conductivity. But t his breaks down 

when kFl :s 1 i.e. l ~ a (Ioffe-Regel cri terion) [5]. As emphasized by Mott 

[59] localization effects start to set in when l '" a. 

T hus it is more app ropriate to start with localized states even though the 

full effect of localization would not have set in when l '" a . 1\10re specifically, 

a plane wave like approximation for the wave fu nction in Mott's calculation 

of 8 in eqn. (5 .7) will not be good in this region of the spectrum. 

2. In the case of second order phase transit ion, the transit ion from one phase to 

another is characterized by the d ivergence of a characteristic length as the 

transit ion point is reached from either side. Hence if MIT is a second order 

phase t ransit ion t his criterion should hold. It is well known that as Ee is 

approached from the localized state, the size of t he localized state, l ~ 00 . 

But t he characteristic length which would diverge when Ee is approached 

from the side of the extended states above Ee remains unknown. 

3. One possible reason for the observation of O'mtn in the earlier experiments 

[45] could be the fact tha t t hose experiments were done at higher tem­

peratures compared to t he ex t remely low temperatures of the newer ones 

[84]. At relatively higher temperatures the inelastic scattering may have in­

creased the conductivity. In the energy range where the sta tes are localized 

or pseudo-localized the phonon-assisted hopping can help in the conduction 

process thereby showing residual conductivity. This residual conductivity 

might have been mistaken for O'mm in the earlier ones. If so , we also learn 
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that in the energy range (Ep, Ec), in the vicinity of Ec where the newer ex­

periments show lower (J compared to the older results (fig.(5.3)), the states 

may be 'pseudo-localized' . 

t 
cr(E) 

t...----"": ' I 
I 

n¢w 
I 

Et Ep E .. 

Perturbati~n l---l .. - Perturbation 
theory theory 

breaks down holds (l»a) 

Figure 5.3: Conductivity vs energy 

4. The wave function in the region (Ep, Ec) may be a 'fractal' so far as the 

variation of its phase is concerned. That is , instead of the phase fluctuating 

from site to site as is commonly assumed, the phase may fluctuate over 

larger length scales and the magnitude of the fluctuation may be different 

at different length scales. 

In the next section we discuss a new proposal for the nature of the extended states 

that exist near Ec and study how the above mentioned issues are accommodated 

into it. 

5.6 Precise definition of localization 

One way to decide about the localizability of the eigen state is to consider 

what happens to a particle which is init ially localized in a certain region of space 
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as its environment changes. The presence of localized eigen states in the neigh­

bourhood of t he region considered leads to a finite probability for the existence 

of the particle considered in anyone of the localized states. Since the particle 

can in principle return to the original tate there will be a finite probability of 

rediscovering the particle at the initial region as t -+ 00. But if there are a few 

extended states in the neighbourhood of the region considered, the particle will 

diffuse away and t he probability of its being felt in the initial region will approach 

zero as t -+ 00. Thus following Anderson, the criterion for the nature of the eigen 

state is the behaviour of the probability of rediscovering the particle in an ini­

tially (t = 0) localized state as t -+ 00. This stay-put probability, denoted by 

PaCt), which is the probability of rediscovering a particle at an arbitrary site ·a' 

at time t if initially (at t = 0) it was there with probability unity can be written 

in terms of Green's function Gaa(E ± is) as 

where 

s 
lim PaCt) = lim -
t-+oo s-+O 1[" 

00 

-00 

Gaa(E + is) = 
1 

a , a 
E +is - H 

in the complex energy space. Eqn.(5.7) can also be written as 

00 

• fo(E )dE 
-00 

where 

fo(E) = lim ~Go(E + is)Go(E - is) 
s-O+1[" 

(5.7) 

(5.8) 

(5.9) 

is a non-negative quantity. The Green's functi.on can be expressed in terms of 

self energy as 
• 

Goo(E±is) - E±is-eo-Eo(E±is) 
1 (5.10) 
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where Eo is the self energy and eo is the potential offered by the region '0' (t he 

region under consideration is represented as '0'). Using eqn .(5.10) and the relation 

1 
no(E) = - lim I mGoo(E - lS) 

7r s~o+ 

for the DOS, 10(E) can be written as 

10(E) = no(E) lim 1 
s-o+ 1 _ [ Eo(E+'S) - EO(E-.S)] 

2, s 

From eqn.(5.12) we see that for 10(E) =I 0 one should have either 

or 

no(E) =I 0, 

. 1 
Zo(E) = hm =I 0 

s~o+ 1 _ [ EO(E+'S) - Eo (E -tS) ] 
2,s 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

We know that the extended states do not contribute to Pa(t) and consequently 

for extended states 10(E) = 0 which implies that Zo(E) = O. Thus if Zo(E) =I 0, 

the states are localized. From eqn.(5.14) it follows that a branch-cut in Gaa(E ± 

is) along the real axis corresponds to extended states and the localized states 

correspond to Zo(E) =I 0 and also no(E) =I O. Also, all the singularities of Gaa(E) 

and Eo(E ± is) lie on the real axis and are either simple poles, corresponding to 

localized states or branch-cuts corresponding to extended states. 

5.7 Confluence states 

Thus in terms of Green's function the regime of extended states, (Ee, E~), 

is represented by a branch cut and the regime of localized states consists of a 

, dense set of poles. In the Mott-CFO model the branch-cut and the poles are 

sharply separated from one another at Ee and E~. We suggest a new possibility 

wherein one could analytically continue the Green's function into the branch-cut 
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and study the poles if any appearing in the higher Riemann sheet. In other words 

if we view the branch-cut as Riemann manifold, then some poles may be found 

on the so-called 'unphysical ' sheets lying below the top (or the physical) sheet. 

The overlapping regions in fig. (5 .lb) correspond to such a situation. 

Such poles which lie inside the branch-cut are found to behave differentlv from 
• 

the poles that exist outside the cut [100] . These poles represent extended states 

with a difference in the sense that the stay-put probability, lim P,( t ), for them 

goes to zero as t -t 00 so slowly that its time integral I diverges. Thus these states 

share properties of both, the extended states ( lim P, (t) = 0) and the localized 
t-oo 

states (I = 00) and they may be classified as neither localized nor extended. 

Thus the spectrum can be recharacterized as shown in the table below. This 

lim P,(t) 
t-+oo 

I = fooo 
P,(t)dt N atuTe of states 

0 f mite extended 
0 00 ' con f l uence' 

>0 00 localized 

Table 5.1: Energy spectrum in terms of stay-put probability and its time integral. 

intermediate state is termed as confluence states because they correspond to poles 

link~d with branch-cut or in other words to a localized state coupled to degenerate 

extended states. It has been found that if a localized state (represented by a pole) 

happens to be degenerate with the extended state (represented by the cut) then 

the localized state will lose its pure-point nature and such a confluence of localized 

and extended states will eventually, in the limit t -t 00, evolve into a conducting 

extended state which is confirmed by the fact that the stay-put probability for 

such a state will approach zero for t -+ 00. The manner of formation of the 

confluence state indicates that the wave function would have a very ramified 
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shape with isolated and very pronounced bumps of amplitude. The property of 

the divergence of the time integral for t his bumpy extended state indicates that 

the diffusion should be sluggish for electrons having energy in this part of the 

spectrum since P, (t) goes to zero in the limit t -7 00 sufficiently slowly. 

This sluggish diffusion in the confluence state regime can be comprehended 

in terms of a bumpy wave function, i.e. there are a series of connected bumps 

and an electron spends considerable time in a bump (or an isolated region) and 

then eventually diffuses into t he neighbouring one to conduct through the system. 

Using a wave function of this kind the conductivity in the region close to Ee can 

be found. 

5.8 Kubo-Greenwood and confluence states 

The confluence states possessing the bumpy character discussed in sec.(5.7) 

meet the requirements of the issues (i) and (iii) raised in sec.(5.5). The extent 

of each bump can be assumed for convenience to be the same, say Ea. and the 

phase coherence may be taken to last over Ea. The average separation between 

the two bumps can be taken as R. The fractal nature of the wave function as 

proposed in (iv) of sec.(5.5) can be taken care into account by assuming between 

two bumps a hierarchy of smaller bumps of successively reducing height and 

width, the phase being coherent in each bump. For our calculation here we shall 

not use the details of the fractal nature of the wave function apart from the fact 

that (a) the phase is coherent over length Ea, so the roffe-Regel limit [5], l rv a, 

shall have to be replaced by l rv ~a and (b) the magnitude of the fluctuation in 

the phase diminishes for distances ~Ea < r < ~ R. 

The schematic forms of the wave function in different regions of the spectrum 

are shown in figs.(5.4, 5.5). The localized wave function below Ee has the form, 

(5.15) 
n 
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where An, ¢n, ~b are respectively the co-efficients with random phases, the atomic 

wave functions and the extent of localization. The wave function just above Ee 

Figure 5.4: Schematic wave function of a localized state below Ee 
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Figure 5.5: Schematic wave function of an extended state above Ee 

is constructed by taking a phase-correlated combination of wave functions like 

'l/Jl.2 = Re 'f/;ext exp ( -r / ~a), (5.16) 

where the subscripts 1,2 represent two neighbouring wave functions that overlap 

and the subscripts a and b on ~ in eqn.(5.15) and eqn.(5.16) indicates the regime 

'above' and 'below' Ee. The relevant length-scales on two sides of Ee are the 

following: 

Below Ee, the localization length C,b behaves as 

(5.17) 

• 
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with the exponent s '" 1/2 for 3d systems and a is the mean free path. The 

phase fluctuates from site to site. Above Ee, the mean free path is (a and the 

length-scale that diverges as E -> Ee from above is the separation R, between 

the bumps. So we propose, 

s 

• (5.18) 

Above Ee the extent of the states is infinite with fini te (a and R. As the Ee 

is approached, (a remains finite but the density of the bump reduces thereby 

increasing R. At Ee the bumps are infinitely separated , the overlap reduces to 

zero and each isolated bump represents a localized state - at this stage (a gets 

redefined as (b. 

Above Ee , the overlap integral for two neighbouring wave functions WI and 

'l/J2 differing in energy by (E - Ee) is taken as 

(5.19) 

10 represents complete overlap corresponding to R = 0, (a = infinite. For 'l/Jl 

and 'l/J2 to overlap, 1 should be < (E - Ee) and the separation between 'l/Jl and 

'l/J2 should satisfy 

R > (a In (Io/(E - Ee)) (5.20) 

i.e. the closer is E to Ee the larger will the separation R have to be which provides 

a justification for the proposal of eqn. (5.18). Thus our model seems to be suitable 

for handling a second-order phase transition across the Ee as was required in (ii) 

of sec.(5.5) . The implication of eqn.(5.20) will be dealt with a little later. 
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5.9 New calculation of (J" 

We use the form of eqn.(5.16) to calculate 82 of eqn.(5 .4). 

R3 
W:Xt1 exp (-(x+R)/a) 

fJ 
ax 

The IDI2 is thus reduced by a factor, exp (-2R/~a). given as, 

with the help of eqn.(5.20) for 10 '" Ec. 
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(5.21) 

(5.22) 

We can now insert corrections to the formula (eqn. (5. 6)) obtained by :Ylott 

[100] : 

• Since we are well above the Ioffe-Regellimit, we must multiply (J" by nil to 

undo the li n that has gone into it through the expression in eqn.(5 .6) for 

• Since l '" ~a, we must multiply (J" by ~a/n; and 

• Multiply (J" by [(E - Ec)/ Ec]2S in accordance with eqns.(5.21) and (5.22) . 

Consequently the (J"(E) becomes 

s ~ 1/2 (5.23) 

i.e. the (J" goes to zero almost linearly in energy as E approaches the Ec 

from the extended side. 
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5.10 Conclusions 

The calculation of (J taking into account the confluence states shows that 

(J mm ought to be zero in general. There are st ill some loose ends in the above 

calculation that need to be t ied up. 

For the specific case of :vIIT at very low electron densities one can in fact 

deduce from Mott's simple calculation itself that (Jmm should be very small if not 

exactly zero. Note the presence of land n in eqn.(5.6). Since we now know that 

the phase coherence length l remains finite even at T = 0, IDI2 will always be 

finite. With decreasing electron density, n grows rapidly. This should make IDI2 

small, which will make (Jmm very small. Thus without invoking Ioffe-Regel limit 

one can account for diminishing (Jmm and see that the new density-driven NIlT 

in 2D should be of second order. 

Finally we will see how the confluence states picture can account for the non­

zero (Jmm in the presence of a magnetic field. The magnetic field will shift the 

degeneracy between the localized and the extended states that constitute the 

confluence states. The coupling between them is thus broken and they assume 

their individual identities as localized and extended states. The regime of slow 

diffusion is no longer expected to exist and consequently the transition from 

the extended regime to the localized regime is now expected to be sharp with 

(Jmm > O. 

Thus we conclude that the experimental observation that (J(E) rv (E - Ec) 

near Ec and that (Jmm = 0 is in conformity with the proposal that the states 

in the neighbourhood of Ec (on the extended side) are somewhat special in the 

sense that they posses the features of both the extended as well as the localized 

states, the latter contributing to their being slowing the diffusion rates . 

• 



Chapter 6 

SUMMARY AND SCOPE FOR FUTURE WORK 

6.1 Summary 

The work in this thesis involves study of the role of disorder in the electrical 

properties of low dimensional systems. Our arguments mainly embark upon the 

random distribution of substitutional and topological defects, the latter being 

exemplified by two level systems or tunneling states. 

The firs t problem that we have studied involves a calculation of the ratio of 

the increase in resistance to the metallic resistance, 6.R/ Ro, with the lowering 

of temperature for a quasi-1D wire. Here we mainly stress upon the role of the 

TLS in causing the inelastic scattering of the electrons. The ideas that have 

gone into this result includes the concept of variable-range hopping as well as the 

exponential length dependence of R got from the scaling theory of localization. 

The dependence of our result on various parameters, namely area A, temperature 

T and resistivity Pe, is in conformity with the experimental results. There is a 

tally with regard to the order of magnitude as well. From this work we understand 

that the electrical resistance in the quasi-lD wires is sensitive to the frequency of 

inelastic scattering events. Our results and their analysis call for new experiments 

to be done under controlled conditions of disorder and temperature to study in 

detail the roles of inelastic scatterings from TSs, electrons and phonons separately 

in the electrical transport in quasi-lD system. This should give more insight into 

the microscopic details of electron diffusion in the backdrop of localization. Also, 

the experiments at very low temperatures should possibly reveal something new 

arising from the interaction between TS which can change the nature of tunneling 

119 
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from coherent to incoherent. 

Our work on the intrinsic phase decoherence in mesoscopic system, raises some 

fundamental issues in this very new result still being debated in the literature. 

We have explained the saturation of the phase decoherence time T¢(T) by taking 

into account the inteEaction between the tunneling states, which occurE' at lower 

temperatures and/or a dense concentration of them, and makes the tunneling in 

the TLSs incoherent. A good amount of further experimentation is needed to 

ascertain a number of finer points, t he first and foremost beinlT to check for the 
o 

existence of TLS in the systems that show T¢ saturation. It also has to be ascer­

tained if the e-e interactions in dilute electron systems indeed involve sufficient 

energy to be classified as inelastic at low temperatures. We also speculate as 

suggested by Imry et al. that there may be a temperature range over which Trp 

remains saturated , but at T < < It /TO, TO being the saturation value, the T", may 

diverge. Only careful experimentation can resolve these issues. 

Our work on the MIT in 2D systems is basically centered on the experimental 

results of Kravchenko et al. which showed the existence of an unexpected metallic 

phase in these systems. We have attempted to piece together a good cross­

section of available experimental information and some of the existing theoretical 

ideas to understand how the insulating state at the high electron concentration 

end changes into a metallic state as the density reduces and eventually how 

the system enters again into an insulating state at the low end of the density. 

Our arguments are based on a novel possibility of delocalization caused by the 

interactions between the localized electrons, below a concentration at which Vee, 

the e-e interaction energy exceeds the EF , the Fermi energy. This gives rise to 

the new metallic phase. In other words, delocalization in a system consisting 

predominantly of localized states can happen if they are connected by hopping 

events provoked by e-e interactions and form a percolative network whose nodes 
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are the localized states. With the decrease in concentration and temperature, 

there will be a transition from one electron to many-electron hopping and the 

concentration for the onset of many-electron quantum correlation effects in 2D 

turns out to be less than l015cm-2, in agreement with the threshold value below 

which Vee exceeds EF · This metallic state turns into an insulating statp at a very 

low density of electrons. This insulating state is a Wigner insulator and not an 

Anderson insulator; the electrons are pinned in their random positions by long 

range e-e interactions. 

Thus by interpolating between t he recent and the earlier regimes of con­

centration we are of the view that we have an Anderson insulator at the high 

concentration end and a \Nigner glass at the lower end with an intermediate 

metallic phase. We are of the opinion that many experiments have to be done 

at the higher concentration end around 1015cm-2 to check how the metallic state 

evolves from the Anderson insulator. 

Next we have calculated an expression for the minimum metallic conductivity, 

O"mm by modifying Mott's calculation. Some loop holes in Mott's calculation has 

been plugged. Here we have discussed the existence of an intermediate singularly 

continuous spectrum, comprising confluence states, that separate the localized 

and the extended states. vVe have reviewed the basic definiton of localization 

in terms of Green's function. The confluence states share the properties of both 

localized and extended states. The existence of these states leads to the vanishing 

of O"mm making any }'lIT a continuous one, in general. This calculation needs to 

be polished further. 

6.2 Scope for future work 

Our work quasi-1D wires can have some interesting extensions. Herzog et 

al. 's result [118] on granular metal wires requires special attention in this context. 
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They find a large discontinuous drop in resistance exhibited in terms of a gap 

in the resistance which is found to gradually decrease and eventually close up 

as the continuous 2D limit is approached. It is speculated that this is a first 

order electronic phase t ransit ion in granular 1D system. This correspondence 

of the granularity with the order of the t ransit ion requires more investigation. 

We suspect that a uniform wire with TS scatterings acting as short-range local 

events connected with other such events located in far off regions of the system by 

non-local long-ranged variable-range hopping may mimic the granular scenario. 

It should also be interesting to investigate the conditions under which the Tee 

takes over from TT S, and also the nature of this transition. This t ransition is 

expected to be different from the weak [93] to strong localization cross-over. 

Our work on the intrinsic decoherence in mesoscopic systems is yet to be 

developed further. Our proposal that it is t he TS-TS interaction that is causing 

the saturation of de coherence t ime is to be substantiated quantitativey. But with 

the available literature in the experimental results and theories our work seems 

to be a plausible one. 

The area of metal-insulator t ransitions in 2D has extensions to other branches 

like quantum Hall effect [168 , 166]. Curious observations have been made about 

the sirniliarities in the nature of MIT at low ns in the absence of magnetic field 

and that of the MIT in QHE setting when there is a strong magnetic field perpen­

dicular to the 2DHG systems which indicates some common underlying physics 

for the MIT in B = 0 and B -=J 0 situations. 

In connection with our work on 2D MIT we would suggest experiments to 

be done to ascertain the existence of TS or TLS in the system. For this we 

suggest measurements of specific heat and ultrasonic attenuation on the 2DESs 

as well as the mesoscopic systems which show the saturation of decoherence time. 

The excess specific heat as well as the linear dependence of this excess specific 
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heat on temperature below 1K in the disordered electron systems as compared 

with the crystalline ones had led to the development of the phenomenological 

model of tunneling states. A linear temperature dependence of specific heat and 

an increased ultrasonic attenuation would suggest the existence of TLS in these 

systems. 

Our calculat ion of the minimum metallic conductivity CTmm taking into ac­

count the existence of confluence states needs to be extended further. 
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