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ABSTRACT

The thesis is devoted to the study of the
spectral response of atoms or molecules to optical
exéitation by a weakly modulated source under a wide
range of conditions such as those on homogeneous and
inhomogeneous line widths, intensity of the field
and temporal fluctuations of the field.

Chapter I serves to introduce the problem,
tracing i.. previous history and outlining the need

and relevance of the present study.

Chapter II contains a general formulation for
obtaining the total intensity of the modulated fluore-
scence starting from the basic principles, and probes
the relationship between the modulated fluorescences
and the correlation function of the dipole moments.
Te type of information obtained by study of the
intensity of the modulated fluorescence as a function

of the modulation frequency is discussed.

Chapter III is devoted to the study of the
modulated fluorescence for near-resonant excitation
by a source of arbitrary bandwidth and intensity. This
study is carried out within the framework of a general
relaxation theory and takes into account the effects
of Doppler broadening, The phaseshift of the modulated
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fluorescence is shown to be particularly sensitive
to the relaxation parameters, while the results of
the previous studies are contained as limiting cases
of our general theory. The position:, width and
weight of the resonances in the amplitude of modula-
tion are explicitly discussed for intense, resonant
fields. For weak fields, our results show that the
behaviour of the velocity-averaged modulated fluore-
scence for monochromatic excitation is the same as
that of broad-band excitation, provided the Doppler
width is much larger than the natural linewidth,
laser detuning and modulation frequency. Numerical
plots of the velocity averaged amplitude of modula-
tion for large atom-laser coupling and various Doppler
widths reveal a shift in the resonance at the Rabi
frequency for large Doppler widths,

In chapter IV, we investigate the Z#eeman structure
of the excited state in alJ:O}HP:l)tranaition usging
modulated sources of arbitrary intensity and bandwidth,.
The shape as well as the width of the modulated Hanle
signals is shown to be critically dependent on the
bandwidth of the exciting source and its frequency of
modulation., For weak fields, excitation by an incoherent,

broad-band pump leads to the results of previous studies,



while excitation by a truly monochromatic source leads
to entirely new results that are interpreted physically.
For example, the modulation freguency scan of the modu-

\—. .
lated fluorescence for broad-band (monochromatic) exci-

tation yields resonances at values 0, = 2s (& s), where
25 is the Beeman splitting of the excited state. For
intense fields, numerical studies for the amplitude of
modulation exhibit resonances due to Autler-Townes
effect at the modulation'frequency values 0, % a o

2 2 2

+ 2a° » where @, = 8 + 2a- , 2a being the Rabi frequency

characterizing the atom-laser coupling.

T™wo photon processes are especially useful for
studying transitions between two levels of same parity.
Hence it would be interesting to study these processes
using modulated sources, which is done so in chapter V
for the case of stepwise excitation. The total intensity
of the spontaneously emitted radiation from the upper
(intermediate) level is studied as a function of the
ﬁodulation frequency. It is shown that the resonances in
the amplitude of modulation at the modulation frequency
values 0, + %y & 2a° (a§ = ai + ag y 20, and 2a, being
the Rabi frequencies characterising the coupling of the

atom with the two laser fields) yield the energy spectra
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of the composite system consisting of the atom and the
intense, coherent laser field., These resonances are
studied analytically using the secular approximation,
which shows that the resonance at iao is the most intense
one., In the presence of detuning of the applied field,
this resonance splits into two closely-spaced structure,

as may be seen by the numerical studies.

In chapter VI, the possibility of obtaining resolu-
tion beyond the natural linewidth using modulated sources
is examined. It is indeed shown that if the amplitude of
the exciting gsource is weakly modulated at a low frequency
V , then the fluorescence oscillating at 4 L exhibits a
narrow resonance which is considerably less than the
natural linewidth. This particular component can be
detected separately by a phase sensitive detector. In
contrast, the fluorescence oscillating at 22 exhibits

resonance having the natural linewidth.



CHAPTER - I

INTRODUCTION

Modulation spectroscopy has been extensively used
as a tool for the measurement of atomic and molecular life-
times by the Phaseshift Method.[l_5] This method is based
on the fact that when a broad-band light source, whose
amplitude is weakly modulated in time, is used to excite
atoms or molecules, then the fluorescence is also modulated
at the same frequency but with a phase diaplacementgl’5]
The phase shift @ bears a simple relationship with the

lifetime T of the excited state, given by
tan é == (1.1)

where V is the modulation frequency, while the amplitude

of modulation, A, varies as
a= (D212 4+1)7 (1.2)

With the advent of tunable, highly monochromatic dye lasers,
it became necessary to study the problem in search of new
effects that might arise in the laser induced modulated
fluorescence. Such a study was first undertaken by Armstrong
and Feneuille in 1975.[6] They found that the phaseshift

is no longer independent of the strength of the excitation
and even in the limit of weak laser intensities, it differed

by a factor two i.e.

tanP =-20 (1.3)



while the amplitude of modulation now varied as
A= (402 <2 +1)% (1.4)

For intense lascrs, their study revealed that the amplitude
of modulation displays a resonant behaviour as the modula-
tion frequency is varied, this resonance being directly
related to the autler - Townes effect.[TJ Their calculations
were limited to weak modulation of the monochromatic laser,
the applied field being exactly on resonance with the atomic
transition, The theory was further generalized by including
the detuning of the laser from the atomic resonance frequency
by tlcClean and Swain,[8] who showed that even quite small
detunings produce appreciable changes in the phaseshift. It
is clear from equation (1.1) to (1.4), that the phaseshift
and amplitude of the modulated fluorescence are extremely
sensitive to the bandwidth of the exciting source. Hencc a
proper theory of the modulated fluorescence must take into
account the finite bandwidth of the exciting source. One
would also expect that the statistics of the field will change
the modulation characteristics. Since the fluctuations of
the exciting source (which give rise to its finite bandwidth)
appear as relaxation effects in the spectral response of the

[9-14]

atom One would also expect that other relaxation
processes, such as collisions etc., would also influence the

modulated fluorescence appreciably. Hence a complete theory



for the phenomenon should be evolved within the framework
of a general relaxation theory. Such a study would be
relevant fér experiments where the samples are contained in
vapor cells, The effect of Doppler broadening will also
have to be considered. If the atoms/molecules are present
in the form of a collinated t am, then the only relaxaticn
mechanism to consider is spontaneous emission, and the
results in this case may be easily obtzined from the general
theory. For experiments with atomic beams, the Doppler
effect can be suppressed to first order by using mutually
orthogonal directions for the atomic beam, excitation and

detection, L15-19]

The fluorescence induced by a monochromatic laser

whose amplitude is gtrongly modulated has been studied by
Thomann[20] and by Feneuille et :11.[21':| The studies reveal
that the atomic inversion exhibits resonances whenever the
Rabi frequency is equal to an integral multiple of the modu-
lation frequency, so that detection of the modulated fluorc-
scence will yield the atom - laser coupling. However, since
weak modulation of the excitation source leads to equally
interesting and useful information about the atomic

[1-6,22-24]

system, we will concentrate our study on small

modulation depths.



The feeman structure and the hyperfine structure of
the excited state have been studied by examining the fluore-
scence in various directions.[25"33] This method is populzrly
known as flanle effect (or zero magnetic field level-crossing
experinent if a static magnetic field is used to lift the
degeneracy of the excited state) or Optical Hanle effect[34"37]
(if suitably polarized radiation is used to split the sceman
sublevels by producing different light shifts). Excitasion
by modulated optical sources in the usual Hanle effect yields
resonances[38] in the fluorescent light when the frequency of
modulation is equal to the splitting of the Zeeman sublevels.
The width of these resonances was determined by the lifetime
of the excited state when the source used for preparing the
atoms in a coherent superposition of the Zeeman sublevels was
a weak, broad-band source.[22'23] In view of these important
results, it is certainly desirable to study the laser-~induced

modulated Hanle signals for a source of arbitrary bandwidth

and intensity.

One question that is of great importance is concerning
the width of the structures in modulated fluorescence as
generally the resolution of spectral lines of gases in the
optical range has been limited by the Doppler effect which
gives each line a relative width of a few GHz, Recently,

several techniques have been proposed and used to improve the



linewidth.in this respect,[39'4l] besides the well known
methods of atomic beam spectroscopy,[ls"lgl two photon
spectroscopy[42"44] and saturated absorption spectroscopyg45"481
Modulation spectroscopy can also be used to obtain Doppler
free lines in gases, as was demonstrated by Sorem and
bchawlow[24]. Two oppositely directed waves, which were
intensity modulated at different frequencies, were irradiated
on sawples in cell., The narrow resonance of excited atons is
detected by recording the fluorescence intensity oscillating
at the sum of the modulation frequencies. This method is
shown to have a definite advantage when working with very
weak traonsitions (with extremely small transition probabili-
ties), with very low pressures (where the total absorption

of the atoms or molecules is small) or with a sparsely popu-
lated lower state. In all the techniques discussed above,
the resolution is limited by the natural linewidth. Howcver
several methods using transient response of atoms to pulscad
cxcitation {49-56] have been discussed to obtain lines
narrower than the natural linewidth, In view of the experi-
ments of Sorcum and Schawlow for natural-linewidth limited
spectroscopy, it would be extremely tempting to explorc the
possibility of achieving resolution beyond the natural linc-

width via fluorescence in modulated fields.

Two photon spectroscopy is a useful tool to investi-

gate transitions between levels of the same parity, and at



the same time provides a highly efficient method to
eliminate Doppler broadening[42"44] In stepwisc excita-
tion, the detection of the intensity of the fluorescent
light enitted spontaneously from the upper level reveals
splitting due to the autler-Townes effect.[57-611 A
natural question that arises is what is the structurc of
the phase shifts and the amplitude of modulation in thc

optical double resonance situation and how the Rabi rueo-

nances appear in such experiments.

This thesis is devoted to the development of a gencral

[62

theory of modulated fluoresccnce »70] from a system under

various conditions of excitation, environment of the system.
In chapter II, we present a general formulation for the
modulated fluorescence which will be used in subsequcnt
chapters to study special cascs depending on the geometry
of the experiment and the nature of transitions. We also
show for the first time the relationship between the nodula-
ted fluorescence and the correlation function of the atomic

system.[Cf'73-77]

In chapter III, we study the response of the systen
to a weakly-modulated light source of arbitrary bandwidth,
the applied field being near resonance to a particular atomic
transition., This study is made within the framework of 2

general relaxation theory to allow for non-radiative
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transitions, and the effects of Doppler broadening are
included. Our study rcveals that the phaseshift of the
modulated fluorescence is particularly sensitive to the
reluxation parameters. The rcsults (1.1) to (1.4) for
broad-band and monochromatic excitation are rccovered as
liniting cases of our general thcory, so that the differencc
of factor two in the phaseshift arises naturally when onc
takes into account the bandwidth of the exciting sourcc.

For intense rcsonant fields, the weight factor of the

central peak at U = 0 reduces to zero, so that the ampli-
tudc of modulation displays only the resonances at the

Rabi frequency due to Autler Townes effect.[7] For wczak
fields, our results show that the behaviour of the velocity
averaged modulated fluoresccence for monochromatic eoxcitation
is the same as that of broad-band excitation, provided the
Doppler width is much larger than the natural linewidth,
laser detuning and modulation frequency. Numerical plots

of the velocity averaged modulated fluorescence for intcense
ficlds are prescnted, which reveal a shift in the rcsonance
at the Rabi frequency for large Doppler widths. In chapter IV,
we study modulated Hanle signals in partially coherent ficlds.
The shape as well as the linewidth of the resonances obscrved
in the modulated fluorescence arc shown to be critically
dependent on the bandwidth of the exciting source and its
frequency of modulation. The results of a previous study of

1l



the problem using weak, incoherent broad-band pump[22’23]

are obtained as a limiting case of our analytical resulte for

weak fields, while excitation by a truly monochromatic laser
leads to entirely new results which are interpreted physically.
For intense fields, numerical plots for the amplitude of
modulation exhibit resonances due to Autler Townes effect.[7]
In chapter V, we study two-pho )n stepwise excitation in
modulated fields. The total intensity of the spontanecoucly
emitted radiation from the upper (intermediate) level is
studied as a function of the modulation frequency. It is
shown that the resonances in the amplitude of modulation
yield the energy spectra of the composite system consisting'
of the atom and the coherent laser field. For example)
resonances occur at the modulation frequency values O,+ a«  ,
+ 2a0 due to dynamical Stark splitting[7] of the various
energy levels (ao is related to the Rabi frequency ay and a,
characterizing the coupling of the atom with the two fields,
2 2 2 ).
2

by @y = @ + «

using the secular approximation., In the presence of detunings

These resonances are studied analytically

of the applied fields, numerical results reveal additional
structures. This should be contrasted with the zeroth order
intensity of. fluorescent light (unmodulated) which does not
exhibit dynamic Stark splitting even when both the lasers

are very intense, unless one studies the spectral resolution

12



of the emitted radiation. In chapter VI, we show for the
first time how modulation spectroscopy can be used to obtain
resolution beyond the natural linewidth. The study is made
in the context of atomic beam experiments with orthogonal
geometry to suppress Doppler ‘Droa.dc':niz:lg.[1'5"]'9:l The
fluorescence oscillating at four times the frequency of
modulation of the amplitude of the exciting source is moni-
tored as a function of the laser frequency. This recvca.s
narrow resonance centred at the atomic frequency with a
FWH4 of the order of 1.3y, which is considerably less than
the natural linewidth of 2y.

13



CHAPTER - II
—————

GENERAL FORMULATION FOR THE O DULATED FLUORESCENUE

We are interested in the study of the fluorescence
that is spontaneously emitted by atoms or molecules in
vapor form when excited by lasers whose intensity is
4eakly modulated in time. The atoms (molecules) may be
contained in a vapor cell or be present in the form of a
collimated beam. At low pressures and small atomic
densities, the interaction of the atoms amongst them-
selves may be neglected so that, in effect, we have to
consider the interaction of a single, isolated atom or
molecule with the laser beam. The field in the problem
would thus be a prescribed field. The radiated field
will, however, depend on the dynamics of the system.
The free atom is excited by the intensity modulated
laser beam and then radiates spontaneously due to its
interaction with the vacuum of the radiation field, In
this chapter, we give a general formulation for the
modulated fluorescence emitted by the atom and will
use it in subsequent chapters to siudy special cases
depending on the geometry of the experiment and the
nature of transitions. The total Hamiltonian for the
atom and the radiation field is given along with the

equation of motion for the reduced density operator
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corresponding to the atomic system. The intensity of the
modulated fluorescence is shown to be related to the atomic
density matrix elements. A general method for solving the
master equation to obtain the relevant density matrix
elements is presented. We also show for the first time

the relationship between the modulated fluorescence and the
correlation function of the atomic system. The relation

is reminiscent of the relationship of the spectirum of the un-
modulated fluorescence to the correlation function of the
dipole moments.[73"77] Hence the detection of the total
intensity of the modulated fluorescence as a function of
modulation frequency (say) will give the same type of infor-
mation about the atomic system as the detection of the
spectrum of the fluorescence emitted by the atom in the

absence of modulation.

Section-2,1 ¢ Hamiltonian

The total Hamiltonian for the atom and the radiation

field in the presence of an external laser beam is

H=H) + H + Hyp + Hext(t) (2.1.1)

where HA (ﬂR) is the unperturbed Hamiltonian of the atom

(radiation field), HAR (H _.(+%)) is the interaction Hamiltonia

ext
between the atom and the radiation field (external field).

If we label the energy levels of the atom with energy E, by

15



the energy eigenstate l§>> and denote an atomic operator by

a subscripted A, then we have

H, = ;.EK - , A = IK><..I (2.1.2)

The unperturbed Hamiltonian of the quantized radiation field

is
Hy = KZSG?JKS afsags o+ b=l (2.1.7)

where we have used the following mode expansion for the

quantized electric field

3 T
@) =i % (—2-’1‘-1%5) ags &g e T + Hac, (2.1.4)

In the above equation, L° is the volume in which the field

is quantized, Eﬁs is the polarization vector and-f'bhe wave
vector, while agg and a%s are the annihilation and creation
operators respectively. The interaction Hamiltonian has the

following form in the dipole approximation

H,p [Hext(t)'! =a..§‘: E‘R [B(t)] (2.1.5)

A

where'E?is the dipole moment operator of the atom having

only off-diagonal elements :

16



$ 4_‘
T= 2 4 + H.c.

d-o ifK =1 (2.1.6)

—
and B is the electric field at the point'?' where the atom
is located., Using a classical description for the laser field,
we may write the electric field of the modulated source at

the position of the atom (chosen as the origin) as

-if2.1%

E Ezj t) [l+a cos (D t+qb )] e J + ec.c.

E(t) =

nﬂH

(2.1.7)

where E. (t) is the amplitude of the ath

component oscilla-~
ting at mean frequenecy §2 j» The function Ea oj is taken to

be a slowly varying function of time. For a strictly mono-
chromatic field E?;j(t) is independent of timg_:.and is not a
random variable, but for a fluctuating field, fioj(t) is a
stochastic function. The amplitude of the jth component of
the lgaer beam.is modulated ;P time at a frequenoy:)j, and
the modulation is assumed to be weak i.e. the modulation
ratio 2 4§ll The time-averaged intensity of the incident

laser field is

I nc(t) =

-

%8 oj [ 1+ay cos (B yb+chy)]°

iR

(N (o

2
jZGoj[ 1+2a cos (U ;t+¢h)]  (2.1.8)

17



where we have assumed the modulation frequencies to be
much smaller than the optical frequencies i.e.l <<Q3 .
BEquation (2.1.8) shows that as long as we ignore terms ol
order a§ , the modulation of the intensity and the amplitude
of the laser beam are equivalent. In all the subsequent
chapters, except chapter VI, we study the intensity of the
fluorescent light to first order in moduletion. However,
in chapter VI, we examine the fluorescence to higher orders
in modulation with some very remarkable consequences. The
interaction Hamiltonian has the form given by (2.1.5) in
the dipole approximation. We will tranéform the Hamil to-
nian to the rotating frame and neglect terms oscillating

at twice the optical frequencies in the rotating wave

approximation,
Section = 2,2 ¢ Equations of Motion fo he Atomic System ¢

Since we are ultimately interested in the properties
of the atomic system, we must eliminate the degrees of
freedom corresponding to relaxation and spontaneous emission.
We first consider the case when there is no external field
i.e. Hext(t) =0, Let ﬁLR(t) be the density operator
characterizing the statistical state of the combined system
of the atom and the radiation field, or rather a general

reservoir responsible for all types of relaxation mechanism.



It satisfies the Schrddinger eguation

Ratt) = -1 (8, L)1 = & £r(¥) (2.2.1)

where & is the liouville operator defined by

L vow = =i [Hyeuel (2.2.2)

Let @L(t) be the reduced density operator corresponding

to the atomic system alone. ﬂ(t) and /gl_R(t) are related
by

—_— 1
Rt) = 1. Ryt (2.2.3)
where T.' denotes thé trace over the radiation field varie-
bles 'and'any other relaxation process. The master equation

for the reduced density operator corresponding to the atomic

system in the Born, Markov and rotating wave approximation[78—80]
is
Tb e R+ Sun =
= -ip + 2y “( B ) fn
t mn mn mn mk@k \ k#m km E kn

(2.2.4)

where wmn is the renormalised transition frequency between
the atomic levels 'm) and lr> , and 2y, represents the

transition probability per unit time that the atom undergoes

19



a transition from state l%} to ,%} due to spontaneous
emission, collisional relaxation and any other incoherent
process. If the transition ,%>._>,@> results from
spontaneous emission only, then 2Ymk is equal to the

Einstein A coefficient and is given by

2 .3 ,.3 .
Yl |dmel = €77 @y if B, B

if B L B (2.2.5)

Il

In equation (2.2.4), we have suppressed the subscript A

from P. We may write equation (2.2.4) as

%EE = -1 [HA’P] + xop (2‘2'6)

where 330 represents the contribution from all the in-
coherent terms arising due to spontaneous emission,colli-

sions etc.

In the prescnce of external fields (Hext(t) =0),

equation (2.2.6) is modified to[al]
oP _ .
_a_t"'"-'l [HA+Hext(t)’ P] +£0P (2.2.7J

which simply implies that one can superimpose the effects
of the external field and incoherent interactions. We now

remove the fast time dependences from P (t) to give the

20



s
slowly varying quantities P (t) (tilde denotes a quantity
in the rotating frame) and neglect terms oscillating at
twice the optical frequencies (RWA). The equation of motion

for ?"(1;) is

S RENAEY RESEERUN S
= I’og +J“mod"(.t, p (2.2.8)

where we have explicitly separated the modulated and the
vnmodulated parts in Hext(t) so that H  is the sum of the
unperturbed atomic Hamil‘bc;nian and the interaction Hamiltonian
between the atom and the unmodulated laser field. ﬁ‘mod(t) is
still time dependent in the rotating frame due to modulation,

L and Iamod(t) are defined by

Iloooo = xo... -1 [Ho,o-.]

~

L (t)e.e = -1 [Hmod

nod (t)yeee] (2,2,9)

e will show in subsequent chapters that for an atomic system
with discrete. number of energy levels involved in the interac-
tion with the laser beams, the equations for the evolutign

of the density matrix elements as obtained from (2.2,8) form

a closed set of coupled, linear differential equations with
constant coefficients. In matrix notation, they can be simply

written as

21



PUCE) s P )e1ziay cos( D br )My P (6) + 3,1 (2.2.10)
3

vhere U/ (%) is a column matrix with elements En(t),
1'y0=1,2+...N where N is the number of relevant cnergy levels

of the atom under consideration. .he order of'#f(t) I and JJ
1g (Na-l), since we use the normalisat >n condition :E; é;} )=+
vO cl minate the ground state density matrix element. This is
Jone in order to avoid the difficulty that would arise in compu-
4ting the solutions by Laplace transform techniques were the
matrix B to possess a zero eigenvalue. B (N%) is a square matrix
of the same rank and is time independent due to RWA, The
structure of the matrix B depends on the nature of the atomic/
molecular transitions $ hence the eigenvalues of B will give
information about the complex transition frequencies of the

system,

Section = 2.3 : Solution of iMagter Egquation :

Equation (2.2.10) can not be solved exactly so that a
perturbation approach must be used, since 8 (1, a perturba-
tion expansion may be made with aj as the expansion parameter,
while the interaction with the laser field will be treated

exactly. We expand'uf(tJ in the following power series :

~s ) AL)
YyHt) = "1}}? )+ r(t) + l'é'(t) Foooe e (2.3.1)

22



-nd on substituting in (2.2.10) we obtain the expressions
for different orders by equating the coefficients of similar

powers of aj.

(a) Solutions to Zeroth order in Modulation :
When a. —0, equation (2.2.10) reduces to

)
au}o B’G}(?%) + I (293.2)

On taking the Laplace transform, we obtain

-1

where we have used the -notation

A o
_qu(z) =f e~ 2t 'l?/{(t) at , Re z Do (2.3.4)
. A .
From (2.3.3), we obtain the steady-state solution as
~(o) ~o)
Vo) = Lo, o 2W(2) = (-B)71 1 (2.3.5)

(b) Solutions to First Order in Modulation :

The first order equation in a. is obtained from (2.2,10) as

J
A1)
E%._.E(.t) B"vg%%ﬁ Za cos(D t+c1) )M W(t) + J ] (2.3.6)

On taking the Laplace transform, we obtain

- 3 eear L G000 Gy

iqu -1(b

3 "'371'13"5 ¥ z+iv ]} (2.3.7)

+ J

23



v 1s clear that the first-order steady-state solution for

any clement of Y has the form
i .t ( ) —lIJ t
) (2.3.8)

.LLI 2<(+) Tengy e

where
(1) _ ~{1)
(0 R O

b o
and ng iare time independent and one can show that
?

f=1,2...(N%-1) (2.3.9)

200
(£) _ ¥ Voed ;
P t z Y(zziD,) (2,5.10)
32 Z -0 ('} J
Hence, the first-order steady-state solution is given by
t+¢) -:L('D t+q
v =2 Zj a5 4 [(124-B) + (-1D -B)
(2.3.11)

X(Mj "l\ilg-?gﬂ) * Jj)} ﬂth? element

Note the presence of denominators like determinant of (iil) j--B)
which arise in inverting the matrices. It follows that '(p'(l)

as a function of Dj will exhibit resonances whenever Uj happen

to be equal to one of the transition frequency of the system
(the latter being characterised by the eigenvalues of matrix B)
Some of these peaks may not appear, either because their weight

factor is zero, or they are not clearly resolved,
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Section = 2.4 ¢ Total Intensity of the Modulgted Fluoresconce :

Wo are interested in the total intensity of the fluore-

scence which is spontaneously emitted by the atom/molecule.
Let_E’("') be the positive frequency part of the radiation field

<mitted by the atom. In the radiation zone, it can be written

asl74]

2
T2 e) = ’s'g”(?,t) SR [mx(F 1 ) )] Ay (t-p)  (2.4.1)
k,1 Xe : ¢

where fg” is just the free-field part, while the remaining
terms relate the far-field-zone behaviour of the emitted radiz-
tion to the properties of the atomic system. The prime on the
summation sign indicates that the sum on the energy levels is
only for those terms for which @;1)0 and the transition lk>—*|i:
is a radiative decay. The intensity of the emitted radiation,

which is equal to the normally ordered correlation function

+}
@(-) (?,t).g“(F,tD , i8 given by
I wg @ *
scat ~ k,;‘:m _l%__%l_ [ix(f'xdml );l.[f'x(r'x?kl )] Q‘mk(t'%b
(2.4.2)

where we have made use of the orthogonalisation condition

Amn(t) Ay (%) = 6n,1 Aml(:t) . The free field term does not
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contribute to (2.4.2) because the radiation field is initially
in the vacuum state. (Amk(t)> which appears in (2.4.2) is to
L¢ obtained from the solution of th¢ master equation bLecause
<-‘an(“> = £ (t), since the intensity of the fluorescent
light is detected at times much larger than the natural life-
time or the decay constants involved in (2.2.9), the relcvant
density matrix elements fm have to be evaluated in the steady-
st.te limit. Hence, lthe total intensity of the fluorescent
light to zeroth - and first-order in modulation ig proportional

to

)
Pt?f-b) (2.4.3)

2 2
(Q) (Ukj @y
_,cg,t k,lz; r204 [rX(rxd )] [rx(rxdkl )] e
2 2
@ @
(1) _ kl “ml (1)
Tscat k§1:m 2.4 [rx(rxd )] [rx(rxdm )] ﬁn(m)

w2 2 |
ZZ _kITJ_ [rx(r;s.d )] [rx(rxdkl )](nkm,je I,

k,m J
(=) e—iD ;jt )

1'] .
ke, 3 (2.4.4)

where néifj arc time independent constants, so that the firct
order intensity has terms oscillating at the modulation frequen-
cies. Thus, once we have obtained the solution of the master
ceuation for the relevant atomic density matrix elements at
sieady states, we have complete knowledge of the total intensity
of the modulated fluorescence, which in turn will contain intere

ting information about the atomic system, such as the lifetime
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of the excited state, its Beeman and hyperfine splittings or
the dynamic Stark splittings in an intense laser beam, the

study of which will be carried out in subsequent chapters.

Scction - 2.5 : Relationship between Modulated Fluorescenos

and the Correlation functions of the atonic

gystem 3

In this section, we relate the intensity of the modulated

[44-4T]

fluorescence to the linear response of the system and

to the two time correlation functions of the atomic system, If
we separate the modulatcd and the unmodulated part of Hext(t)’
then we have seen in section 2 that the density matrix for the
stomic system in the rotating frame satisfies equation (2.2.8)
which had the form

-g—fi_t—)-= L, P (+) + L{%) P (+)

wherc LO is the unperturbed Liouville operator giving all the
coherent (external field) and incoherent (spontaneous emission,
collisions etc.) interactions. Since the modulation is weak, we
can study the response of’ﬁytm lowest order in 8. From (2.2.8),

we have the following equation for the first-order density

matrix ¢
AL
Y ~1) ~fo)
P L5 Bt 9 T (25
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vhich can be easily solved to give
@

L
2{%%) = J’a«: 0 Lpoal t-7) p(‘” (2.5.2)

(o]

~
where ‘ﬁis) is the zeroth-order steady-state solution given by
~
1, PO =0 (2.5.3)
st

T'or any gencral quantum mechanical operator 3; the change in
its expectation value to first order in perturbation can be

written as
(?q’(t)) = Tr Qo) p&% (2.5.4)

From (2.2.8) and (2.5.2) and using simple properties of quantum

mechanical operators, we have

Qo) = -1 J‘ at {[&(x), B 4(+-1)]> ;4 @ (2.5.5)

(o)
where the two time correlation function <I§(t),ﬁmod(t-r)x>

has to be evaluated in the abscnce of the modulating field.
It is clear that if the Hamiltonian for the modulated part has
the form

-iD.%
mOd Z(H € J + H.C.) (2u506)

Then the linear response of ,(35(t£} may be written as

V.t iw t
Q%) = Z(czz(+J o 3+q§"’ 3 (2.5.7)
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vhere
00 iM.

Q(-+)=-1J" e 3 Iaw) 11 (2.5.8)
3 * 737 /st *o

0
The two time correlation function appearing in (2.5.8) can be
[82,83]

calculated by using the Quantunm Regression Theoren and

the solutions of the master equation in the absence of rod. -c—
tion. We have already secn that tue intensity of the miiu. -ted
fluorescence, as given by (2.4.2), is proportional to the expecta-
tion value of the atomic operators A ,t Fronm (2.5.8), we have

.
ek {lagts HilDgy (2.5.9)

(+) Y
Amk,' =1 dt e
=+

Hence, the first order intensity is proportional to

/ 2 2
(1) W @ 1 a8 %) (Bx(Bxd
1) El_j,m 3 LT ey )] (el )] =

P

o]

iv.t+ p® -iv.
+ ie 9 f dt e ek <[H§, Akm,j(T):_')st } (-2.5.10)

(o)

00}

il.T
it e 9 <:[Amk'j(r) ' qu:>st

so that the intensity of the modulated fluorescence can be
related to the linear response of the system and to the two

time correlation functions of the atomic system evaluated in

the absence of modulation.
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The relation (2.5.10) is to be compared with the following
result giving the spectrum of the spontancously enitted racdia-

+ion in the absence of modulation
(o 1)

S(®) = er"l: e—l@'c <*((%+T) .‘E(:)>

co
Z (constants) Jd’t o~ t@T <Amn(“b+1:) A.kl(t)>

k,l,0,n
? -c0

(2.5.11)
where we have made use of the lincar dependencc of the radiation
source-field operators and the atomic operators as given by
cquation (2.4.1). The prime on the summation sign indicates
that only those terms are to be considered for which Gﬂmn ,‘2L1 0
and that the transition [m) —»|nd » | £y | 1) are radiatively
allowed, Equation (2.5.11) is similar in structure to (2.5.10).
Hence, detection of the modulated fluoresccnce will yield infor-
mation similar in nature as the spectrum of the unmodulated

fluorescence about the atomic system.
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CHAPTER = III

RESPONSE OF AN ATOM TO A NEAR-RESONANT EXCITATION BY A

WEAKLY MODULATED LASER

As emphasized in chapter I, it would be quite interesting
to study the modulated fluorescence within the framework of a
general relaxation theory, when collisions and other non-
radigtive relaxations play a cruciai role in determining the
phaseshift and amplitude of modulation., Such a study would
be relevant for experiments wherce the samples are contained
in vapor cells, which are at times preferable because of the
relative ease with yhich they can-be performed;ﬁlao'a cell,
in general, requires less material than in the use of atomic
beams and since it can be used for a long time without refilling
it is often desirable to monitor the fluorescence emitted from
samples in cell., The effect of Doppler broadening will have
t0 be considered now. Moreover, in an actual experiment, the
optical source used for excitation will always have a finite
bandwidth, a monochromatic or a broad-=band source being a
limiting case. Thus a completec study of the problem must take
into account the effects of fluctuations in the exciting source

which give rise to its finite bandwidth.

In ﬁhis chapter, we entail a detailed study of the

fluorescence emitted by atoms/molecules in cells when excited
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by modulated lasers of arbitrary bandwidth and intensity
and under arbitrary relaxations. Atomic relaxations are
described by the parameters Tl and T2 which govern the
decay of the energy (inversion)  dipole moment Of the
atom respectively. The results corresponding to radiative
decay only (as in atomic .beam experiments) are obtained

as a special case of the general theory. In general, the
modulated fluorescence is shown to be critically dependent
on the nature of atomic relaxations, as well as the band-
width of the exciting source and its frequency of modula-
tion. The results for monochromatic[sq and broad—bandElFs}
excitation are contained as limiting cases. The position,
width and weight of the resonances in the amplitude of
modulation are explicitly discussed for the case of intense,
resonant excitation. For weak fields, the velocity averaged
modulated fluorescence for monochromatic excitation exhibits
the same behaviour as for broad-band excitation, so long as
the Doppler width is much larger than the natural width,
laser detuning and its frequency of modulation, For intcnsc
fields, numerical computations reveal a shift in the reso-

nance at the Rabi frequency for large Doppler widths,

Section 3,1 : Dynamicgl Equaptions :

We now consider the modulated laser beam to be nearly

resonant with a particular atomic transition. We take these
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two levels to be those with energy eigenstates [1> and
|2> having the encrgies -12-‘-@ and "%(ﬂ) respectively. From

(2.1.6) we have the dipole moment operator of the atom as
A
S - —
T=dp, 1> &+ 3 |2 &l
- ot -
= dq, (87 + 87) (3.1.1)

where we have assumed that with a proper choice of phases
the dipole matrix element can be mzade real. In (3.1.1),

Si are the operators defined by

s+=|1><2|sA12,S"=]2>‘él-_—-A21 (3.1.2)

We also introduce the operator 52 defined by

5= 3 (|14 - 12> €2l ) = 5 (A3-8p,)  (3.1.3)

and we have the normalizgtion condition

,1)(1’+|2> <2l=l.—_-=A11+A22 (3.1.4)

Since we are considering excitation by a monochromatic
laser beam whose amplitude is weakly modulated in time,
we have the following expression from (2.1.7) for the

electric field

Ht) = -]2-' é’ [(1+a cos (v t+b)] e"iQt + c.C. (3.1.5)
0

33



where 8 ig a deterministic quantity independent of
time. In a frame rotating with angular frequency'Sl
the interaction Hamiltonian between the atom and the

external field is given by

ext(t) « [1+a cos (VU t+P)] ('SU++’§-) (3-::!'"“
where |
vi_ it & ,F%=8" (3.1.7)
with

2a = -T,-E (3.1.8)

being the Rabi frequency characterising the coupling of
the laser iield with the |l><—p<2| transition, In
deriving (3.1.6), we have neglected terms ogscillating as
eizi‘Qt (RWA), TFor the two level atom under consideration,
the excited state |1) decays radiatively to the ground
state |2> , so we may write the electric field of the

spontancously emitted fluorescence in the radiation zone

with the help of equation (2.4.1) as

2
-f(.'*')(?,t) = i“é“('ﬁ-‘,t) - =[x (T x dlz)] S (t- =)

cr
(3.1.9)
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Hence the intensity of the fluorescence is given by

4 I ] A A A
Locat = ;@4-;5 [r x (.r x &;_’2)'_-1.[1' x (r x Eza)] <A11 (t—f)>

=2+ <% (¢ > (3.1.20)

8ince the signals are detected at times much larger than the
decay constants involved in the problem, the atomic-density
matrix elements must be evaluated in the steady-state limit.
the total intensity of the fluorescent light to first order in

modulation is proportional to

scat

1{1) o (Sz(oo )>(l) (3.1.11)

In order to calculate <Sz(cn )>(l , we must solve the master
equation for the atomic-density matrix within the framework of
a general relaxation theory. The master equation for a two-
level atom undergoing arbitrary relaxation processes can be

[79;

written in the form

nJ
or _ o 1.1 +x = B oot -t
T =-i [HA+ﬂext(t),P;+-2-yla(2sPs - PS8 -850 )

+
=

=~ - - ph -~ -~ ~
Y, (257 P 8% -Ps*s™ - g% 5 ) + I_'21 (25%P 57~ P 578757570 )
(3.1.12)
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where
ph

=T 2
Ej % |<hR|Vii - V55 IED\ fa(Eg) (3.1.15)

while By and IEﬁ> are the energy eigenvalues and eigenfunctions
of HR and {'s in the above equation are functions of the
reservoir opefators only. Equations (3.1.6) and (3.1.12) lezd to

vhe following equations for the macroscopic mean values :
~ "~ ~
{5 D= (- -%;:m) {8 H(t) -210 [14a cos(w t+ )] {5 2(+)>

& 74D F, (<F A= <87 ) - taliva cos (2 5r)] KB ()
eq
- 0.09(3.1.14)

where

8=0-Q,F @)= P LT 5 (B = U
(3.1.15)

and where Tl and T2 are the longitudinal and transverse relaxa-
tion times defined by
ph

1 1
T, =Tt 0 T, =3T3yt [, ) (3:1.16)

-
=

with szi being the transition probability per unit time that

the atom makes a transition from l:.>._)lf> due to relaxstions,
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Thus Tl and T2 govern the decay of the energy and dipole
moment of the atom respectively and in general I, T, [84]
In the strong collision model[ 5_] of atomic relaxation,

Ty = T, = T where =t is the mean collision rate, so that a
collision causes decay of energy t0o whenever it damps the
dipole oscillations. <S z> is the equilibrium value to

Sq
which the inversion relaxes to in the absence of the external
field. In the case of radiative relaxation, Tl"l is the
‘s _ . z\ _ =1
spontaneous emission rate, and T, = 2T,, with <S >eq“ 5
since the atom decays to the ground state when no fields ar

Present.

Section 3.2 ¢ Anglytical Expressiong for Modulated Fluorescence
(1) Weak Field : For weak fields (%(( 1), we may expand the

expectation values in powers of @ and obtain the various order
Perturbation results. We will be interested in calculating the
intensity to first order in the laser intensity i.e. t0 second
order in the Rabi frequency a . The modulation will as usual

be considered weak (a@l). Indicating the order of perturba-
tion with respect to the laser field (modulation) by subscript
(superscript), we have from (3 1.14) the equation for (S (t))

to second order in a 3

~ 1 ~ '
(S z(t%ZJ = - -,i,-l <s 2(1;)>(2) -ia[l+a cos(D t+q))] X

( @'+(t)>(l) - (IS" '(t))(l)) (3.2.1)
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thich on integration yields
4 -1 ( ot )

Py - for K G
0
. -l -
i Z (t-%')
- T . 1 ~
: \

"% (t—t') -ivt! .
at? . e {8 (' D> (l)+ C.Ce

%
)
- :ch -i¢f
0

(3.2.,2)

We still have to calculate <r§+(t)>(ll , the equation for

which is obtained from (3.1.14) as

<;§+(t)>(l) = (“‘-]T'-2+:|’.A) (%"*(1;)) "y 2ia [1+a cos(U t+¢)]x

5(4)) (3.2.3)
(o)

On integration we obtaln

£ G- +iA)(t'-t“ )

(%'*(t'))(l) - -1a{s%) { dt" e

£ (.. z +iA)(tLt" -+1A)(t' ')

t
I ivt'! -1
-l-aeiq)j' dt" e g + ae ¢j d'l: e -:.1th
(o] .

(302-4)'
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where we have used the result

(¥ = 5D (3.2.5)

eq
Bubstituting (3.2.4) in (3.2.2) and retaining terms only linear
in a, we obtain

-1 -1 .
(1) Tlt=t') ¢ (T +i)(t'=-t" )
(bz(t) ( ) = —aa2 <39 {L{[ dt! ® 1 JI at" e T2 ei-v-bﬂ'

o
( @;ibﬂ.v J(t'=t?)
J\dt' o Tl(t-'t') J' dt” e elv t“.%

! "" +iA )(t'=%'")
-aa2<sz\ i‘b“' at' e (t—t )fdt.v o 12 R

-] .
' = A - 1+
% | l(t_t) " . (T2+:L iv )(t'=t'7)
fdt © lfdt © -ivtt&c.c
0 0
(3.2.6)

n taking the Laplace transform of above equation and using

quations (2.3%.8) and (2.3.10), we obtain

¥ i 2/1T
o =) cad? Y = [+ T + T ]
= +iD ?l."§+ A 52+ili -ih +iv +id

=] [

(3.2.7)
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Hence we find from equation (3.1.11) that the intensity of
the modulated fluorescence in the weak field limit is Propor-

tional to

scat

1) ¢ (g z(m)%;lJ =gt 1Pt () avs

(5> acos (Lt +P+D) (5.2.8)
eq

where

A = (xg + Xf)’lr

X

with
X = —2— [ Z/Tg- + L 4 —k ] (3.2,10)

%‘-l-l-i'u %§+Aa -TJ=2+11J -iA -JT-=2+iv +1iA o

When the laser field is exactly resonant with the atomic

transition ( A =0) then the phaseshift is given by

% ( &+ % ) +p 2

tan P = -y T2 " Ty Tp (3.2.11)
— +0%(g - 7)
T, T, 1 T2

For strong collisions (Tl =T, = T), the above expression

reduces to

tan@ - —-v T(3+v 212) (3.2.12)
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30 that for small frequencies of modulation (¥ T4 1), the
plot of tan@ against D is linear with a slope = gT, but
e LN\ L
if Tl>> T, (v Tl((l), then the slope is = -2]= T,. For purely

rediagtive damping (T2=2Tl§ -i,]-"), equation (3.2.12) reduces %o

_ )
tan@ = - S-=-2uq (3.2.13)

where T is the lifetime of the excited state, and the curve of
tan @ against V is linear for all frequencies of modulation,
a result idehtical to the phaseshift obtaincd by Armstrong and
Feruaeit.ﬂ!.le.[6;| Thus the phaseshift is seen to be critically
dependent on the relaxation parameters occuring in the problem ,
as well as the modulation frequency. From the structure of
(%.2.10), we expect the resonance in the amplitude of modula-
tion at D = O to be a superposition of two resonances of width
—:‘T;l and -%2 when there is no detuning ( A =0). With the presence
of detunings, the peak at V= 0 shifts to a higher frequency,
since we now expect the resonances at V= ¥ A to contribute

to A, Figures ( 1 ) and (2 ) show the effect of relaxation -
perameters on the phaseshift and amplitude of modulation
respectively, which are studied as functions of modulation
frequency. The strong collision (T2=Tl) or radiative relaxa-

tion (T2=2T ) models give similar behaviour for the phaseshii“t ’
howevr—;‘r if Tl> T,, then an altogether different behaviour is
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obtained. Thus experimental neasurements of atomic lifetimes
by the phase-shift method using weak sources will have to be
interpreted by taking into account the nature of atomic relaxa-
tion. Figure ( 2) reveals that the maxima at L = O is sharper
+or the strong .eollision than radiative relaxation case., For
iinite. detunings, the shift of the maxima to a higher value of
modulation frequency is different for tho various relaxatiiun
rechanisms., Clearly A>>Y for the resonances at U = 0 and

D = to be clearly resolved.

(ii) Intense Field : We now calculate the intensity of the
r;wdula’ced fluorescence to first order in modulation, tﬁe
coupling with the intense laser beam being treated to all
orders., To be able to do that, we write the coupled equations

(3.1.14) in the matrix form introduced in (2.2.9)

Vf}a(t)=31}(t)+l+acos (Dt +0) M{f}l(‘b)‘

N
where W(t), I, B and ¥ are the following matrices

r" -
<EHEn (o}
~ ~ -
V(t) = |5 ~(+)> I= 0 (3.2.14)
<5 ('t)>J < Deq
- L Tl v
- -JT- +iA 0 -2ic)
2
0 - = i 2ia
T2 M =
B = 1 ’ ij ij ?
-ic ia - 'g':'l Mi:i. =
¢ -

(3.2.15)
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By following exactly the procedure outlined in section 3 of
chapter II for solving equations of the type given by (3.2.15),
we obtain the intensit of the scattered light as

11 o g8 z(m)>(l)

scat

(2 t+
o N " & (aw -B)5} Mklﬁ'»('?c)ao) + c.c.
eq i ,1=1 k 1
= -aa2 <8 > acos (Ut +P+D) (%3.2.16)
eq

where
- 2 2\%
A =2 €IR +'II)
tan ‘@= X, / IR (3.2.,17)

with
1
(iv+@

1 2

J(%§+ Az)%z[(iv +%-2)Z+ a%]

T, 15
(3.2.18)

To obtain an idea of the position, width and height of the

resonances in the amplitude of modulation, we must examine the

following expression from (3.2.18)

B(a) = (3 #8)(F +8)° + &) + 4a” (3 48) , B=w  (3.2.19)
1. ;
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the roots of which are the eigenvalues of the problem. In

the most general case there are no simple factorisations so
that a cubic equation will have to be solved. However, we
shall study the special case of intense, resonant laser fields

irn detail, Equation (3,2.19) now becomes

1 2. ., (1 1 2 1
P(z) =(4+8) [B+ 2 (FE+ 2 ) + 40° + &= ] (3.C0.20)
The roots are
&
T
i(tit)sdiviedd o (B2 )° (3.2.21)
2 Tl T2 X Tl T2

For intensc fields (a)bw% ’ %’), the roots have the simple
. 1 2

form

I Y S Nt A § ; =1 1.1y _
£, == 3, Z.= 3 (Ti+ T2)+ 2ia 53— > ST + T ) - 2ia

(3.2.22)

which shows that for intense, resonant fields, there are three

peaks at U= 0, 2a, -2a with widths Ta' 3 (ll 2) reépectively

provided the weight of the peak is not zero. The following
analysis shows that the central peak will not be present. If
we write (3 2.18) in the form

l

- ( + =
T Tz

-

(8-, )(8-8,)(8-8;)

2
3
Y =%k ) (& Tz) (3.2.23)
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where

K =
T (3.2.24)
ﬁ'!" (4a2 + TlT
2 . 1°2

then we have by the method of partial fractions

Y =g ( & A, A,
?a.al s, * %:%; ) (3.2.25)

Using the values of % , %, and 85 from equation (3.2.22), we
find that

*
+ 4ia) , A, = A (3.2.26)

1 3 72

-
R+

which shows that the central peak is absent for intense,

resonant fields. The behaviour of the phaseshift for intense
fields is shown in Figure (3 ). 4s is evident from the figure,
the phaseshift is rather sensitive to the type of relaxation
the atom is undergoing in this case. Figure (4 ) is a plot of
the amplitude of modulation as a function of modulation frequency
for the intense field case. The Position of the dynamic Stark
component is * [ (2a)2 + A ] irrespective of the magnitude

of the relaxatlon parameters, the width of the peak being

% (-J-'- + 5 ) as calculated, while the resonance at I = O is

2 -Tl 2
vanishingly small,
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Section 3.3 : Effect of Temporal Fluctuationg in the Laser Beam :

In this section, we study the influence of laser Fluctuations
which as emphasized in the introduction play a crucial role in

the determination of lifetimes using phaseshifts [cf.Egs. (1.1),
(1.3)].

(i) NWegk Field : We assume that the strength of the applied
laser field is mich less than the saturation field. In this
case a perturbative solution in powers of Rabi frequency can be
obtained., ©Such approximate results involve, to lowest order

in field strengths, only the second order correlation functions
of the field and hence are model independent. We now represent

the applied field (3.1.5) in the form

E(t) -.=-32-. E:(t) [1+a cos (U t+ & )] o~iflt + c.ce  (343.3.)

-_
wvhere eo(t) is the complex fluctuating emplitude of the field.

- —
We assume that Eio(t) is an analytic signal i.e.
- =D : -Y,|t-t'l
CE> =0, BN > =62 e o
{E(t) B (4> =0 (3.3.4)

where Yo ig the bandwidth of the laser beam, and we also assumed
the stationarity of the fieldEBO] The angular brackets in

equations (3.3.4) denote the ensemble averaging over the random
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distribution of E‘%(t). The damped Bloch equation (3.1.14)

now have the form

<§+(.t)>= S‘%2+ib)(“§+(t)) - 2ia(t) [1+a cos (U t+@)] (:éz(tb

5%(4)) = “-JT-l( {40 - (8 %)) +{ -1a(+) [1+a cos(y t+P)]X
- eq :

(g"'('t)) + c.c.} (3.3.5)
where

a(t) =L a,. & (+) (5.3.6)

The Laplace transform method can not be used in the present case
to solve (3.3.5) due to the random tinc dependence of a(t), gince
we arce interested in calculating the intensity of the modulated
fluorescence to second order in applied field, we use the itera-
tion method directly to solve (3.3.5). Proceeding exactly as in
section 2 of this chapter for weak fields (the only difference
being that the Rabi frequency is now time dependent), we obtain
C83(4)> = -24(s2 J’t at’ e'%l(.t-tf)
- (2) *a d
C B A (et)
é

1]
J‘ .at" ? a"(-t;"') [1+a cos(v t'+® )]1[1+a cos(D t' '+ )]+c.c.
o . _

a (') %

(3.3.7)
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tence, we have o first order in modulation
-— ('b-'t')
Nz 2
&5 ) = -2a0® (5 & Idt' e

t! ) (:%?:"‘Tc'l"i&)(t'“’t" )
\r dtter [008(1)1:'+¢)+ cos(v t"+¢))] + c.c,
-Q

‘3-3.8)

wiere the double bracket K » now denotes the ensemble
averaging over the random distribution of a(t), and we have
nade use of the relations (3.3.4). On taking the Laplace
transform of the above equation and using the relations (2.3.8)

and (2.3,10), we have

11(+) _ n(-)*z 2aa? (5% eqeﬂ"p _%gwc (_']T_.g”c"'iv )
(ll-t-:.v ) -%2 Y. )2 +& (%—;Yc-i-iv )24 A‘?

(3.3.9)

Thus, similar to (3.2.8), we may write the :Ln'l:ens:Lty of the

nodulated fluorescence averaged over the random distribution

of the laser amplitude as

1
(Iscat>(' )=—2a a? <S‘"> Acos (Ut +QD+ (:5) (3.3.10)

€q

where

san P= ;n—{- (3.3.11)



L 1 .
T q +Tc o +Y. +iD
X = rg-- [ 12 2 + ig—c (3-3-12)
-i;l+iv (T +Y,) + 02 ('._I-_;2+yc+iv)2+ &2

The result (3.3.12) for radiative relaxation is in agreement
with that of McClean and Swainl®) in the 1imit of weak field.
«n¢ now study explicitly the case of radiative relaxation whun
the laser beam is exactly in resonance with the atomic transi-
tion.Equation (3.3,12) now has the form

== [ L L
X = 2y+iv ( Y+Y, + Y+Yc+iv ) (3.3.13)

s0 that the phaseshift in this case is given by

v%+ 41{2-}—272+ 67'5
tan P = -V ————r (3.3.14)
2 , 2 2 2
v( U “+4y )+’Yc(3Y +4Y ;= V°)

We now study the following limiting cases in the laser band-
width

(a) Broad-Bapd Source :
2

If y,—>®@ such that T is a constant equal to say B,
c

then we obtain after some simplifications

<Iscat 3 S L cos (U % +¢'+@) (3.3.15)

J?:24)
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tan Q) = -DT (3.3.16)

Thus, the amplitude of modulation varies as (1)21: +1)” ~% while
the phaseshift is given by (3.3.16), which are also the results

of calculations for excitation with a broad-band, weak source

that is weakly modulatedgl"sl

(b) Monochromatic Sourcg 3
(1) 162 : -
(Tgoas) cos (Dt +@D+J) (3.3.17)

-/(4 v2¢2+17)
where

tan @ =-'21JT (303.18)

Conparing equations (3.3.17) and (3.%.18) with the corresponding
oncs for the broad—band case, we f:.nd that for monochromatic
lasers, the amplitude of modulation varies as (v 2+72)-i' instead
of (v %4 472)-% as in the broad-band case, while the phaseshift
differs by a factor two - a result that has also been obtained

by armstrong and FeneuilleE§!

(c) Intermediate — Bandwidth Source :

If the bandwidth of the exeiting source is of the same
order as the width of the excited state, i.e. Yo ~Y » then we
find

2
< Bca’t>(l) = (:Ya_i_':, )2 [D (1’ +12'Y ) +256T6]%coa(vt+¢+®)

(3.3.,19)
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where

2 2
tan P = -""t (14 22 " ) (3.3.20)

so that for small modulation frequencies (v T{{ 1l), the plot
of tan@ against U is still linear, but with & slope - % T.

Hence it is clear that if the lifetime measurements arc
to be interpreted on the basis of the relationship between the
Phaseshift and modulation frequency, then one must take into
account the bandwidth of the exciting source. Figure (5 )
shows the effect of the bandwidth of the laser on the phase-~
shift of the emitted light. For small modulation frequencies,
the plot of tan( against U is linear for both large and small
bandwidths, with slopes T and 2%, respectively, in accordance
with equations (3.3.16) and (3.3.18). For a source with negli-
gible bandwidth; the plot of tan @ vs V remains linear even
at high modulation frequencies. However, for a broadband

sourcc, we have from equation (3.3.14)

tan D v s 5 (3.3.21)
4wc- YoV

so that the curve changes sign when 1)2 > 4YY,. Figure (6)

displays the amplitude of modulation as a function of the

modulation frequency for various values of the bandwidth. For

a given value of the lifetime of the excited state, the peak
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observed at ¥ = 0 is broader for a larger bandwidth source,

as expected from equations (3.3.16), (3.3.18) and (3.3.20).

gii) Intenge Fieldg : In the case of intense laser beams, the
information given by (3.3.4) is not sufficient and one has to
prescribe the arbitrary order correlation functions of the

leser, The laser electric field is a classical random variable,
but we now assume it to be very well stabilized in amplitude

(an assumption that is well justified for a laser above threshold)

while the phase is a fluctuating variable, We then write

= -1+ -i0(%)

8,0 [1 +acos (LE+D)] e + c.Co  (363.22)

() = %

where 8(+t) is the random phase of the laser field. For the
fluctuations of the field, we adopt the phase diffusion modell87]
as for this model, the correlation functions of the electric
ficld are known to all orders. For this model, the amplitude

is a deterministic variable independent of time, as in expression

(3.3.22), while the phase undergoes diffusion.

8(t) = B(t) 8(o) = © (3.3.23)

0

where 60 ig uniformly distributed between O and 2n, and p(t)

ig a 8-correlated Gaussian random process with
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where the angular brackets denote the cnsemble average with
respect to the distribution of the random process p(t) and

Yo is the correlation time for the laser phase fluctuations.

The optical Bloch equations (3.1.14) now have the forn

(’é’*(t)} = (_"-JT=2+1A)<’§+(1;)> -2ia[1+a cos(p ++@)1e (P UFZ(+

(FU0)Y= "3 (X)) -Ls%> )-iallra cos(v t+@)] x
. 1 eq

( e"ie(t)<n3‘+(t)> - c.C.) (3.3.25)

Equations (3.3.25) involve the phase 64{t) in.a:'nonlinear fashion.
By a redefinition of the variables, they can be cast into a

linearized set of equations. On introducing the variables

* : ~ ~N
X =X = e‘le(tks*'(t)) , 'J(3 = (8%(¢)> , %4 =1

1 2
(3.3426)
We find the equations for Ju as
A =1[B, +acos (Pt +P) M + 1u(+)B1% (3.3.27)
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where Bo’ Mo and Bl are the following matrices

r_--%;_;i@. 0 -2ia o |
0 --%2-113 2ia 0
B = |-ia ic -%l <§_T_]_-z_>eq ) (31’13"“513“512-511)
..0 0 0 0
(Mo)]__;= 2(M°)31 = =2iq = -(M0)23 = -2(1-10)32 (3.3.28)

and we have made use of (3.3.23) in deriving equation
(3.3.27).

¢cf the multiplicative stochastic Processes discussed in detail

This equation has the form of the standard equation

by Agarwal.[g'logl It follows that the average of ‘X over the

Gistribution of ©(t) satisfies the equation

54
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—52-Yc+1A. 0 -2ia 0
0 -% _y _iA  2ia 0
!I.‘2 c
. z
'X«>= -ig i —% <E__ eq XD+ a cos(v 'b+¢)Mo{'X.)
N 1 T
1
LO 0 0 0 J

(3.3.29)



where the angular brackets <>deno1:e the emnsemble average
vith respect to the distribution of the random process. Writing
equations (3.3.29) in the form of the familiar Bloch equations,

wc have
_% <<§q- e"ie(_t)>>=(--]f2-yc+i&) ({é’+e-ie('b)>>

-2ia [1+a cos (L t+@)] <<§' 2>

...gT <<§" z>>= "'El<<§' 2§ zeq>> ~ia [1+a cos (Y t+¢>)]<@+e-ig(t)>>
+ ia [l+a cos(DVt+Q)] <<§'- eie(t)>> (3.3.30)

The above equations have the same structure as (3.1.14) but

with § —> T + Y, . Inview of this, the results (3.2.16)
2 2

for the modulated fluorescence are valid in the presence of

laser temporal fluctuations provided we make the replacement

X 1
T + Y
.22 T2 c

Section 3,4 @ Velocity—averaged modulgted fluoregcence :

In all the previous sections, we have ignored the effects
due to the finite velocity of the atom by assuming that the
atom was at rest at the origin. To take into account the effeaqt
of Doppler broadening, we assume that the' atom is moving with a
uniform velocity ?and that its position at some instant of time
14! ig ® (= ¥Vt). The electric field (3.1,5) of the modulated
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lager beam at the position of the atom is

- - - -

E(r,t) = 32'- 80[1+a cos(V t+ @ )] e"i(g"'KI"v)t + c.ce (344.1)
= .

where KL is the laser wave vector (.I&.I’ =Q/c). The Bloch

equations (3.1.14) are modified to

<§+117)>= ( - %;iK) ('é"!'(t)> ~2ia [1+a cos(w t+ @)1 L3%+)>

<;§z(t)>= - %1( ('\S’z('b)>- {s %) -ia [1+a cos(v t+@)1( L5 (tD-c.e.
éq

(3.4,2)
where

o~

NA=-w -§ - E’L._\; (3.4.3)

and tilde now denotes a quantity in a frame rotating with

angular frequency (Q + -K’L.?r) i.e.
- > > |
GEn> = (Fo)y FULED (3:408)

Equations (3.4.2) have the same structure as (3.1.14), except

- ~
that we now have /\ instcad of the laser detuning A. In view
of this, all the previous results for the modulated fluorescence

are still valid provided we make the replacement

D= A- KT (3.4.5)
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Je 8till have to average the intensity of the modulated
luorescence, I(l)t » over the velocity distribution. We
assume that the atoms obey a Maxwellian velocity distribution

so that the velocity averaged intensity, T'(l) is given by

® seat ?
2
= (1) 1 j' -l (1)
I = av e I (3.4.6)

vhere y is the component of the atomic velocity along the
Girection of the laser wave vector T(;, and U is the most
probable velocity equal to t’m = (2K3T/M)* at temperature T,
after integration over the velociéy distribution, we will be
able to study the modulated fluorescence line shape itself,
This integration may be performed exactly with the use of
Plasma Dispersion Function[aal which is frequently used in

tw8 laser theories to yiecld explicit formulae for the line
shape. As the expressions obtained are very cumbersome, we
will not present them but will give the equivalent results
obtained by namerical . intcgration., We first study the limiting
case of infinite Doppler width for weak fields (since analytical
cxpressions can be obtained in this case) and then discuss

the results from the numerical study. In view of (3.4.5), the
weak field result (3.2.10) may be written as

1 1 1 1 1
= + prodi ¥ + (3-4.7)
=T [-l-+”_ L iR EaapsR L aiy-ild
Ty T, ) T, o
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On averaging over the velocity distribution, we obtain

'ﬁD(T +il ) _“eo

[+ s

_ a +

- (D Sont T,D
(3.4.8)

where

y=v /'U‘m » D=KE U = Doppler width (3.4.9)

BEquation (3.4.8) may be rewritten as

-3 A
X = V'nD(_% +iv)[g(-ﬁ- —"=]—J)+ - (- -—+-@-£1-5)+

() B2 d)]  Gua)

where #(p) is the Plasma Dispersion Function defined by

2
&(p) = Id,y ;_‘Z y, Imp>O0 (3.4.11)

1f ~p = § +in, then in the limit of small values of n, we have
the following asymptotic expansion for #(p) to first order in g :
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a

2 & 2 2
= --29,'g J eV dy + iVn & (n =0) (3.4.12)
0

If in addition we have that &<{ 1, then equation (3.4.12)

simply reduces to

2 2
Z(p) = iV=n e'E" ----2&&3"E (3.4.13)

For the Plasma Dispersion E\mctions that occur in (3.4.10),

we find that n = 1/ T2 ,B=14% or “VXA . In the Doppler
D
limit, the homogeneous widths are much smaller than the Doppler

. . 1 .
widths i.e. 33'2 Q) ( n((l). If in addition we further assume
that the Dopper width is much larger than the laser detuning and

modulation frequency i.e. U ,A(LD (E(( l), then on using
(3.4.13) in (3.4.10), we obtain the following results for X

&2y

— - = VD : v-4A

X = Tﬂ(i +1D){21w e D + e [iVn + 2 5 1 +
_(_A:.a)z
e ? [iVn + 2 m'!'\]}- (3.4.14)

In the limit of infinite Doppler width, this reduces to

z_ 4
D(%l+iv )
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so that the velocity averaged intensity is given by

(1) 2 Z 4
Iioat = =2aa” 8 %q D("la""’-' )i' cos (ut +QP+@®) (3.4.15)

ct
0]
B
o
Il

_le

4
A= ; (3.4.16)
1 2
Comparing the equation with (3.3.17), we find +that the width
of the resonance in A at U= 0 is determined now by l/Tl rather

than 1/T2 as before., For radiative relaxation, the above results

have the structure

(l) 4a «C1 co
s (Ut +P+P) (3.4.17)
Tscat =~ D (1+v 2.2)% P
where
tanP = -p7

Comparing equations (3.4.16) and (%3.4.,18) with (3.3.15) and

(3.3.16), we £ind that for weak fields and infinite Doppler
widths, the velocity-averaged amplitude of modulation and the
phaseshift for a monochromatic source have the same structure

as in the case of excitation by a weak, broad-band source,
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Figure (7 ) is a normalized plot of the velocity averaged
aaplitude of modulation for various values of Doppler widths.
The numerical plots reveal that when D is small (0.ly to y),
the Doppler = broadened resonance is not significantly diffe-~
rent from those corresponding to V= 0, but for large values
(D ~s 10y), the peaks are much broader and displaced slightly
for strong fields.
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CHAPTER - IV

MDDULATED HANLE SIGN IN PARTTATLLY COHERENT FIELD

The fluorescence emitted by atoms in the presence of
a magnetic field[25"33] has been used to determine the
Zeeman and hyperfine structures for the ground and excited
state. These studies have also yielded radiative relaxa-
tion rates, since the fluorescence exhibits resonant beha-
viour as the static magnetic field is varied, the width of
the resonance curve being determined by the natural lifetime
of the atoms in the excited state. An important and useful
variation of the usual Hanle effect consists in the excita-
tion of atoms by light whose intensity is periodically
modulated in time (the degeneracy of the energy levels
having been lifted by a static magnetic field as before)E22’23J
The intensity of the fluorescent light is itself modulated
at the same frequency as the exciting light, while the
emplitude of modulation exhibits resonant structures when
the frequency of modulation is equal to the Zeeman splitting
between the levels. The width of these resonances was once
again determined by the natural lifetime of atoms in the
excited state when the source used for preparing the atoms

in a coherent superposition of the Zeeman sublevels was a

weak, broad band lamp.
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With the advent of high power, tunable dye lasers, it
would be interesting to study the Hanle effect excited by a
nocdulated laser beam of arbitrary intensity and bandwidth.

A detailed study of this problem is carried out in this char-er.
The shape as well as the linewidth of the resonances observcd
in the modulated fluorescence are shown to be critically deper-
dent on the bandwidth of the exciting source and its frequency
of modulation. The results of a previous study of the
problem[22'231 using a weak, incoherent broad-band pump are
obtained as a limiting case of our general theory, while exci-
tation by a truly monochromatic laser leads to entirely new
results. For intense fields, the amplitude of modulation
exhibits resonances corresponding to the dynamic Stark spli-
tting[7] of the various energy levels of the composite system

consisting of the atom and the intense, coherent laser field.

Section 4.1 : Dyngmical Equationg 3

We consider here the typical atomic beam Hanle-type
experiment‘,:25-33] ghown in Figure .( 8 ) An atomic beam travels
along the Z axis and a constant magnetic field H is applied in
the same direction. The atoms are irradiated by a fluctuating
lager beam (whose intensity is time modulated) propagating

. N
along Y-direction and having a linear polarization X parallel
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to X~axis. We can detect the fluorescence emitted along the
Z~-axis with a linear polarization ﬁ ( = L(x)) or the fluore-
?cence emitted along the X-axis with a linear polarization
Y (=L (y)). For simplicity, we restrict our study of the
henle effect to transitions hetween levels with angulur moicnitum
J=0 and J=1. The static magnetic field H splits the latter
invo three Zeeman sublevels with mJ=0, + 1., However, the
Plane polarized laser beam for our geometry couples the non-
degenerate ground state |J=0, m;=0"> to the m; = + 1 sublevels
of the excited state (J=1) only, the laser being ncar resonance
with the atomic tramsition |J=0, m=0y¢—3|J=1, m;=0y , which
is forbidden. Thus we can neglect the existence of mJ=0 exci-
ted sublevel in further consideration and the relevant atomic
levels are shown in Figure ( 9 ), where the labels 1, 2 and 3
refer respectively to the] Jd=1, mJ=]> ’ ] J=1, my= -1> and
J=0, mJ=0> levels, ' S' is the Zeeman splitting or Larmor
frequency of the excited state and '8' is the detuning of the

laser beam of mean frequencygl. from the atomic transition
| =0, mJ=O><—>| J=1, mJ=0> .

The energy of the atomic statesl ¥>> ,l 2:> andl 3:} are
wl3 (=Q +s—6),w23(=_Q - §-8) and zero respectively,
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In order to take into account the temporal fluctuations
present in the laser, we treat the laser electric fleld'ﬁ(t)
os a classical random variable., For a laser well above
threshold,'fﬂt) can be written as the following by nzking use
of equations (2.1,7) and (3.3.22),

> . 1e - -

B(t) = 5 8°[l+a cos (Ut +¢ )] e 1§ ie(t) + c.ce (4.2,1)
where 8(t) is the random phase of the laser field undergoing
diffusion as discussed in section (3.3), and the other symbols
have the usual meaning defined in section (2.1). From (2.1.6),
we find that the atomic dipole moment operator for this case

may be written as

»~
-

- -
d = d;5 Al_), + dyz Ay + Hee. (4.1.2)

This leads to the following form for the interaction Hamiltonian

between the atoms and the external field :

Hopolt) = 6y ($)[1va cos (2 3+¢h)] (Ayzri) o188t
+ a5(t) [1+a cos(v t+P)] o~14dt (Ap5+hzp) + Hec. (4al.3)
where

Zal(t)

I
|
2
()
A8
L]
(e

7 ~i 4.1.4)
2“2(1;) = "?23' 80 e 19(1;) (



Substituting (4'1-3) in (2-2-7), we obtain the rTollowing

equations for the evolution of the density matrix elements

f‘u [ped
R, =-2v; Py + {-ie;(%) [1+a cos (v t+P)] B, + .ot

1?-2 = =(y +y,+2is ) Fl)a-ial(t) [1+a cos(v t+ P )] 932

+ia‘£(_t) [1+a cos (D t+ P )] 513

~Js

;i = —[y,+i( 8-8)] §L3+ ia)(t) [L+a cos (U t+@P)] (- b;; Q1)
+ 1ay(t) [L+a cos(v t+@P)] ﬁlg
§3 = ~[v,~i( 848)] 523 + 1ay(t) [1+a cos(V t+)] ff.;a“ 5?»3)
+ da,(t) [1+a cos (v t+Q)] 521
é; = 2y, P1y+ 21, Pas +{10y(8) (12 cos(Vt+ O)] 331
+iay(t) [1+a cos (2 t+ ()] 332 v oo (4.1.5)

where the oscillations at optical frequencies have been

removed by transforming to the slowly varying quantities
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£= 8 ';?_3 = plB o182t
fa ) ?2 Bs = ’33 1% (4.1.6)

and neglecting terms with e*zi;:t (RWA). The parameter

2y, (272) represents the transition probability per unit tirc
for spontaneously emitting a photon in the transition | l> —| 3>
(] 2>-——>| 3> ). Equations (4.1.5) involve the phase ©(+t)

in a nonlinear fashion, By a redefinition of the variables,

the equations may be written as a linearized set of equations.,

On introducing the variables

Y ~ ns
- _ g P Li6(1) _ ¥
oy = %.1102"' p:l.z » 93 13 © > 94 = %2
~/ ~J
_ _ O _ie(t) _ _ ¥ _ ¥
o5 = [022 , % = bse , O7=0s ) g = Og (4.1.7)

~
and the normalisation condition /oy + B + Pis =1, the

coupled equations (4.1.5) may be written in matrix form as

o(t) = [B - ip($)C] o(t) + I + a cos (vt+@) [Mo(t) + I]
(4.1.8)

where o(t) and I are the following column matrices of order 8 :
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)
E’l(_t) [ o
“3(t) -iay
c,(t)
ols) = %4 : I= ° (4.1.9)
0’5(13) 0
0'6('5) -132
57(%) 1d}
*
oo(1t) ia
8" T2
while B, C and M are the following 8x8 matrices :
[ ¥ )
-21(1 0 ia:l 0 0 0 =i, 0
. * .
0 =Y,=Yo=2is ia, 0 0 0 0 -ioey
2iay ia,  =y;-i(s-6)0 10 0 0 0
. ¥ .
0 0 0 0 —272 ia, 0 ~ia,
ia, 0 0 iay 2ia, -72+i(s+6) 0 0
* ' * .
-2ia, 0 0 ia, -ia, 0 -Yl+:|.( s=6) O
*
:ia; ~iay 0 0 -21a} 0 0 -y-i(s+b)
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Cs5 = Cgg = =Cyy = =Cgg = -1

]

|

iy =0 Mij = Bij (4.,1,10)

the remaining elements of B being zero. Equation (4.1.8) has
ne form of the standard equation of the multiplicative sto-
chestic processes discussed in detail in references [9,10],

from which it follows that the average of o over the distri~-

bution of @ satisfies the exact equation

{s> =8 o) - Yc,/\._(c) +I+acos (Utr@) (MD + I)
(4.1,11)
where

A =lfori=3,6,7,8 (4.1.12)

ii
tlhe remaining elements of AN being zero. Thus, the diagonal
elements of the density matrix are unaffected by the phase
fluctuations present in the laser beam, while the effect on

the off-diagonal elements is to alter the decay rates as

Y —>T T Y,

Yo — Yo t Y, (4.1.13)

This is an example of the substitution rule which has been
emphasized in the context of optical resonances in partially

coherent fields by several workers ,[9-111 48 outlined in
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section 3 of chapter II, we obtain the solutions of (4.1.11)

within the framework of perturbation theory since the modula-
tion is always assumed to be weak i.e. a ¢ 1. The interac-

tion with the laser beam will be treated exactly. From

(2.2,19), we have the solutions at steady states to first

order in the modulation rates

(1)

{5(0)> = 3 a [ (tw-py At 1Y t+¢)+(-iv-B-YcAJ_l LTI

(o)
X (M<o (0)>  +1I) (4.1.14)

We are interested in the shape of the detection signals
L(x) and L(y) obtained when one measures the total intensity of
the modulaéed fluorescence along Z and X directions, with linear
polarizations X and s respectively. From (2.3.1), we have the

positive frequency part of the spontaneously-emitted radiation

field as
2
2,0 =3 (7,8 - %f [# x (£ x 3)5)] 45 (= Q)
GU2 —
23 A _ (A
- —czi- [F x (T x dy5)] Agp (8= 3) (4.1.15)

By a proper choice of the phase of the wave function, the
dipole matrix elements between a Zeeman sublevell J=l, ms;= + 1;>

and the ground state |J=0, mJ=0;> will have the structure
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Ef3 = R (%-1%) , 3';3 = R (%+i¥) (4.1.16)
R being the radial matrix element. We are interested in the
shape of the detection signals L(x) and L(y) obtained when one
measures the total intensity of the modulated fluorescence
along 2 and X directions, with linear polarizations i and %
regpectively. Substituting (4.1.16) in (4,1.15), we find that
the positive frequency part of the radiation field in the

A A
4(x) direction with polarization X(Y) is given by

2
R w
Eg") (z,t) = Eg;) (z,t) + %52— Azy (@ - %) + -:2—;3- 32(1: - -3)

w2 )2
R i@
E(+)(x, ) = E("') (x,t) = _c%?c_ Az (t - %)+ —chﬂ Agp(t - 3)

(4.1,17)

The corresponding intensity of the fluorescent light with x(Y)

polarization is

4 2 .2
W= B @ fa w 3&) R
I (Il —'E'Tc 4, Qe -3+ cizz {agp (5= 3>+ O
gsea

X [(Alz (t = 2D+ <A21(t-§)>] (4.1.18)
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Now it is obvious from figurc ( 9 ) that
@ - — =28
23 13 (1 @, (4.1.19)

In our study, the maximum value assigned to the Zeeman split:ing
is 10y, where y is typically of the order of a few tons o iilz,
l.unce, -Q%I; ~/ 10-6, which is a negligibly - small quentity, so
inat @23 ~@y5. In view of this, the above signals at sboudy

state may be written as (I L)

.
scat

L(x) ;]?l + F2)2 + 2Re ‘])_2

Ly) o B+ B, - 2Re Plz (4.1.20)

Using equations (4.1.7), we may write the signals averaged

over the laser phase fluctuations as
L(x) e {0,y + 95 + 2 Real Lo,

L(y) o> + {9 = 2 Real <02> (4.1.21)

Thus the signals are proportional to the populations in the

4eenan sublevelsl l> ’ l 2> and to the Zeeman coherence

between these two levels. Since these occur as the first, fifth
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and second elements of the column vector (o » defined by

(4.1.9), we have from (4.1.14)

i(v t+Q) 8
CRu@$” cgaf VP a0
3i=1

(
X [Mij <aj(w)>°) + L] + c.c.}

1) i(vt+®) 8
& (°°>> =32{ e ® 3 (10 =By Adgy
i.j..—..
(o)
X [Mi;j <UJ(0° )> + IJ_] + c.c.}
(1) (i(V t+Q) 8
(ffz(m) > = -?.-2'- a{ e Cb Z (i -B-Yc/\.);g_'
151
x5 Lo5(®)>  + I4]
-i(v t++ Q) (o)
‘o i +¢ i (-.-iD-B-‘YcN;g: [Mij <o'j(oo )>° + Ii]

i,j=1
(4.1.22)

For general values of the parameters occuring in the problem,

the solutions (4.1.22) require the inversion of 8x8 matrices
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vhich is cumbersome., We will obtain analytical expressions
for the intensity of the modulated fluorescence in steady
ctates for weak laser fields in the next section, The numeri-

cal studies for the intense field case will be presented in

section 3.

pection 4.2 : Wepk Ficldsg :

In this section, we consider the optical source used
to prepare the atom in a coherent superposition of the Zecman
sublevels as a weak, partially coherent one. From (4.1.14),

we have the steady-state solutions to first order in modula=-

tion as
1) (Y t+Q) -i(y t+@)
<a(oo)>( = % a{[(iu-BoJ"l o +® +(=-iv -30)'l e ¢
(o)
x (Mo (0)> "+ I)} S (4,2,1)
where
Bo =B - YCA (402¢2)

Till now, no approximation has been madec regarding the atom—
laser coupling and solutions (4.2.1) are valid to all orders
in the Rabi frequency. We now assume the exciting source to
be weak i.e. % {{ 1, @2nd study the signals which are lincar
in the laser intensity i.e. to second order in a, We write

the matrix B0 ag the sum of the following two matrices
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Bo =M+ N (4.2.3)
where
Niy =(B°)ii | (4.2.4)

all the other elements of N being zero. The matrix M has been
defined in the previous section by (4.1.10). It is obvious
that the elements of the diagonal matrix N involve the various
decay constants, Zeeman splitting and laser detuning only,
while the off-diagonal matrix M has only the Rabi frequency as
its elements. Since we have assumed that the Rabi frequency
is much smaller than the decay constants etc., it follows that
M, 5 43&513. Hence we may expand the matrix inverse occuring
in the solutions (4.2.1) to first order in the elements of

M (i.e. to first order in the Rabi frequency)

(+iv- BOJ'l =(%iY-m- Nt

o (2ip -N)"L 4 (£ iv- W)L M + iy -N)~t (4.2.5)

Substituting (4.2.5) in (4.2.1), we obtain

<c(co)(>l) 2 Zap(1y -2 (190072 Maw -0 (1 doteo §°) 41)

(o)
¢ 3o [(-12 -0 He(eiw-0)F Hetw -0 (HLo(00)> 4 1)

(4.2.6)
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Finding the inverse of the 8x8 matrices occuring in the
above expression analytically presents no problem since

‘these are diagonal matrices and hence
+ - -1 = + ] -1 .
(= 4iv N)i;i ( iy - 'lgi) 813 (4:2.7)

the steady state solutions occuring in (4.2.6) in the absence
of modulation viz. (o(oo )>(°) may be expanded in a power
series with the Rabi frequency as the perturbation parameter,
Indicating the order of cxpansion with respect to a as a

subseript, we have
(o)
<U(00)>(0) = <a(m)§°) + <c(co)>(°) + <a(00>0 +..-(4.2.,8)
. - (o) (1) (2)

By substituting (4.2.8) in (4.2,6) and remembering that the
natrix elements of M and I are linecar in the Rabi frequency,

we have

(1) . - (o) -1 -1
Llop =% MV (1M dotea)p | +(1v =W M3y 1)

% [M (a(@))i?) + 1]}
+ % o1 1)1:{ (~iv -N)-l M {o(00 )%:.; + (=-1iV -N)-l M(-iD -N)-l

X[M(c(w)%:; + IJ} (4.2.9)
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Now the coupled equations in the absence of modulation may

be obtained from (4.1.11) by putting a = o.

Jc have
Gy =21 Loy + 2 (Lo5) - L))
(&> = ~(2re2is) Lopd + 1o (o5~ {opY)
<&3> = -[y+yc+i(s-6); <a3> + 1a(2 {07y +<0'2> +<o5) - 1)
(55> = =21 (o) + i (Lo = Logr)
<&6> = =[y+v,-i(e+8)] Logy + ia({jﬁg’){e Logy + {© D" 1)

(4,2.10)

Fron (4.2.,10), it at once follows that

<ai(oo)>( )= 0 for alli (4.2,11)
. 0

Using this result in (4.2.9), we obtain

(1) ivte . -1 (o) . -1 -
Q,Eoo))iz) - & *VE (oW M(a(oo)>(1)+(w-m M(iy-N)"'1§

+ 8 eV (10 -0t u ol )>:;i+(-iv -N)"tM(-1p-m)"t 1}

(4.2.12)
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Wie still have to obtain the first-order steady-statc
solutions in the absence of modulation., These are easily

obtained from (4.2.10) as
*

-ia
o (CO) = =
s >(1) Y+Yo+i(s=6) <U7(m)>(1) <q3(m)>{l)
-ia *
o (o) = Oa = Q
< 6 >(l) Y+yc-1(s+6) <GB( )>(l) <66( )>(1)
<01(_m)>(1) = <O‘2(-C0)>(l) = <0‘5(CD)>(1) =0 (4.2,12)

(a4 ~ ' s
Fron (4.1.7), we know tha'b< ﬁ > ’ <12°2 > and < ’f2>occur
as the first, fifth and second element of { o(t)> respectively.

Hence the desired solutions are obtained as

S, o osug, o -1 8 (e)
(B2 g gl 32 { <oy
+ My (10 -N)33 I3} + .o,
2 vt [ 1 1 . 1

- +
2y+iv T'*'Yc"'i( g5=0) Y+yc-i( 5=b) Y+Yc+i( VY +5-5)

r ]
+ Y+yc+:1.( v=-8+d)
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~
B ooy e 3%t 1yl B (o)
22 (2) = 2 e (iv N)55 %{MSJ <aj(w)>(l)
+ My (_iD -N)S%' I, } + c.c.,
a2 ei'U'b 1 1 1

= 2 2Y+iy {Y+yc+i( s+6) T Y+Y,~1i(s+6) + 7+Tc+if1) +(8+5)]

+ 2
+ C.C,
Y+Y +i[V =(8+6)] f

"~y

(1)
<€2S°°)>(2)= 3 il’t(iu-N) E{ M 34(0' (m)) +M2_1(.w N)‘l I }

eiD't

1 1
4 Py [ +
y+i(s+ ) YHY Fi(8+8)  y+y +i(s=8)

1 1
+ . — ]
y+‘rc+i[v +(s+6)] 7+vc+i[ V+(s=6)]

aa? iUt 1 + 1
'*: 4 Y-l_-;.(s _ )[ Y+Y +i(s+6) Y+Y +i(8=6)
.1 1 ]
+ . +
Y47 ~i[V=(s+6)]  y+y~i[V-(s-8)] (4.2,14)
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The fluorescent light will thus be modulated at the
same frequency as the exciting light, while the amplitude
of modulation will exhibit resonances. The modulatcd fluorc—
scence may be observed with the phase sensitive detector,
Which cnables the cosine and sine component of the fluor.o-
scence to be studied separately., The resonances in the
amplitude of the sine or cosine component may be studied by
varying the magnetic field (hence the Larmor frequency or
Zeeman splitting of the excited state) for a fixed frequency
of modulation, or by changing the modulation frequency of the
exciting source for a fixed strength of the static magnetic
ficld., We first study the conventional magnetic field scan

of the modulated Hanle signals.,

[I] Magnetic Field Scan of Signals :

Further simplification of (4.2.14) for the case of

rcsonant excitation (6=0) yields

4y 2y - 2Y
L (;):—. 2a a2 cos})t[(4y4? T 412-:91-}1-)zo+ (4724_”2 + 4724.534%

2+v2
-( y v_Y &) & o '\.t--+,r)]
4y2+D2 42+D* AT ay2ep? 3 F

1



2y
+ 2a @ Bindt [( ) 3]
Y242 4Y'+ % (4‘("’+ZJ ? 4y3+Y ’)(£l+ I’?)

(8,-8,)]

3 —te
4y2+0 2 41r2+1.vax )¢ 2
4Yc+1J

(4.2.15)
where
= Y+T§_ 8
)% (y+yc)2+ g2 % (Y+Tc)2 + g2
; — Y+Yc a s+1)
L7 (yey,)? 2 1=
Y+Y, )2 +(s+D) (y+y, )2+ (s+2)2
Y+Y 8=
L = ( 2 - 5, -.
Y+Y,)2+(s~2) (y+v,)2+(s-0)?2
I - Y 5 - g+¥/2
3 y24(s+V/2)2 3 Y2+(s+ 0/2)2
s=2/2
&L - Y &, =
4 y2u(e-n/2)2 Yovn (su/)
(4.2.16)

Thus, there are resonances in the amplitude of the sinc

and cosine component of the modulated fluorescence at ficld

values (s = gi) H = 0, z ‘%g_ ’ X .Pg_. where g is the gyro-

magnetié ratio.. The width of the resonances at field value

0, + -%%— ig affected by the bandwidth of the fluctuating laser
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beam, the laser bandwidth (y,) simply adding to half the
radiative bandwidth (y) to give the width (y+y,) of these
resonances, However, the resonances obtained when the modu-
lation frequency is equal to the separation between the
4ceman sublcvels (U= + 28) have a width y associated with
ihe spontaneous decay of the excited state oply. As may be
seen from (4.2.15), the weight factor of each resonant
structure dcpends critically on the bandwidth of the exciting
source, besides its frequency of modulat:_a., It should be
borne in mind that onc expects additional resonances in
higher orders of perturbation theory i.e. terms of ordcer.
higher than a. The resonances in the modulated signals could
be understood as follows - The resonances at s = +3) essen=-
tizlly arise due to the absorption of photon with frequency
Q.+ . Note that the intensity of emission has contributions
from the populations eLl and €2 of the excited states and
the population of the excited states is given by the absorp-
tion line shape, which is known to have a width (Y+Tc) in the
linit of weak fields, [cf. the damping term in the (03)
equation (4.1.11). Therefore, the modulated signals at s = +V
have absorptive and dispersive type of contributions with

width (‘r+'re). The interference of the probability amplitudes
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ror the absorption of 2+ ang Q- U photons produces the

rcsonance at s = 0 with width (Y+y°). The resonances at

5=+ D /2 arise due to the interference term Re ﬁla in the

intensity of fluorescence, where Re."ﬁ"-"l2 represents the optical

coherence, between the two magnetic sublevels, induced by the

exciting field, In the rotating frame Re ﬁlz has the oscilla-

tion frequency 2s and the damping paraneter associated with
7{2 is 2y. Therefore this leads to extra resonances at

8 =+ 1V /2 with width Yy, We now consider the following limi-

ting cases explicitly.

(i) Broad Band Excitation :

If the optical source used to prepare the atoms in a
coherent superposition of the Zeeman sublevel is a weak,
incoherent broad-band lamp such as a discharge tube (Yc-m,
such that cz/ye remains a constant equal to say, B), then

(4+2.15) reduces to

x 4y 1 Y Y
L(-V) = 4 cosvt{‘w%va * 2[12-4-('3‘-1-1)/2)2 ' Y2+(s- v/z)e]}

2 z;z.[Y stu /e __oU/2 1}

+ 4ap Sinnt{4ya+11’ 2, (s+D /2)2 v2+(s=-0/2)2

(4.2.17)
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which agrees with the results of Corney and .Eiezeri'zes[az:l for
signals detected perpendicular to H (which corresponds to the
latter choice of sign in expression (4.2.17), the incident
light being linearly polarized at right angles to the magnetic
Tield direction. The result was later verified experimentally
by Gorney[23?. Thus, as the magnetic field is scanned around
zero value, resonances appear in the amplitude of modulation
for field values H = £ %i; » the shape of these resonances
being Lorentzian (dispersion) for the cosine (sine) component
of the fluorescence, the width being determined by the natural
width of the excited state. In general for small frequencies
+

of modulation, the resonances at s = = 3%— in the amplitude

of the cosine or sine component overlap. Use of higher frequenoy
2 _
Y =
results in well defined lorentzian (dispersion) shaped resonances

at 8 = + 3%— = ¥ 5 for the cosine (sine) component of the

of modulation of the exciting source ( 10, as in figure 1013,

fluorescence defected parallel or perpendicular to the magnetic
field when %Q 2} 1 (see the dot - dash curves of figures 10-13,
which correspond to Y, = 5¢y). The signals detected along the

two directions are similar in shape but inverted about the hori-
zontal axis (compare figure 10 with 12,figure 11 with 13),

as may also be seen from (4.2.,17), this result having been con-

2
firmed experimentally by Corney[ 3].
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(ii) sonochromatic Excitation :

For a strictly monochromatic laser beam (y,=0), expre-

ssion (5.2.15) simplifies to

X\_ &2 4y 2
.L(y) 2a&2cos Ut 472+D2z°+—4—472+v2(£1+£2) (473_”’2 ‘—X R

+ 2an? slIlJJ't[(4Y +IJ’ ) +(4Y9+D’ %J-Yxﬁ';;)*' Y242 J

(4.2.18)

Hence, in contrast to the broad band excitation, we expect
resonances in the magnetic field scan of the modulated fluore-
scence whenever s=0, +73) , the resonance at s = + U /2 disappears.
L3 we have shown earlier that this coherence arises from Re 512—
which is a measure of optical coherence between two magnetic
sublevels, and it can be shown to be directly proportional to

the bandwidth of the exciting field. The resonance at s=0 is a
Lorentzian, while the resonances at s = +2) have both a Lorentzian
and dispersion part with different weight factors. When 3-‘-:{—' = 10
(fig, 10-13) the resonances are clearly resolved. Use of higher

v;alue of modulation freguency also has the added advantage of

meking the weight factors of the Lorentzian and dispersion shaped
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parts of the resonances at s = +D very different from each
other, s0 that either one of them is Predominantly present at

8 =+ » thus making the interpretation of results easy. The
signals detected along and perpendicular to the magnetic field
are no longer similar in shape for a particular compgnent of
the modulated fluorescence. For instance, the resonance at

s =1 in the ampliiude of the cosine component is a Lorentzizn
for L(x) (solid curve of figure 10) and is predominantly dis-
persion shaped for L(y) (solid curve of figure 12 ), as may
also be verified from (4.2.18).

(iii) Intermediate Case :

For an optical source with bandwidth of the same order of
magnitude as the radiative width of the excited state (ycmy).,
the expressions (4.2.15) for the signals simplify to :

L(x)eccosvt J.Y_@m),,_ 51n1)t[4Y2+v2 o 4Y2+De 63 uﬁ‘)]

4v3+ 0?2
L(y)woos b [ 3+ 2L 5+ 2, ] - —— (8 -5 )]
¥)wcosy {4yﬂ+vz 2/~2 g2 ! > 4

. 2y 4y
+ sin Dt {472_*_32 (& + L)+ 42y g2 (8,-&, "53 +ﬁ4)}

(4,2.19)

86



thus, for signals detected along the magnetic field direction
the amplitude of the cosine component has a Iorentzian shaped

p3)
resonance at s = + - (broken curve of figure 10 ), while for
2
- 2
weight of the Lorentzian peak at s = 0 (broken curve of figure 11)

becing much greater than the dispersion shaped resonance at s= ¥ %—

the sine component, there are resonances at s = 0, + y the

for large frequencies of modulation. Magnetic field scan of
fluorescence detected perpendicular to H reveal resonant struc-
ture corresponding to s = 0,+ Eéﬂ » +1 with considerable over-

lap even for & . 10, as may be seen from the broken curves of

Y
figures 12 and "% .

[II] Modulation Frequency Scan of Signals :

We have seen that when atoms whose excited states have
Zeeman structures are excited by light whose intensity is modu-
lated in time, then the fluorescent light is itself modulated at
the same frequency, while the amplitude of modulation exhibits-
resonances. These resonances may also be studied by tuning the
modulation frequency of the excitinglsource for a fixed strength
of the static magnetic field. Simplification of Egs. (4.2.14)

for the case of resonant excitation yields :

L (;) = 2ag? cos vti[(w::%::s’ - . )’+32][2I’ +(£ +-'C ﬂ
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- - & YooY Fol ot pl ot
+ [(‘Y+'rc)2+sz (Y-'T )2+82_l (-b -ﬁ ) + (Y-ycc;?+32"€c'+£"x (I--i-‘x?_)
+ - _ ¢/ — ) e !
(y-v,)2+s2 [ﬁ' ﬁ?- ¥ (él "ﬁZSJ }
rY+79— Y=Y ' / ’
-:' 2aa2 ginyt (Y+Yc)2+52 o (Y"T_S;r2+s}[ 260 x (b3 +£‘)]
Tl f&4 8 +(5+8)
* [ Y*‘fc)a“fﬂ’ (v=v, )2+s,] t’ %)+ (y- ‘rc)=+sﬁ'ﬁ" , £+
piee ey ERE I CRE DT (4.2.20)
where
A & -
o 4Y2+ 102 o 472"" 2)2
!
I;"-:-- I’I é’l/ ""ffl
£1= zﬂ. ﬁ; — 51
I,=%,/2 &L =&/
’ —
L=2,/2 R, =%,/2
(4.2.,21)

Hence, there are resonances in the amplitude of modulation of

the fluorescent light whenever the frequency of modulation is
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zero or equal to the Larmor precessional frequency or twice

of it i.e. at Yy =0, + 8, + 28, The bandwidth of the fluctua-
ting laser beam effects the width of the resonance at U= + 5
only, the remaining resonances having a width determined by the
life-time of the excited state only, The shape of the detect:d
>isnals is critically dependent on the relative magnitude oi
tne Larmor frequency and the decay constants. For small strengths
of the magnetic field so that the separation between the Zeeman
sublevels is of the same order as the natural width ( $‘“’1)s
there is considerable overlap of the resonances. At highor
magnetic field strengths, the resonances are clearly resolved

and the effect of source bandwidth more pronounced, as will be

shown by the study of the following limiting cases.,

(i) Broad Band Excitation :

' The signals (5.2.20) reduce to

L(x) c cOoSLt (23.’:°+£,'3+£'4) + sinlVt (2ﬁ2+6'3+5;)

L(y) «c cos Dt(2£‘o-x’3- z;) + sinV t (2'6;-53—34)

(4.,2,22)

Thus when the optical source used to excite the atoms is a weak,

incoherent broad-band lamp, the modulated fluorescence exhibits
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rcesonances at U= 0, + 28 of width 2y, These resonances are
worentzian (dispersion) shaped for the amplitude of the cosine
(oine) component of the modulated fluorescence and are shown as
the dot - dash curves of figg,l4~1T7 corresponding to Yo = 5Y,

witen the magnetic field is held constant such that -$- = 5,

(ii) Monochromatic Excitation :

The detection signals are

L(x) e cosvut (‘f‘!l"' 55'2) + sin VU t (06'(1*"62)

I(y) « cospt (-ﬁ;_— 3'2) + sin U t (EC;- of;_) (442.23)

In contrast to (i), resonances are obtained at 2 = T 5 of width
(y), the two detection signals being entirely different for a
particular component of the fluorescence, as may be seen from the

golid curves of fizPe 14=17 corresponding to 'r°=0.

(iii) Intermediate Case 3

For an optical source of bandwidth of the same order as
the width of the excited state (ycmy), the detection signals

are no longer so simple

Ay2 ! !
L(x)ec cos Ut {E—fﬂ— (28 + Lt &Ly) + Troaron) O3 -&,)%

. Y . 472 / _ f
+ Blnut{.tyy?ﬂ;? (25 + & +£s ) - (4y2e5?) (z3 2?4)}
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I(y ) cosvt{z;-::——-wxa 5 £ ) - 8(4T +sz) '63 ﬁ)+2(ﬁ-£ )}

- 4 2 '
+ s:l.nvt{'z;-f;- (25 ﬁ ﬁ )+ 5(4Y:+Sa) ) I’\ -, )}

(4.2.24)

vhus for detection along magnetic field direction there-are
resonances at U= 0, + 2s. The resonange at U = 0 is Lorentzian
(dispersion) in shape for the cosine (sine) component of the
J’:'luorescence, while the resonances at U = + 28 have both a
Lorcntzian and dispersion part, with different weight factors
such that either one predominates when 8))Y (see broken curves
of Figs.1l4 and 15 ). The modulated fluoresgence detected éerpen—
dicular to the magnetic field direction exhibits resonances at
V=0, + 8, + 25 so that for the case studied (-$- = 5) there is

considerable overlap of these resonances (see broken gurves of

Figs. 16 and 17 ).

Section 4.3 : Intense Fields :

It is no longer possible to carry out the above procedure
Tor intense laser beams of arbitrary bandwidth, so that the

solutions (4.1.14) to first order in 'a' (the depth of modulation
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or the excitil, laser is always assumed to be weak) are

valid t0 all orders in the atomelaser coupling. In order

to obtain analytical expressions for the signals, we would
locve to invert 8x8 matrices and find their products, which
though possible in principle, is extremely cumbersome and
would yvield complicated expressions which lend no insight

into the problem, Hcnce we study the modulated Hanle signals
in i1ntense laser beams numerically., For intense laser fields
(ayu‘y,yc,s,éJ. one expects the resonances in the amplitude

éf modulation to yield the energy spectra of the composite
system consisting of the atom and the coherent laser field
i.e, resonancecs are expected in the modulated fluorescence
corresponding to the dynamical stark splitting of the varioms
encrgy levels, An idea of the position of the resonant compo-
nents may be obtained by finding the eigenvalues of the reso-
naont part of the Hamiltonian (without the damping term), which
now requires dealing with 3x3 matrix. The resonant Hamiltonian

nay be written as

g-0 0 - a
H = 0 -g=0 a
- - 0 (4-301)

N
and the secular equation |E - A 1| =0 yields the following

cubic equation for the eigenvalues

A(A+8+6) (A=s +6)-2a%2 (A+6) =0 (4.3.2)
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For arbitrary values of the detuning there are no simple
factorisations of the cubic equation and the roots have a
conplicated form. In the special case of the saturing lascr
fivld being resonant with the atomic transition | J=0,m;=0) <>
|J=l, mJ=O> (6=0) the eigenvalues have the simple form

A=0, + &, ag = 8% 4 ;2 (4.3.3)

In the magnetic field scan of the signals we expect
the corresponding resonances to show up at Larmor frequency
ccual to s = :_}_-V%" - 202, i—-/yz - 2e2, If V/e 41, the
modulated signals are similar in shape to the weak field case
so that the modulation frequency must be fixed at a much higher
value than the Rabi frequency for these peaks tQ be well re-
solved. When the modulated fluorescence is scanned as a func-
tion of th¢ modulation frequency, resonances are expected at
0, +& + axo provided of course their weight 1s ngt zero,

The resonances at U= 0, + @ + 20  are the analog of the
y

resonances at U= 0, + s, + 2s in the weak fields. The weight
factors of these lines can be calculated using secular approxi-
mation as will be done in the next chapter and yields the

results in agreement with numerical computations which are

showyn in Figs.18=21.
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The signal detected perpendicular to magnetic field
direction exhibits well defined resonant structures at
VU= + %, 2% , while the fluorescence detected along the
liagnetic field exhibits sharp resonances at U= + 2a only,
«1€lc resonances are lorentzian (dispersion) in shape for the
eine (cosine) component of the modulated fluorescence in both
she directions. The effect of laser bandwidth is to alter the
peak height as well as the width of the resonances, resulting

in considerable broadening for large Yoo
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CHAPTER - V

——

TWO PHOTON STEPWISE EXCITATION IN MODULATED FIELDS

In the previous chapter, we obtained the important
result that an atom excited by a near-resonant, modulated
laser exhibits resonances in the amplitude of the modulated
fluorescence due to dynamical Stark effect.[TJ In view of
this result, it would be interesting to study the modulated
fluorescence when two atomic transitions are saturated
successively by two modulated laser beams having different
frequencies, The first beam induces the transition to an
intermediate level and the second to the final level., Two-
photon stepwise excitations are specially useful when one
wishes to study states that ara not connected to the ground
state by an electric dipole transition.[57"611 For excita=-
tion with modulated laser beams, the total intensity of the
emitted radiation is expected to show resonant behaviour in
the modulation frequency corresponding to the Stark split
energy levels of the multilevel system., In this chapter, we
study two-photon, stepwise excitations in modulated fields.
The basic problem is formulated and the cequations for the
evolution of the density matrix elements are obtained using
the master equation techniques outlined in section 2.2,
Using the general results of chapter II, we obtain the
intensity of the modulated fluorescence to first order in

the interaction with the modulated fields, the coupling with
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the intenge laser fields being treated to all orderc.

It ig shown that the resonances in the anplitude of nodu=-
lation yield the energy spectra of the composite systenm
congisting of the atom and thc coherent laser fieclds., For
instance, we show that the amplitude corresponding to the
steady-state population of the hihest cxcited stotc exhibits

o}
due to dynanical stark splitting of the various cnergy levels

reconances at thce nodulation frequency valuec 0, + ays 2a

(ao is related to the Rabi frequencics @4 and 2, characte-
rising the coupling of the atom with the two fields, by

ag = ai + ag ). In the prescnce of detunings of the applied
fields, numerical results reveal additional structures. This
should be contrasted with the zeroth order fluorescence
(unmodulated) which does not exhibit dynamic Stark splittings

even when both the lasers are very intense[sg;.

Section 5,1 - Dynanical Equations :

Since we envisage the experiment to be performed with
atonic beams, the only excitation mechanism is the external
field, and the only damping present is natvural radiative decay.
We consider a three-level atom with unegquidistant, non-
degenerate energy levels labelled 1, 2 and 3 in figure
The energy eigenstates corresponding to these levels are |1:>,

l2> and ’3> , with energies (Ul3(.= w12+w23), (.023 and
zero respectively. The atomic systen is driven simultas.

neously by two intense laser beams which saturate two



atomic transitions with a common intermediate level, Level('l>>
can decay to level |2> » and level \2> to [3) at the rate
of 2y,, \= 2Y,) and 2732 (= 2Y,) respectively, where 2ypy is
the transition probability per unit time that the system makes
a transition from state ,i;>~91f:> as a result of sponianeous
emission., The transition from |l> to ‘3> is forbidden,
say, due to parity considerations. In accordance with the
notation dev loped in chapter II, the electric fields of the
modulated sources at the position of the atom (chosen as the

origin) may be written as
~ -3
E; (%) = =€ s[1+a; cos (Wt +P)] e +c.c.  (5,1.1)

i=1’2

The subscript i=1 [2] serves to distinguish the laser field
saturating the | l>e—7|2> [ |2 e3> ] transition and
the symbols have the meaning defined in (2.1,7). From (2.1.6),
we find that the atomic dipole moment operator for this case

may be written as

A
Q=d, A, + dps A23 + H.e, (5.1.2)

This leads to the following form for the interaction Hamiltonian

between the atom and the external fields :

-1
Hoxt&)éal[l-bal cos(w 1B+ QI. )le

-182 ¢
+ay[1l+a, cos(V ,t+(P,)]e 2 (4,5 + A55) + c.c. (5.1.3)
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-> =2 —_ =
2al = "d12'81 ? 2&2 = -d12.8 5 (5.1.4)
are the Rabi frequencies characterising the coupling of the
_ - -
laser fields E)(t) and E,(t) with the |1) &> [2) ana
l2) (-—>|3> transitions respectively, Substituting (5.1.3) iny
(2.2.7 ), we obtain the equations for the evolution of the

density matrix elements as

'P:l =“271$11 +{ ~ie) [1+a; cos(w,t+(p;)] ?"21 + 0-0-}

;’5'12 = _(Yl+yz+ibl)f512 + ia) [1+a; cos (V;t+¢h )] (511- é;z:
+ iay [1+a, cos (D t+(D,)] 5‘13

B e vty 1By - s 1 con (o 1F
+ o, (L+a, cos (U, t+)1P

)pzz = zylﬁll - 21,P 5, + {i“l[l*'al cos (0, 6+(p, )] 521
« ia, [1+a, cos (V,t+p)] £ 5, + c.c.]

® . 5 L.k A

25 = ~(Yp+i8 )P 55 - 1oy [1ea) cos (V) 0+0h, )P,

+ ia, [l-i-&L2 cos (VD 2t+¢)2)] (522— ?33)

’P‘;3 = 2Y2p’22 + {iaz [1+a, cos (D, +¢2);|16v32 + c.c.}
(5.1.5)
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where the oscillations at optical frequencies have been

removed by transforming to the slowly varying quantities :
~

1Q2
= P P _ , 14t
ii 12 12
23 © 13 = 13 © (5.1,6)
21t 3210 4 +21(8 +8 )4

10 2 e 1'772
’

and neglecting terms with e~

3V E0R

(RWA). The detunings between the laser and atomic frequencies
are given by the parameters

ZSZI. =':(2,12 -Q 1 Az =w23 ‘Q 2 (5.147)

Equations (5.1.5) form a closed set of coupled, linear differen~
tial equations and in matrix notation, they may be writtea in

the following form (compare from equation (2,2.10)):

~NJ

'U/= B$+ I+ alcos(])lt-i-cpl)l‘llﬂfu+azcoa(l)2t+¢2)(M2{pu+J2)
(5.1.8)

y I and J, are the following column matrices :

-

where

<
o2

R

DO
W N

(3,0 = -1a, = Iy = (3,)r  (5.1.9)

<
[}
IN R
N
O\H
il

>
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B\, M) and I, are square matrices of order Sx8 having the structure

r . %
'271 iy 0 -ial 0 0 0 0
*
i) =Y-v,mid, i 0 o L 0 0
0 j -y - - -
ia, Yy iAl 162 0 0 ia, 0 o
-id¥ 0 0 * 0 1 0
. 1 SYYptidy iay —%
-t : ¥
; 2Yq -iay 0 ia, -2y, ia, 0 -ia,
- da, 0 -iay 0 2ia, =y,~i8, O o
* . .
0 0 0 ~ia, 0 0 -yl+JAl+162 i
i * * .
.riaz 0 0 0 -2ia, O iy -y 51
(5.1010)
vith

M1g = (o5 = (M))5g = —day = =(M) )y = =(M))5, = (M )gy

*
M1z = (M)y5= (M)gg = doy = =(My)yy = =(M))gp = ~(M )y

(5.1.11)
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and

(-['12)47 = (MZ)SB = -iaz = “(1V12)32 = -(Mz)sl = - % (1‘12)65

(,,.12)23 = (Mé)SG = ia, == (M2)74 = =(lf,)gy =~ % (HZ)BS .

(5.1.12)

We have eliminated P 33 fi?m eqi?tio?i'(5.1.5) by using the
normalisation condition Pll + P22 + 033 = 1 in order to avoid
the difficulty that would arise in computing the steady-state
solutions by Laplace transform techniques were the matrix B to
possess a zero eigenvalue, As outlined in section 3 of chapter 1T
we obtain the solutions of (5.1.8) within the framework of per-
turbation theory since the modulation is always assumed to be
weak i.e. ay a,{{1. The interaction with the two different
laser beams will be treated exactly. From (2.3.11), we have the

solutions at steady state to first order in the modulation

ratios ¢
) 4 2 . L 1Py
Pio) ~ 2 E‘:‘i s Loy 2%
-i(V.t+D.) (o)
+ (-iDj— Byte . 4 q)j ] (x*Ij,\F(gD )Mj)}
(5.1.13)
with
J, =0 (5.1.14)
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We are interested in obtaining the total intensity of the
fluorescent radiation,From (2.3.1), we have the positive

frequency part of the radiation field as

2 2
—ty w " ) Y
-§+)(r,t)=?}g+)(?.t) - j"—f [F x(® x 312)]AZl(t-'g')—a;—gz[r:{(rxa;3)JA32(

(5.1,15)

which leads to the following expression for the intensity of the

spontaneously emitted radiation

*
Isca‘b = -(-;4—-2- [r x (r x E;z)] . [? x (T x 312] Lﬁll(t-‘g)> .

4
+q%§3§ [r x (% x E;;)].[£ x (T x'§;3)] Layy (3-£>  (5.1.16)

so that apart from unessential constants, the total intensity of
the emitted radiation is given by the behaviour of the populations
of the upper and intermediate states, Since these occur as the
first and fifth ‘elements of the column vector w’defined in
(5.1.9), we have from (5.1.13)

. U, Py ) . -1 o) ..
P (o) =% j(;:l (1o eyt oo

i -1 ~(o0) p .
%aZ{el(v 21?+¢2) :1?-_-1(1”2-3) 1\12)”\‘}3(@)*'( 2)1+ c.c }

=a, 4 cos (z)l'b+¢l+@1) + a, 4, cos (1)21;+¢2+@2)
(5.1.17)
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Similarly

~ (1) (0.4, ) 8 ~ (o) «C.
Pzztoo) =%al{e 1 Zi’j_l(inl-B)gi(Iﬁ)ijWj(oo) ° °}
L1, ¢ LYot ) (1D 320 ). U a0+ c.c.}
2 2{ > (3D -B)G5T(), W (00)* 2 s

ij=1

=8ay B cos())lt+¢l+®.l_) + a, B, cos (2)2'b+¢2+®2) (5.1.18)
where we have used the following notation for

the phaseshifts (E@, & ). The amplitudes of modulation

( = A,B) will be shown to exhibit resonant structures in the next
1;wo sections and in general the behaviour is critically dependent
on the six parameters occuring in the problem, namely, the two
decay rates Yl, Yoo the Rabi frequencies @y 4 corresponding
to the two saturating laser beams and the detunings Al ’ Aa
between the atomic and laser frequencies., For general values of
these six parameters, the solutions (5.1.17) and (5.1.18) require
the inversion of 8x8 matrices which is cumbersome, However,
analytical forms of the steady-state solutions for the intcnse
fields at resonance with the respective atomic transitions will
be obtained in the next section, while numerical studies for
genergl values of the parameters occuring in the problem u':L'Li

be prcsented in section 5.3.
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Section=-5,2 -~ Analytical results for the Modulated Fluorescaonce

Tove " T

in Infense, Resonant Fields

If both the exciting laser fields are strong, i.c.|ef ,
’azl>> Y1» Y5, then instead of solving nime coupled equations
for the density matriz elcments to obtain the relevant informa-

tion, one can greatly simplify the caleulations by solving the
master equation in a representation in wvhich the resonant part
of the Hamiltonian (without the damping terms) is diagonal.[89]
This will require diagonalisation of a 3 x 3 matrix (insicad of
a 9 x 9 one), and will directly yicld the positions, widths and
weights of the resonant components of the modulated fluorcscence

in principle.

The master equation, with the radiative decay term, may

be written as,
A im, ¥ +2P (5.2.1)

Let 8 be the time-independent matrix which diagonalises H, i.c.

where .
A1+A2 oy 0
*
H = s } A, @2 (5.2.3)
*
0
0 a, ]
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I\ . =)\3._6. i=1,2,3 (5.2.4)

Ai being the eigenvalues of the resonant Hamilto nian H deter-

mined from the cubic equation :

ATAA=ADNB)-A )~ [0 |® - ]ay |21+ [ap 28+ B,) = 0
(5.2.5)

For arbitrary values of the detunings there are no simple factori-
sations of the cubic equation and “'\i have a complicated form, In
the special case of both the saturating laser fields being resonan
with the atomic transitions (Al =0 =52) the eigenvalues have th

simple form

N= 0, & a, a, = ( o] 2 4 l‘azlz)% (5.2.6)

s0 that the matrix S is

_ ™
+a2‘a1‘ /(“o“’{)."“ll“zl/(_vz“o“:) =% ‘“zl“vz%“z)
*
s = 0 ~lagl/(V2a3)  fa,)/(V2d)) (5.2.7)
-loy| /a -(azl((_\rzao) - lay] /(V2a )
v/

"he master equation (5.2.,1) in this representation has the form

%f%. = -i[A,P] + S (s Psh)} s (5.2.8)
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where

~ B ,
stPs=p (5.2.9)
The radiative decay term leads to the coupling of +he

Various matrix elements of 'F-’. to each other. Since I“‘l‘ ,la2ﬁ>>

Yl Yo We can neglect any coupling of the diagonal elements

of P with the off-diagonal elements, and also the coupling

between the off-diagonal elements (valid only to the lowest

order im y¥/tel). e secular approximation leads to the

following equations for the density matrix elements :

R - (=By+iay) P,y

-é3 = (=fy-ia;) :3

?’;3 = (=By-2ia,) Pos

';’S;_l - _2YlEa§/a§) ?;_14—72(::%/::5)( Pzt Pys)

'[522 +7533 = 2y, (a3/a?) P~ Yz(“z/f‘z’( P+ 933)

-fo;z "533 = ={yytv;@ 1/“2)( P, 2" P33) (5:2:20)

where

1 2 .2
By =37 [nmle+2a) + v, “1*“2)]
(o]

I [371a12_+72(2a§+3a§);| (5.2.11)

2ao
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and the Rabi frequencies “1,“2 have been assumed to be real
by a proper choice of the relative bPhases of the energy levels,
For large times, we may set the time derivatives in (5.2.10)

equal to zero, so that in the steady-state limit, the solutions

have the form

égga)) = 6ij [b613 + b6, + (1-2b)5,,] (5.2.12)
where
2
Y. &
b = St (5.2.13)
72a1+271a2

In the presence of a weak modulating field, the master equation
in the representation in which the resonant part of the Hamil-

tonian is diagonal (5.2.8) will have the form,

G = AN, PY -1 [y, B+ S (3Ps1)} 5 (5.2.14)
where
H 4= sTHmods (5.2.15)
with
0 -a.ltxlcos(vlt+ (PlJ 0
Hoa = | =81% cos(.vlt+¢l) 0 -aaaacos(vzt+¢2)
0 "32“2°°5(”2t+¢’2) 0 -_I
(5.2.16)
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The equations for the evolution of the density matrix

elements are obtained from (5.2.14) to first order in the
modulating fields:

Pl 1) - ( -fria, )a%)-ix Ve g’_) (°)+pég))+1y P.‘L

5(% (- -By-ia )p(l)ﬂxml +péo))_iyp(0)

5(%% = (= -Po= -2ic )P(l) + 1x(p(13 + Pgi) - Ziyﬁ(g%

-:-p(i]). _‘271((,:2/{12) (l) + Tz(al/az)(p( p(l) ix( p(ig ﬁ(i%
- C.C.)

E(%%r 5(%% "2"’1(“2"Uc p(i{‘Yz(“ilaz)( 1‘7(22+ 9(33'%)

+1x‘p(g§ p(g% C.C.)

o(L)- /..5(1) ~(rprry02/a2) (P B )eax( B9 5'o)e.c.)

(5.2.17)
Where

‘V-“la.? [al cos(JJlt+¢l) - a, cos(v2t+¢ )],

y = qol[alal cos (vlt+¢1)+a2a2 cos (1)2t+¢2)].

(5.2.18)
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We are interested in obtaining the total intensity of the
modulated fluorescence, which is proportional to the popula-
tions pll and 922 in the original representation by
equation (5.,1.16). Using (5.2,9), we find that the popula-
tions in the original representation are related to the

following matrix elements in the diagonal representation :

1 b}
P @)= 3 8, A sty

i,J=1
@l ,,5
= :% Pﬁ)(m)*" - [ ﬁé Nw) + pgl)(m) +( p(l)(oo)
° ° + c.c.)]
. H% =(1) |
- =5(P 15 (o) + pl @)+ c.c.). (5.2.15)
VZao
Similarly,
922)(_@)-15%:1 P(l’gm)sag 3 Pfo_é’(ooJ ( pSE) (@) + c.c.)

+ Pgs(0) ] (5.2420)

The matrix elements p(l)(oo) may be found by solving the

equations (5.2:17).We obtain these solutions to first order in
8, i.e. aé =0 in (5.2.18). By an analysis similar to secticm
3 of chapter II, we may show that the solutions are of the forn
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;5&_::‘]')(00) = G:(L';J exp[ivl'b+§b1)] + Cg_g) exp[-i(z)lt+¢l)]
(5.2,21)

: +
where the time-independent coefficients 0_,5_3) are given by

(2) _ - N - ~
Clz’ = (1D 1+B;-1a)™ ["lal 2\;“? (p g_g_)(ao) = ng)(‘”)
2
1
2a,

x

643%(w)]

+ F53%00)) + 1a

+ o, o
0450 (410 yetyrse, ™ [amy 2 (F1P) - FiD)

2
a
¥ pgg’(oon-ial-i 630

G(i)= (+iv 1+Byt2ia )~t [ iaq -Egi- ( P’{; )(Q‘) )+ ﬁg‘]’_)goo))
0
- 12 5= 51 (0]

(<) ag \ -l o =(0) =(0)
Cll = ( iil) 1+2'Yl :E.} [ -ial 2v_2a (. pla (m)“' p13 (m )—C Co
o) 0

2 -1

s + . * %1% ~(0) =(0)
0fz )= 035 (210,47 :g_) [ 4V2a, (P

(5.2.22)
The solutions |5§g)(_°°) in the absence of the modulatirig
field, and to the lowest order in the secular approxination,
are given by the equation (5.2.12), which shows that only the
diagonal terns ﬁéf )(CD) are finite, all the off-diagonal

elenents being zero. 'Inserting these values, we obtain

110



a, o

x
of3’= (x40 48 -10 ) M1n —E—(3b-1)
o]
+ ) - ., @
o= (41D +p +ia )t ) 2\1&2 (2-3b)
o
£)_ (% E:
0‘23)= C:(Ll)'-. Cg;% = 0;3)= 0 (5.2.23)

which shows that the resonant component in 5:%)(0‘)) at the

modulation frequency O, = ta, is the most intense since it
occurs to the lowest order in the secular approximation. In
order to extract information about the other resonant compo'nem
the off-diagonal matrix elements ﬁég)(a)) which occur in the
solutions (5.2.22) must be evaluated to first order in the
secular approximation. Equations (5.2.10) in the absence of

any secular approximation have the form:

e B L% re) o} <}
€2=(—B1+J.d ) P12+ 'v'_'é:f [Ylpll"'(Yl"‘Yz)p22+72P33+(Y]_"72)P32
0
_ 2
-1, P51+ 3 ("2"71 ';E)plz'a
(o]

R

Yol %y %o D D 2]
5=(=By-ia;) P+ V2l [vy Pya+va P ooty +1,) Pys
o

)P

RII—F
o M-

D Yol 1
+(Tl—Y2) P23"72 932] + E (72“’71
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N

- -~
g =Bp-2ia, )p ‘71-—% P 1t -2—[-71 +‘LY (a +2a2 )](F"22 3:
aO
. 2. 2\ 5 H% 5 5 LB
2a§ (Ylalwzaz)ﬁ’jzﬂl o~ ( P +2 P,y +2 Pl3+ P'3l).
0
(5.2.24)

Using the zeroth-order secular approximation results from
(5.2.12) we obtain the solution of (5.2.24) to first order in
Y/a as

% %5 rlo

V2a§( By-ie )

R.(00) =

R ()
2
“i rl*“z G

'ao(32+2iao)

HO|

wf"‘\
8
I

(5.2.25)

SO
8
]

where

r; = v,(1-b) + 2y,
rJl_ E.-Zbyl-i-bya
’-'2 E"Yl(l-zb)+2bY2 . (5-2.26)

Using the results (5.2.25) and (5.2.12) in (5.2,14), we may
obtain E(OD) to first order in modulation ratios. These show
that for intense, resonant laser beams, the resonances in the
modulation rates at V=0, + 2a , though finite, are weak com-
pared to the corresponding ones at V= *a@, which occur to the
zeroth order in secular approximation. Since these perturbati

results are quite involved, we do not present them explicitly.
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Section - 5.3 = MNumerical results for the _Modulated
Fluorescence :

For general values of the parameters occuring in the
problem, the solutions (5.1.17) and (5.1.18) require the
inversion of several Bxé matrices. This has been done numeri-
cally and we present the results for the modulation rate for

a variety of situations.

[A] Modulation rates for the resonant case and for varying
values of the field strength :

Both the applied field modes are exactly resonant with
the respective atomic frequencies (tkl=0=£32) and the decay
constant has been taken to be the same for both the excited
states (y;=l=Y,). The laser exciting the |2> e~i3) transition
is taken to be intense (a2/72=10). We study the characteri-
stics of the modulation rate for increasing values of the
laser 1 intensity. Figure 2jshows the modulation rate Al
(corresponding to linear response of &Eﬁc:) to modulation
of laser 1) as a function of 3} ,. The resonance at

131=ao(2'a2) is the predominant one (full curve), there being
no peak at D, = 2a,. As the strength of the laser field 1 is
increased (al/Yl=5, broken curve), the magnitude of the reso-
nance increases ¢ while when both the interaction energies are
equal (al/71=10=a2/12, chain curve) the resonances at V,=0,
o 2ao are clearly resolvable, the peak at 1J1=a° being the
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most intense., This also follows from our analytical
results of 5.2. The expression (5.2.23) shows that the
peak at @, occurs even in the zeroth order in the secular
approximation, whereas the peaks at O and 2a° appear only
in the first order. Figure24is a plot of A, (corres-
ponding to linear response of ?il(a:) to modulation of
laser 2 as & function of D e Increasing the field
strength of laser 1 just increases the magnitude of the
broad dispersion-like resonances, The behaviour of the
modulation rates B, and B, (corresponding to linear
response of 22((ﬂ) to modulation of laser 1 and 2,
respectively) is shown in figures 25 and 26 , respectively.
The former exhibits resonant behaviour for the modulation
frequencies Dl=0,2ao only at all field strengths of laser 1,
while the latter exhibitsa decrease in the magnitude of the
dispersion-like resonances as @, is increased. It is
evident that the resonances in Al and Bl (corresponding to
the modulation of laser 1) yield the energy spectra of the
composite system consisting of the atom and the coherent
laser fields. This should be contrasted with the zeroth-
order fluorescence (unmodulated) which does not exhibit

1

dypnamic Stark splittings if both the lasers are very intenses”

[B] Off-resonant modulation rates :

We now present the numerical results for the case when

both the exciting laser fields are strong but are diffoerent
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in frequencies from the respective resonant atomic
frequencies, In this case also the analytical results

can be obtained by following the procedure of 5.2 .-
However the explicit results are extremely cumbersome and
hence these are not presented here. The interaction
energies for both the transitions are taken equal
(dl/Yl=10=G2/72). If the strong laser fields are detuned
from resonance by equa-l.l amounts (Al=2= &2). the behaviour
of A is not much different from that of the exact reso-
nance case (figure 23, chain curve) except for a slight
increase in the peak heights. However if the detuning of
the laser 2 is further increased (A2=5, Al=2. figure 27,
broken curve) then the peak at 1J1=a° splits into two, no
such splitting being observed were the detuning of laser 1
to be increased only (A,=5, 8,=2, full curve). When
0,=5= O there is again no splitting, which clearly reveals
that the additional resonant component in Al appears only
when the two applied fields are detuned differently, such
thatA2> 4, - Figure 28 gives the behaviour of A, which
shows that there is only a decrease in the magnitude of the
resonances .with increased detunings of the laser fields.

A similar splitting is observed in By (figure 29) for the
reverse case (A, ) A3) at the modulation frequency V,=c,;
however B, does not show this effect (figure 30). On
compa,ring figure 26 with figure 30, we see that the detuning

leads to extra resonant structures in }32 around ”2"’%-
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CHAPTER - VI

RESOLUTION BEYOND NATURAL LINEWIDTH VIA FLUORESCENCE IN

MODULATED BEAM

One of the major problems of high resolution
spectroscopy[28’49: is to achieve a resolution beyond
natural linewidth. Recently several teehniques[49-56]
have been proposed involving transient response of atoms
to pulsed excitation in order to obtain lines narrower
than natural linewidth. For example, the time resolved
fluorescence in the context of Hanle type of experiments,
has the following intensity for an atom having a Zeeman
splitting w [49]

-t
I(w,,t) = [ A+ BcosWgt ] e (6.1)

where [°~1 is the natural lifetime of the excited state,
and the constant A and B are related to the pulse excita-
tion parameters. In the usual quantum beat signal one
observes I(uuo,t) for fixed GJ , and varied times., In time-
delayed level-crossing experiments, one fixes a time
interval t,-%, and studies the signal 1(uvo, tl,tz) inte~

grated in this interval as a function of (@, *

t, rt
Hw,, t, otp) = | 2 (mBooswt) e  ax  (6.2)

%
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When t, = ® , we obtain the simple result

-t r B
(W, ) t,) =e (r‘ + B cosw _t, - ﬁzia? SURN

0 +0

(6.3)

Studied as a function of the delayed signal I(wo tl,m)
?

o
exhibits a central peak around wo=o with a width which for
> 1/ , is inversely jroportional to ty. The narrow
width of the central peak allows one to separate two peaks
unresolved in the natural linewidth. For zero time delay tl,
one obtains the well known level-crossing aignal[25"33} which
has a Lorentzian shaped curve around ¥ =0 with a width .
However, there is a problem as oscillatory structures appear
in the wings due to the detection having a step function
sensitivity, and these have to be suppressed. It may be added
that lines narrower than natural linewidth (limited by laser

[15-18

linewidth) have been obté.ined in several other experimentss

In this chapter, we study a new method of achieving
resolution beyond natural linewidth. This method docs not
use pulsed excitations but uses continuous wave sources that
are weakly modulated in time at low frequencies. The experiment
obviously is to be performed in the Doppler free situation -

this could be done in an orthogonal geometry involving atomic
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beams.Els_lBJ We consider the following experimental
arrangement : a well collimated atomic beam is irradiated
orthogonally by laser beam:, The amplitude, and hence
the intcensity, of the laser beam is weakly modulated at a
low frequency. The fluorescence modulated at twice this
frequency is detected by a phase sensitive detector along
a mutually perpendicular direction, The signal is scanncd
by tuning the laser frequency through the opticel tr-nsi-
tion. We proceed by considering the incident ' field to
be nearly resonant with the transition between the two
levels denoted by {1 and |2> having the energies %w
and "%(1’respectively. The electric field of the lasecr
beam is described classically as in equation (2.1.7)

- ~ e

E(t) =%- ao (1+a e® gin ) e'i‘Q't + c.c. (6.4)

2

where © is the time-independent but random phase associatecd
with modulation, and the other symbols have the usual
meaning introduced in section (2,1). Note that equation
(6.4) implies that the time-averaged intensity of the laser

beam after averaging over the random distribution of © is

given by
2
L, ()&% £2(1- 8 cosvt) (6.5)

so that the intensity of the laser beam is modulated at L .
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As discussed earlier in section (3.1), the interaction
of the atoms with the vacuum of the radiation fields leads

to the following Bloch equations for the mean values :

(‘é"*(t)) = (-y+ia ) ET(+) - 21 (£) & 3D

E 2ty =-2y (€574 + %) + [F1a(£) LB HHED  + coc]

(6.6)
where
DN=Ww-52 (6.7)
and where
a(t) = "-21- Efz. [é"o (1+a ¢1® gin - t) ]
= o (1+a ¢ sin % %) (6.8)

2

gives the coupling of the modulated laser field with the
|l><—)|2> transition in the dipole approximation: 2y is

equal to Einstein A coefficient and tilde denotes a quantity

in a frame rotating with angular frequency £) . In deriving

(6.6), we have neglected terms oscillating as e 21824 . If

the laser field is weak, then equation (6.6) may be solved
within the framework of a perturbation theory with a(t) as
the expansion parameter. We are interested in obtaiﬁing the
total intensity of the modulated fluorescence. This has been

shown to be proportional to (compare with equation (3.1,10))



I(t) = @) 57(¢)> =2+ G2 (6.9)

By a simple perturbative analysis of equation (6.6), we get

to second order in a(t) and in the long time limit

aZ (2) & 1 =2y(t=t") ; (=y+iA )(t'=%"" ) %
Ee) = J‘at e=2¥! a(4') jdt"e M,
0 o
+ c.C. (6.10)

Substituting the explicit form of a(+t) from (6.8) in (6,10)
and making use of equations (2.3.8) to (2.3.10), we obtain

g/ 2 2
<:§z(u>£> = '25 2 , 2% [i — + L
(2) v+a® 8 e+ 227 Pua- )2
2 1Y
-iaa® e eiof L, 1 _\ -ief 1 31\
2 2y+iV Y-1a T AHD YA Ty-Ip+T)
2
22 ivt
et g = + — + c.C. (6.11)
TP\ yHia Y y-ip iy
2 2

On averaging over the random distribution of ®, the terms
that are linear in the modulation ratio a vanish. If the

modulation frequency is:umuch smaller than the laser detuning
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and the spontancous emission rate i.e. V& A, Yy, then the

above result and Eq. (6.8) lead to

2 2 2 2
1+g )- 2. cos Y t (6.12)

I N aao
5,(2) 7 42 5\ ( e 2(v%+ A%)

Thus the amplitude of cosine component of the modulated
Tluorcscence oscillating at a freguency ) has a resonance.

centred at (=0 with 2 FWHM equal to the natural width 2y.

We now study the component of the modulated fluore-
scence oscillating at a frequency 2V , this occuring to
fourth order in modulation ratio a. It may be noted that
an ingcnious method based on modulated fluorescence, which
is also fourth order in the modulationratio, hé.a been used
by Sorem and Schawlow[24] and other 1-:ror1':»<.ars[90:| to obtain
Doppler free signals for samples in cell. Perturbative

calculations of equations (6.6) yield

L

t N fz b - 7 (t=t,)

e 1 .

@zgtbu) = =2 L!:dtl'! dt, 06.1:3 fo dt, e a(--bl))(
(= %—;m) (=%5) - JT*lth-tB)
e a*(tz) e X
1 . ) 3
) g- 52+1A)(t3-t4) (= Ta-lA)(_t3-t4) . c.o.
{a(t3 ° a*(t4)+a*(t3) e a:('b4)
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Substituting the explicit form of a(t) from equation (6.8)
and making use of equations (2.3%.8) to (2.3%.10), we obtain

Is’(4)= 'ﬂ(+)92n}t + n(,-)e-Z:Lvt + components oscillating «t
- other multiples of -er-’-—
(6614)
where
-+ -
T1()=n(_)_____E'L_gg‘rsf[ 1

(2y+2ip )(y-iz -3%2_)(2Y+1v )(v—iA+iy2_J

1
+
(2y +2iv )( v+iA+1;§2.)(2v+iu )(v+iA+;%J_)

1

+
(2y+2iv )(y-iA +3%'_)(_2?+iv )(y+ip +22L)

1
+ —
(2y+2iv ) (y+iA +1_i.%)(27+iv )(y=-in +.?=Jé.L.;,

(6.15)

For small modulation frequency (¥ ((A, vY), the fluorescence

oscillating at 2v is given by

4 4
= =a.a_ 22 i S .16
Is,(4) 3 008 2Vt T3 TEe (6.16)
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Thus the modulated fluorescence at 21' has a rather simple
structure and interpretation., The value of A at which the

value is half of the peak-value occurs at
Aly =+ (V2-1)% = & .6434 (6.17)

so that the FWHM of the resonance centired at ) =) is of tue
order of 1l.3Y, which is considerably less than the natural
linewidth of 2y. Thus we have an effective and rather simple
method for resolving closely-spaced spectral lines even when
their frequency difference is less than the radiative line-
width. Thus CW methods can be used to study closely lying
lines. It is hoped that the technique studied in this
chapter would provide an alternative to the techniques used

in time resolved experiments.
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FIGURE CAPTIONS

Fige 1 Phase shift of the fluorescence as a function of

Fig.

Fig.
Fig.

Fig,

the nodulation frequency (in units of Ta'l) for

a T, = 0.1, A=0. The values of the relaxation

Paranmeters are

1 10 1 2

(a) = = 5 (p) = = =
oo o T
1 1 1 1

o) §OE T, T, = 10T,

Anplitude of modulation of the fluorescent light as
a function of the modulation frequency. The values

of the parameters are the same as in figure (1),

]

Same as in figure 1, but with aT2 10,
Sane as in figure 2, but with aT2 = 10,

Phase shift of the fluorescence as a function of <he

modulation frequency (in units of y) for

(a) Y, = 10Y vertical scale for 1 division = 20,
(v) Yo =Y vertical scale for 1 division = 20,
(e) v, = {5 vertical scale for 1 division = 4.
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Fige 6 4Amplitudc of modulation of the fluorescent light
as a function of the modulation frequency. The values

of the parameters are the same as in figure .5..

Fige 7 DNormalised plot of the velocity-averaged amplitude
of modulation for both weak ( % = 0.1) and strong
(% = 10) fields in the absence of detunings (A =0).

The parameters are

(_a)D={3 (b) D=y (¢) D = 10y

Fig, 8 Schematic representation of experimental geometry.
Fig. 9 Schematic representation of the relevant energy levels.

Fig,l0 Magnetic field 8can of the amplitude of the cosine
component of the modulated fluorescence detected parallel

to H for ¥- = 10 and for the following values of the

Y
bandwidth parameter :
(a) Yo = O
() == == Y, =Y

(¢) —e—e— v, = 5Y

Fig.1ll Magnetic field scan of the amplitude of the Sine compo-
nent of the modulated fluorescence detected parallel to

H for the same values of the parameters as in Fig. 10,

134



Fig.12

I'1g.13

Fig.14

Fig.:l5

Fig.l6

Magnetic field decan of the amplitude of the cosinc
component of the modulated fluorescence detected per—
pbendicular to H for the szme valucs of the parameters

as in Fig, 10,

Mugnetic field scan of the amplitude of the Sine
component of the modulated fluorescence detzcicd

perpendiculur to H for the same values of the paru-

meters as in Fig,10.

Modulation frequency scan of the amplitude of the
cosine component of the modulated fluorescence detec-—
ted parallel to H for % = 5 and for the following

values of the bandwidth parameter :

(a)

(b) = === vy, =%

(c) —e—s— Y = 5y

Yy =0

Modulation frequency scan of the amplitude of the
sine component of the modulated fluorescence detected

parallel to H for the same values of the paramcters

as in Fig.l4.

Modulation frequency scan of the amplitude of the
cosine component of the modulzsted fluoresccnce detecc-
ted perpendicular to H for the same values of the

parameters as in Fig.l4.
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Fig.1l7 Modulation frequency scan of the amplitude of the
cosine component of the modulated fluorescence detec-
ted perpendicular to H for the same values of the

Parameters as in Fig.l4.

Fig.18 Same as in figure 14, but for {[5 = 10,
Fig.l9 Same as in figure 15, but for $ = 10,
Fig,20 Same as in figure 16, but for % = 10,
Fig.2l Same as in figure 17, but for $~ = 10,

Fig.22 Schematic diagram of the energy levels of the
system showing the various interactions and relaxa-

tions.

Fig.23 Anmplitude of modulation Al corresponding to the
linear response of 1‘131(00) to modulation of laser
field 1l as a function of the modulation frequency
D) for @y =10, vy =1=Y, y Ay =0 =A, and for

various values of the laser field strength

(a)
(b)) = = = = a =5

al=1

(c) — — Gl = 10

Fig,24 Amplitude of modulation A2 corresponding to linear
response of 1?1(00) to modulation of laser field 2 as

a function of 2J2. The values of the parameters are

the same as in figure 23,
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Fig.25 Amplitude of modulation B, corresponding to linear
response of lg;(OO) to modulation of laser field 1

as a function of ;)1 for the s2me values of the

Parameters as in figure 23,

¥ig,26 Amplitude of modulation B, corresponding to llnear
response of lgz(o:)) t0 modulation of laser ficld 2
as a function of 2)2 for the samc values of the

Parameters as in figure 23,

Fig.27 Same as in figure 23, but with @ =

following detunings (a) A, =5, A,=2 -
(B)A; =2, A, =5 (-=-=--).

10 = o, and the

Fig.28 ©Same as in figure 24, but with @, = 10 = a, and laser
detunings (a)A 1 =5 A2 = 2(=—) (b)A 1=2,A2=5(.. ---)

Fig.29 ©Same as in figure 25, but with a, = 10 = @, and laser

detunings (a)B;=5, DB ,=2 (—) (0)A}=2,A,=5(- - - =),

Fig.30 Sawe as in figure 26, but with @, = 10 = @, and laser
) (b)By=2,A=5 (- - = =).

detunings (a) Al=5 , A o=2(

137



Ly
) =]

e

-

N
N

1
o th



1.0

0.5

~

b)

FIG. 2



€ 94




)
)
@)

(e)




tan® O 20

FIG. 5



05}
@)
b
oL ¢
3 0 5
vy —*

FIG. 6



£ 94

- \a\a

o q

oo 1

e)
(q

450

o'l




6 91

<€l

wieaq
J1U10}8
X
()7
A zw__
pa}aa3}ap
X
- o
H ) uJeaq
1359
(%)
Wby
popakp



4

FIG. 1l

FIG.10






FIGC.15

l-
.

025¢F

FIG %



9 "o14




6L 9
JIE gl 914




1¢ 914

Ot

0Z 914
-— x\a

(074 OO




Brp X 1)
" Wo 27,
1 I T
I . e
A,
T 5 >
2, ,, 27,
%2
®

FIG. 22



A

\




Gex

—x..l .l.nl-.l._.l_.!..-lunll.\_.\ll-.la/

G¢e













8¢ 9I4

(074

HeX emmmmmmmm ===

1%




— - --.----
e !




bt
L1 T -.---
-

l..

n/Y, —=

- o’

FIG. 30



BIO - DATA
e

NAME oo RAGINI SAXENA

ADDRESS .o School of Physics
University of Hyderabad
HYDERABAD - 500 134

EDUCATION

(1) Senior Cambridge (I.S.C.), University of Cambridge -
Local Examination Syndicate, First clasc with first
position in U.P,Merit List (1970).

(2) B.Sc.,(Physics Honours), Banaras Hindu University.
First class with second position (1973).

(3) M.Sc., Banaras Hindu University. First class with
Chancellor's 'medal for first position in M.A., and
M.Sc., Examinations (1975).

LIST OF PUBLICATIONS

(1) " Quantum Theory of Resonance Fluorescence with Recoil
" Effects™ , G.S.Agarwal and R.Saxena, Opt. Commun. 26,
202 (1978).

(2) ™ A.C.Stark Effect and Fluoruscence using Modulated
“ laser beams ' I, Effect of laser fluctuations and

arbitrary rélaxation parameters"™ , R.Saxena and
G’nSlAgarWal’ Jc Phys. B Lg_’ 1939 (1979)0

(3) "™ AC Stark Effect and Fluorescence using modulated
laser beams. II Two photon stepwise excitation" ,
R.Saxena and G.S.Agarwal, J.Phys. Bl3, 453 (1980).



(4) " Analytical solution for the spectrum of resonance
" fluorescence of a cooperative system of two atoms
and the existence of additional sidebands" ,
G.S.Agarwal, R.Saxena, L.M.Narducci, D.H.Feng and
R.Gilmore, Phys. Rev. 421, 257 (1980).

(5) ™ Modulated Hanle Signals in Partially coherent fieclds"
R.Saxena and G.S8.agarwal, Phys. Rev., A (submitted).

(6) ' Resolution Beyond Natural Linewidth via Fluorescence
in Modulated Beams" , R.Saxena and G.S.Agarwal,
submitted for publication.



