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Abstract

The discovery of neutrino oscillation confirmed that neutrinos are massive and flavor eigen-
states are mixture of mass eigenstates. Thus, many experiments focused on determining
neutrino mass and mixing. As a result most of the oscillation parameters are measured pre-
cisely and it is confirmed that atleast two of active neutrinos are massive but the masses
are very small demanding a different origin for neutrino mass from other fermion masses.
Various seesaw mechanisms explain tiny neutrino mass but not the mixing. If it is only the
SM symmetry that governs particle interactions then all the parameters in active neutrino
mass matrix are independent from each other. But if there exists flavor symmetry, one which
relates fermions of different generations then the number of free parameters in neutrino mass
matrix reduces. As a result the neutrino mixing matrix takes some special forms such as
tribimaximal mixing, bimaximal mixing, golden ratio A, golden ratio B, hexagonal mixing
etc. All these forms of neutrino mixing matrix predict mixing angles other than θ13 close to
the experimental values but have vanishing θ13 while oscillation experiments measure mod-
erately large θ13. Hence, we consider the effect of perturbations to these mixing matrices and
find that the above mentioned mixing matrices with suitable perturbations can accommodate
non-zero θ13. Then we consider a model based on A4 symmetry which gives co-bimaximal
form for neutrino mixing matrix at leading order while correction in neutrino sector from
effective dimensional five operators modify the mixing matrix. We also study the implica-
tions of the model in lepton flavor violation decay µ → eγ. We then study A4 realization
of linear seesaw where SM symmetry is extended with A4 × Z4 × Z3 and a global symmetry
U(1)X which is broken explicitly in Higgs potential. We found that for chosen representa-
tions of fields under symmetry groups of the model the mixing parameters obtained are inline
with experimental observations. Moreover, we discuss the scope of this model to explain the
baryon asymmetry of the universe through Leptogenesis and the possibility of probing the
non-unitarity effect in this scenario.
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Chapter 1

Introduction

Neutrinos are the lightest fermions belonging to the lepton family of elementary particles.
Being colourless and electrically neutral, they are sensitive only to weak interactions, hence
interact very rarely, which made them hidden from rest of the universe for a very long time
until some conscious efforts were made to observe them as the existence of neutrino was
predicted by theory to explain beta decay. There exists three flavors of neutrinos: electron
(νe), muon (νµ) and tau (ντ ) neutrinos corresponding to their charged lepton partners electron
(e), muon (µ) and tau (τ). Electron anti-neutrino was first detected in a reactor neutrino
experiment by Reins and Cowan in 1956 [1, 2], for which Reins received Nobel prize in 1995.
Later in 1962 Lederman, Schwartz and Steinberger discovered muon neutrino [3] and won
Nobel prize in 1988 while tau neutrino was discovered in 2000 by DONUT collaboration [4].
Pauli proposed the existence of neutrinos in order to show that beta decay does not violate
any of the conservation laws, such as energy-momentum conservation and angular momentum
conservation. Prior to it, beta decay was thought to be a two body process where a neutron
inside a nucleus is converted into a proton by emitting an electron. Being a two body problem
and the daughter nuclei is almost at rest, the energy-momentum conservation suggests energy
spectrum of emitted electron to be discrete with energy close to the binding energy of the
nucleus and recoiling of the nucleus to be opposite to the direction of emission of electron.
But energy spectrum of beta decay was found to be continuous [5] and the recoiling of
nucleus was not exactly opposite to the direction of emission of electron. Other than this,
beta decay as a two body problem seems to violate angular momentum conservation as a
spin-half particle decays into two spin-half particles. To explain this spectacular result, Pauli
suggested that in beta decay along with electron a neutral spin-half particle is also emitted
and the binding energy is distributed among them. These particles later named as neutrino
meaning ‘little neutral one’ by Fermi. In β-decay, the maximum energy of electrons is close
to the binding energy of nucleus suggesting neutrinos are almost massless. Being light and
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Introduction

not yet observed suggest that neutrinos are rarely interacting. The maximum energy electron
can have depends upon the mass of neutrino. Hence, the β-decay spectrum is sensitive to
neutrino mass and the effect of neutrino mass on β-decay spectrum is well visualized by Kurie
plot, which is shown in Fig. 1.1.

Figure 1.1: Kurie plot taken from [6]. The plot shows the variation in the endpoint energy
of emitted electrons with non-zero neutrino mass

The beta decay experiments could only set an upper bound on neutrino mass till date [7], as
the mass of neutrinos are well below the experimental sensitivity. Hence, many beta decay
experiments are designed with improved sensitivity for direct measurement of neutrino mass
[8, 9].
Incorporating Pauli’s idea and inspired by electromagnetic interaction, Fermi put forward
four-fermion interaction as the mechanism behind β decay [10]. Fermi proposed electrons
and neutrinos are created during the transition of neutron to proton like photons are cre-
ated during the emission by an atom. Hence, beta decay rate is proportional to transition
probability. Fermi also gave a formula to calculate transition probability, which is named as
Fermi’s golden rule. Thus, Fermi’s theory allowed to calculate beta decay life-time, also gives
a quantitative description of beta decay emission spectrum. Fermi’s four-fermion interaction
with suitable amendments in response to experimental discoveries [11, 12, 13] evolved to the
present form of weak interaction which serves a major part of the well established theory, the
Standard Model (SM) of particle physics.
Even though SM explains most of the phenomenon in the universe and its predictions are
verified with great accuracy, there are some problems, such as the existence of dark matter
[14, 15], matter-antimatter asymmetry [16], etc which are beyond the scope of SM hence,
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hint towards Physics beyond SM. Among all the elementary particles, neutrino is the only
particle which behaves differently from SM predictions. Right-handed neutrinos are absent
in the standard model as they were neither observed [17] nor needed for the completeness
of SM. In standard model all fermions that interact with Higgs get their mass due to its
non-zero vacuum expectation value. Higgs interacts with a left-handed and a right-handed
fermion hence, does not interact with neutrinos keeping neutrinos massless in SM. But they
are found to be massive falsifying the SM prediction. Neutrinos are proved to be massive by
the experimental confirmation of neutrino oscillation [18, 19, 20, 21], a phenomenon in which
neutrino changes its flavor as it propagates [22, 23]. Neutrino oscillation demands neutrino
flavor states different from mass states [24], hence, atleast one of the mass states should be
non-degenerate i.e., atleast one among the three neutrinos is massive [25, 26].
Neutrino oscillation experiments probe neutrino mixing and mass squared differences, hence,
the structure of neutrino mass matrix which in turn gives an idea about the symmetry across
the generations and perhaps an explanation for existence of three generations of fermions for
which SM has no answer. And beta decay [27], neutrinoless double beta decay (0νββ) [28] and
cosmological bound on sum of neutrino mass give the idea about the absolute scale of neutrino
mass. Hence these experiments collectively uncover neutrino mass sector making neutrino a
good place to look for the nature of new physics beyond SM. No standard model particles can
account for the dark matter also matter-antimatter asymmetry requires CP violation [29].
The only source of CP violation in the SM is from the complex elements in CKM matrix that
relate flavor and mass states of down type quarks which is not enough to account for the
observed asymmetry. Mass models for neutrino require extension of SM in terms of particle
content, the new particles can be dark matter candidates [30, 31, 32, 33, 34, 35, 36] and
complex elements in neutrino mass matrix can add up the CP violation hence, give rise to
correct matter-antimatter asymmetry [37, 38, 39]. A right model for neutrino mass may solve
the mystery of dark matter and matter-antimatter asymmetry. Hence, building a model to
explain neutrino mass is a step towards finding a theory which explains all these mysteries.

1.1 Standard Model of particle physics

SM includes all the elementary particles discovered till now and describes the fundamental
interactions strong, electromagnetic, and weak based on the gauge groups SU(3)C×SU(2)L×
U(1)Y [40]. SU(3)C describes the strong interaction [41] while SU(2)L × U(1)Y describes
the electroweak interaction which unifies electromagnetic and weak interactions [42]. The
elementary particles belong to different representations of SM symmetry group as shown in
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Table 1.1.

Fields SU(3)C SU(2)L U(1)Y
(
νe
e

)
L

,
(
νµ
µ

)
L

,
(
ντ
τ

)
L

1 2 −1

eR, µR, τR 1 1 −2

(
u
d

)
L

,
(
c
s

)
L

,
(
t
b

)
L

3 2 1
3

uR, cR, tR 3 1 4
3

dR, sR, bR 3 1 −2
3

H 1 2 1

Table 1.1: Fermion and scalar contents of SM model along with their SU(3)C × SU(2)L
representations and hypercharge.

SM classifies the elementary particles based on their properties into different categories:
fermions and bosons. Fermions are again classified into two groups quarks and leptons while
bosons are of two types, gauge bosons with spin one (vector bosons) and Higgs boson with spin
zero (scalar boson). Quarks and leptons are two classes of fermions, the one which is sensitive
to strong interaction falls into quarks category while the one which is not into leptons. Quarks
belong to triplet representation of SU(3)C hence, there are three equivalent states of each
quark species which differ from each other by color, the charge of strong interaction. Fermions
are put into three generations and the stability of fermions decreases as going from first to
third. Gauge bosons are spin 1 particles that mediate interactions and Higgs, the only spin-
0 boson in SM gives masses to all elementary particles. Strong interactions are mediated
by eight types of gluons, W and Z bosons mediate weak interactions while electromagnetic
interactions are mediated by photons.

Strong interaction: The strong interaction is dictated by SU(3) local symmetry, which
is a non-abelian symmetry. SU(3)C symmetry requires the physics to be invariant under
the local SU(3) transformation in color space, where a triplet, ψ(x)T = (ψ1(x), ψ2(x), ψ3(x))
transforms as

ψ(x) = eiαa(x)Taψ(x) , (1.1)
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αa, a = 1, ....., 8 are group parameters and Ta are generators of SU(3) symmetry and obey
the commutation relation

[Ta, Tb] = ifabcTc , (1.2)

where fabc are real constants known as structure constants of the group. Hence, the La-
grangian of a color triplet is given by

L = ψ̄(x) (iγµ∂µ −m)ψ(x)− gs
(
ψ̄(x)γµTaψ(x)

)
Ga
µ −

1
4G

a
µνG

µν
a , (1.3)

where
Ga
µν = ∂µG

a
ν − ∂νGa

µ − gsfabcGb
µG

c
ν . (1.4)

Ga
µ are the gauge boson (gluon) fields and transform under SU(3) as

Ga
µ → Ga

µ −
1
gs
∂µαa − fabcαbGc

µ , (1.5)

introduced to ensure SU(3) local symmetry. The first term in the Lagrangian (1.3) is the
kinetic and mass term of the field ψ, second term is the interaction between the field ψ and
gluons and the last term is the kinetic energy and self-interaction of gluons. Mass terms for
gluons, Ga

µG
µ
a are absent in the Lagrangian, as such terms spoil the SU(3) symmetry. Hence,

SU(3) symmetry results in eight massless gluons. Equation (1.3) is the interaction Lagrangian
describing a color triplet and eight massless gluons which tells that any particle which has
color interacts with gluons with a coupling gs. Hence, strong interaction between particles
are mediated by eight types of self-interacting massless gluons. Quarks are triplet under
SU(3)C while leptons are singlets, hence, the above Lagrangian describes the interactions of
quarks with gluons.

Electroweak interaction: Electroweak interaction is governed by SU(2)L × U(1)Y sym-
metry [43]. The subscript L on SU(2) indicates only left-chiral fields have non trivial rep-
resentation under SU(2), in other words only left-chiral fields transform under SU(2)L [44].
The transformation property of particle under SU(2)L is defined by its Isospin (I) while that
under U(1)Y by hypercharge (Y ) which are related to electric charge (Q) of particle as

Q = I3 + Y

2 , (1.6)

where I3 is the third component of Isospin which changes from I to −I in steps of one from
top to bottom within SU(2)L multiplet. A particle with Isospin I belongs to a multiplet of
dimension 2I + 1, for example particle with Isospin 1

2 belongs to a doublet. Fermion content
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of SM belongs to different representation of SU(2)L × U(1)Y as shown in Table 1.1. The
left chiral projections of fermions belong to SU(2)L doublet while right chiral projections are
singlet. Both left and right chiral fields have nonzero hypercharge. For example, left chiral
projection of electron along with electron neutrino form an isospin doublet having hyperchage
−1, while right chiral projection of electron is an isospin singlet with hypercharge −2 and
right handed neutrinos are absent in SM. Hence, under SU(2)L × U(1)Y the left and right
chiral projections of fermions transform as

χL = eiα(x).τeiβ(x)YLχL ,

ψR = eiβ(x)YRψR , (1.7)

where τi = 1
2σi, σi’s are Pauli matrices given by

σ1 =
 0 1

1 0

 , σ2 =
 0 −i
i 0

 , σ3 =
 1 0

0 −1

 . (1.8)

YL and YR are hypercharge of χL and ψR respectively, χL is isospin doublet and ψR is isospin
singlet. The left and right chiral projections of fermion field ψ is given by

ψR = 1
2
(
1 + γ5

)
ψ , (1.9)

ψL = 1
2
(
1− γ5

)
ψ , (1.10)

where PR,L = 1
2 (1± γ5) are the projection operators. The SU(2)L × U(1)Y invariant La-

grangian describing χL and ψR is given by

L = χ̄Lγ
µ
(
i∂µ − gτ .Wµ − g′

YL
2 Bµ

)
χL

+ ψ̄Rγ
µ
(
i∂µ − g′

YR
2 Bµ

)
ψR −

1
4WµνW

µν − 1
4BµνB

µν , (1.11)

where Wµν and Bµν are given by

Wµν = ∂µWν − ∂νWµ − gWµ ×Wν ,

Bµν = ∂µBν − ∂νBµ . (1.12)

The gauge fields Wµ = {W 1
µ , W 2

µ , W 3
µ}, transform under SU(2)L as

Wµ →Wµ −
1
g
∂µα(x)−α(x)×Wµ , (1.13)
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while Bµ transforms under U(1)Y as

Bµ → Bµ −
1
g′
∂µβ(x). (1.14)

The left-handed chiral field χL in (1.11) represents all isospin doublets of elementary fermions
and ψR represents all right handed fermions of SM. For example, for

χL =
 νeL

eL

 , ψR = eR, (1.15)

the Lagrangian (1.11) describes electron and electron-type neutrino. Substituting (1.15) in
Eq. (1.11), we obtain

L = (ν̄eLēL) γµ
 i∂µ 0

0 i∂µ

 νeL

eL


− 1

2 (ν̄eLēL) γµ
 gW 3

µ + g′YLBµ g
(
W 1
µ − iW 2

µ

)
g
(
W 1
µ + iW 2

µ

)
−gW 3

µ + g′YLBµ

 νeL

eL


+ ēRγ

µ
(
i∂µ −

1
2g
′YRBµ

)
eR , (1.16)

with YL = −1 and YR = −2. From Eq. (1.16) one can identify the linear combination of
W 1
µ and W 2

µ given by Wµ = 1√
2

(
W 1
µ + iW 2

µ

)
as the field, that annihilates W+ and creates

W− gauge bosons of weak interaction. The neutral field W 3
µ is inadequate to describe Z

boson, the neutral weak gauge boson, as it couples to both left and right chiral fields, while
W 3
µ interacts only with left chiral fields. So SU(2)L symmetry is insufficient to explain weak

interaction, this led to the unification of electromagnetic and weak interaction. The gauge
field Bµ is neutral and couples with both left and right chiral fields, hence, it should be one
of the two linear combination of W 3

µ and Bµ that describes Z boson while the other gives
photon field Aµ [42]. Two orthogonal combinations of neutral gauge fields W 3

µ and Bµ that
give the physical fields Zµ and Aµ, are given by

Zµ = −Bµ sin θW +W 3
µ cos θW ,

Aµ = Bµ cos θW +W 3
µ sin θW , (1.17)

where θW is known as weak mixing angle or Weinberg angle which relates the coupling
constants g, g′ and electromagnetic coupling e, as g sin θW = g′ cos θW = e. In the basis of
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physical gauge fields, interaction part of the Lagrangian is given by

Lint = − g√
2
[
jµ†Wµ + h.c.

]
− g

cos θw
jµNCZµ − ejµemAµ , (1.18)

where jµ is the weak charged current

jµ = ν̄eγ
µ1

2
(
1− γ5

)
e, (1.19)

jµNC is the weak neutral current

jµNC = ν̄eγ
µ1

2
(
gνV − gνAγ5

)
νe + ēγµ

1
2
(
geV − geAγ5

)
e , (1.20)

with

gfV = If3 − 2 sin2 θW q
f , gfA = If3 , (1.21)

and jµem is the electromagnetic current

jµem = qeēγµe , (1.22)

where qf is the electric charge of fermion f in units of e, for charged leptons it is −1, for
up-type quark it is 2

3 and for down-type quark −1
3 . Similarly, quarks also posses same kind

of interactions to preserve SU(2)L × U(1)Y symmetry. Hence, SU(2)L × U(1)Y symmetry
defines charged and neutral weak currents and electromagnetic current.
The mass terms for fermions as well as that of gauge bosons are absent in the electroweak La-
grangian, as such terms do not respect SU(2)L symmetry. The fermion mass term, mψψ̄LψR

is not invariant under SM symmetry as SU(2)L × U(1)Y transformations distinguish the
left (ψL) and right (ψR) chiral projections of fermions. Hence, the symmetry demands all
elementary fermions and gauge bosons to be massless but in reality all fermions and weak
gauge bosons (W± and Z) are massive while gluons and photons are massless. Hence, to
explain masses of fermions and weak gauge bosons SU(2)L × U(1)Y symmetry has to be
broken but an explicit breaking of symmetry by mass terms of gauge bosons make the theory
non-renormalizable hence, meaning less. Higgs mechanism is the resolution for the nonzero
masses of particles where particle get mass when local gauge symmetry breaks spontaneously
by the nonzero vacuum expectation value of Higgs field.

8
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1.1.1 Higgs mechanism

Spontaneous breaking of global gauge symmetry: The Lagrangian describing a com-
plex scalar field φ = 1√

2 (φ1 + iφ2) given by

L = (∂µφ)∗ (∂µφ)− µ2φ∗φ− λ(φ∗φ)2 , (1.23)

is invariant under global U(1) transformation of φ

φ→ eiαφ. (1.24)

For µ2 > 0, the second and third terms in the above Lagrangian is the potential V (φ) of a
scalar field with mass m and ground state at zero, as minimum value of the scalar potential
corresponds to φ = 0. But if µ2 < 0 it can not be the mass of the field as it has a wrong sign
also φ = 0 no longer gives a minima of the potential, which can be seen by looking into the
conditions for minima

∂V (φ)
∂|φ|

= 0⇒ µ2 + λ(φ2
1 + φ2

2) = 0, (1.25)

∂2V (φ)
∂|φ|2

> 0⇒ µ2 + 3λ(φ2
1 + φ2

2) > 0. (1.26)

Solutions of the first condition (1.25) are φ = 0 and (φ2
1 + φ2

2) = −(µ2/λ) while the second
condition (1.26) is satisfied only for (φ2

1 + φ2
2) = −(µ2/λ). Hence, all points in φ1 − φ2 plane

that satisfy the condition (φ2
1 +φ2

2) = −(µ2/λ) correspond to a minimum which is an outcome
of U(1) symmetry, as all those points are connected by U(1) transformations. So there are
many possible ground states for φ and one among them can be chosen as the ground state.
The symmetry breaks down, once the choice is made hence, called spontaneous symmetry
breaking. One can chose the ground state φ = v =

√
−(µ2/λ), e.g., φ1 = v and φ2 = 0 as all

the possible ground states are equivalent. The field φ(x) can be expressed in terms of fields
η(x) and ξ(x) as a small fluctuation from its ground state v as

φ(x) = 1√
2

[v + η(x) + iξ(x)] . (1.27)

The Lagrangian L can be expanded about the ground state by substituting Eq. (1.27) in
(1.23) as

L = 1
2(∂µξ)(∂µξ) + 1

2(∂µη)(∂µη)− (λv2η2 + const + · · · ) , (1.28)

where the dots stand for cubic and quartic terms in η and ξ. The above Lagrangian (1.28),
describes a massive real scalar field η with mass

√
2λv2 and a massless one ξ, known as

9
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Goldstone boson [45]. One can see that when a local gauge symmetry breaks spontaneously
the resulting massless fields are unphysical and serve as extra degrees of freedom required for
gauge bosons to become massive [46, 47]. This is known as Higgs mechanism.

Spontaneous breaking of local U(1) symmetry [47]: U(1) local gauge symmetry de-
mands the Lagrangian to be invariant under a transformation

φ→ eiα(x)φ , (1.29)

hence, should be in the form

L = (∂µ + ieAµ)φ∗(∂µ − ieAµ)φ− µ2φ∗φ− λ(φ∗φ)2 − 1
4FµνF

µν , (1.30)

where
Fµν = ∂µAν − ∂νAµ , (1.31)

and the gauge field Aµ transforms as

Aµ → Aµ + 1
e
∂µα(x) . (1.32)

Substituting Eq. (1.27) into (1.30), one obtains

L = 1
2(∂µξ)(∂µξ) + 1

2(∂µη)(∂µη)− λv2η2 + 1
2e

2v2AµA
µ

− evAµ∂
µξ(x)− 1

4FµνF
µν + h.o. , (1.33)

which describes a massless fermion ξ and a massive fermion η along with massive gauge boson
Aµ but has an extra degree of freedom compared to the Lagrangian in Eq. (1.30), which means
one of the scalar fields is unphysical. The unphysical scalar field can be removed by proper
gauge transformation. To see this one should choose the representation of φ as

φ = 1√
2

(v + h(x)) ei
θ(x)
v , (1.34)

where both h(x) and θ(x) are real scalar fields. The phase part of φ can be removed by the
U(1) transformation

φ′ → e−i
θ(x)
v φ , (1.35)

10
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for which the Lagrangian is invariant along with the gauge field transformed as

A′µ → Aµ −
1
ev
∂µθ(x) . (1.36)

Substituting φ′ in Eq. (1.30), yields

L = 1
2 (∂µh(x))2 − λv2h(x)2 + 1

2e
2v2A′µ

2 − 1
4FµνF

µν + h.o. . (1.37)

Now the theory is free of massless fields. In a similar way SU(2) gauge boson masses are
generated dynamically when the symmetry is broken by nonzero vacuum expectation value
of Higgs doublet.

Spontaneous breaking of Local SU(2) gauge symmetry: The Lagrangian describing
the field φ, a SU(2) doublet of complex scalar fields, which preserves local SU(2) gauge
symmetry is given by

L = (∂µφ+ igτ .W µφ)† (∂µφ+ igτ .W µφ)− V (φ)− 1
4W µν .W

µν , (1.38)

where

φ = 1√
2

 φ1 + iφ2

φ3 + iφ4

 , (1.39)

and
V (φ) = µ2φ†φ+ λ(φ†φ)2 , (1.40)

is the Higgs potential with µ2 < 0. Thus, it has the minimum at

φ†φ = 1
2
(
φ2

1 + φ2
2 + φ3

3 + φ2
4

)
= −µ

2

λ
, (1.41)

and one can chose the vacuum as

φ0 = 1√
2

 0
v

 , (1.42)

and the invariance under SU(2) transformation φ → eiα.τφ allows to expand φ about the
vacuum as

φ(x) = 1√
2

 0
v + h(x)

 . (1.43)

Substituting φ in Eq. (1.38) gives

L = 1
2 (∂µh(x))2 − λv2h(x)2 + 1

8
(
W †
µW

µ +W 3
µ

2)− 1
4W µν .W

µν + h.o.. (1.44)
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Thus, the particle content of the theory includes three massive gauge bosons, W±, W 3 with
mass 1

2gv, a scalar with mass λv and no massless particles. This shows breaking of SU(2)
symmetry by a SU(2) doublet Higgs generate mass for all three gauge bosons, this is the key
for generating mass for three gauge bosons W± and Z of weak interaction.

1.1.2 Weinberg Salam model

Weinberg-Salam model explains mass generation of weak gauge bosons and fermions by
applying Higgs mechanism to electroweak theory. Out of four gauge bosons of electroweak
interaction one is massless implying a U(1) symmetry is preserved even after the spontaneous
breaking of SU(2)L×U(1)Y symmetry. The symmetry can be identified as U(1)em, symmetry
of electromagnetic interaction as it is the photon that remains massless. Hence, the Higgs
field should break SU(2)L×U(1)Y to U(1)em. The Higgs doublet with hypercharge +1 serves
the purpose [42]. Nonzero vacuum expectation value of neutral component of Higgs doublet
breaks electroweak symmetry and generates mass for weak gauge bosons keeping photons
massless [42]. Interestingly the same Higgs field can generate mass for quarks and charged
leptons.
A Higgs doublet with hypercharge Y = 1 is given by φ+

φ0

 , (1.45)

where both φ+ and φ0 are complex fields with charge +1 and zero respectively. Since the
photon is charge-less vacuum should be electrically neutral. Hence, the vacuum is chosen as

〈φ〉 =
 0

v√
2

 . (1.46)

The term in the Lagrangian describing φ, relevant for mass generation of gauge bosons is
given by

Lmass =
∣∣∣∣∣
(
−igτ .W µ − i

g′

2 Bµ

)
〈φ〉

∣∣∣∣∣
2

. (1.47)

Substituting the value of 〈φ〉 from (1.46), in the above equation gives

Lmass = 1
8(gv)2

[(
W 1
µ + iW 2

µ

) (
W 1µ − iW 2µ

)]
+ 1

8(gv)2

W 3
µW

3µ − 2g
′

g
W 3
µB

µ +
(
g′

g

)2

BµB
µ

 , (1.48)
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which in terms of physical gauge boson fields Wµ, Zµ and Aµ is,

Lmass = M2
WW

†
µW

µ + 1
2
[
M2

ZZµZ
µ +M2

AAµA
µ
]
, (1.49)

where

MW = 1
2gv, MZ = 1

2
gv

cos θW
,

MA = 0.

Thus, weak gauge bosons become massive as electroweak symmetry breaks spontaneously by
nonzero vacuum expectation value of Higgs doublet, while photon remains massless.
The above mass relations give the ratio

MW

MZ

= cos θW , (1.50)

predicting the mass of W bosons to be less than or equal to that of Z boson and relative
strength of charged current and neutral current interaction in low energy limit, ρ = M2

W

M2
Z cos2 θW

as one. Experimental value of ρ is found to be 0.9980±0.0086, agreeing with the model. The
mass of W boson is related to the Fermi constant GF as

GF√
2

= g2

8M2
W

. (1.51)

Substituting M2
W = 1

4g
2v2 and GF = 1.16638× 10−5 in the above equation fixes the VEV of

Higgs doublet, v√
2 to be 174 GeV.

Under SU(2)L×U(1)Y , the product L̄αLψβR of isospin doublet of left-handed leptons LTαL =
(να, lα)L and right-handed leptons lβR for α, β = e, µ, τ transform as (2,−1) i.e., the product
is a doublet under SU(2)L with hypercharge, Y = −1, while the Higgs doublet transforms
as (2, 1), hence, the Yukawa interaction

LY = −
∑

α,β=e,µ,τ
Y l
αβL̄αLφlβR + h.c. , (1.52)

is invariant under SU(2)L × U(1)Y symmetry transformations thus, allowed by electroweak
symmetry. Substituting φ as given in (1.43) in the above Yukawa Lagrangian gives

LY = − 1√
2

(v + h) l̄LY llR + h.c. , (1.53)
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where the matrices lL,R are defined as

lL,R =


eL,R

µL,R

τL,R

 ,

and Y l is the 3× 3 matrix of Yukawa coupling with elements
(
Y l
)
αβ

= Y l
αβ. The first term

in LY is mass term of charged leptons while second term is the interaction of charged lepton
with Higgs. The mass term of charged lepton can be written as

Lmass = l̄LM
llR, (1.54)

where the mass matrix, Ml = vY l and the interaction term is given by

Lint = 1
v
l̄LMlRh. (1.55)

In the similar way, up and down type quarks get mass through the Yukawa interaction,

LQy = −
∑

i=1,2,3

∑
β=u,c,t

Y U
iβQiLφ̃qβR + Y Q

iβQiLφqβR + h.c., (1.56)

where QiL is the quark doublet of ith generation and

φ̃ = iτ2φ
∗ = 1√

2

 v + h(x)
0

 . (1.57)

Hence, the mass term for quarks is given by

Lmass = qULM
UqUR + qDLM

DqDR + h.c., (1.58)

with MU = vY U and MD = vY D, where qUL,R and qDL,R are defined as

qUL,R =


uL,R

cL,R

tL,R

 ,

qDL,R =


dL,R

sL,R

bL,R

 . (1.59)

Thus, all fermions except neutrino get mass as electroweak symmetry breaks due to nonzero
VEV of Higgs doublet while neutrino remains massless. Fermion mass matrices M l, MU and
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MD can be diagonalized by bi-unitary transformations

V l
L

†
M lV l

R = M l′,

V U
L

†
MUV U

R = MU ′,

V D
L

†
MDV D

R = MD′.

Then in the mass diagonal basis lepton charged current is given by

j†µ = l̄LV
l
L

†
γµνL = l̄LγµV

l
L

†
νL = l̄Lγµν

′
L, (1.60)

where νL is a three element column matrix containing field of three flavors of neutrinos and
ν ′L = V l

L
†
νL. One can choose the flavor eigenstates (eigenstates of charged weak interactions)

as ll and ν ′L. Since neutrinos are massless ν ′L also forms mass basis. Hence, in SM lepton
flavor and mass basis is same, hence lepton flavor is conserved. But in the context of quark
it is not possible to find simultaneous eigenstates of mass and flavor as both up-type and
down-type quarks are massive. In mass basis charged weak current is given by

jµ = q̄ULV
U
L

†
γµV

D
L q

D
L = q̄ULγµV q

D
L , (1.61)

where V = V U
L
†
V D
L is the quark mixing matrix. The flavor basis can be chosen as (qUL , qDL

′ =
V qDL ), thus it is possible to choose flavor eigenstates of up type quarks same as mass eigen-
states then for down type quarks flavor states will be a linear combination of mass states.
So the quark mixing is not related to V U

L or V D
L but the difference between two i.e., V U

L
†
V D
L

and there will be no mixing if V D
L is same as V U

L . The quark mixing matrix known as CKM
(Cabibbo-Kobayashi-Maskawa) matrix can be parameterized in terms of three mixing angles
and one phase. In general an N×N unitary matrix can be parameterized in terms 1

2N(N−1)
mixing angles and 1

2N(N+1) phases but, 2N−1 phases can be removed by redefining phases
of fields. Hence, for N = 3 there will be three mixing angles and one phase and the standard
parameterization of CKM matrix is given by

VCKM =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s13s23e
iδ c12c23 − s12s13s23e

iδ c13s23

s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23

 . (1.62)

Similar situation arises in lepton sector also if neutrinos are massive. Since neutrinos are
electrically neutral they can be either Dirac type or Majorana type. If neutrinos are Dirac
type then lepton mixing matrix known as PMNS matrix can be parametrized in terms of
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three mixing angles and one phase (Dirac phase), similar to CKM matrix. If neutrino are
Majorana type then there will be two additional phases known as Majorana phases in mixing
matrix. This is because Majorana fields do not respect U(1) global symmetry, hence, phases
in the mixing matrix can not be removed by redefining neutrino fields. So in the case of
Majorana neutrinos lepton mixing matrix is given by [48]

VPMNS = UPMNS · Pν , (1.63)

where

UPMNS =


c12c13 s12c13 s13e

−iδCP

−s12c23 − c12s13s23e
iδCP c12c23 − s12s13s23e

iδCP c13s23

s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23

 ,

and Pν = diag(eiρ, eiσ, 1)

with ρ and σ are Majorana phases. Physical consequences of lepton mixing is that, the flavor
states of neutrino evolve with time hence, neutrinos change their flavor as they propagate, and
this phenomenon is known as neutrino oscillation. Kamiokande and Sudbury experiments
confirmed neutrino oscillation hence, brought out the fact that lepton mixing exists and
neutrinos are massive.

1.2 Neutrino oscillations

Neutrino oscillation was suggested as a resolution to solar and atmospheric neutrino prob-
lems [49]. Solar and atmospheric neutrino problems refer to the mismatch in neutrino flux
predicted by theory and measured by experiments. Neutrino oscillation was first proposed by
Pontecorvo in analogy with K0 − K̄0 oscillation [50], long before the solar and atmospheric
neutrino problems were encountered. K0− K̄0 oscillation occurs because quark flavor states
are admixture of mass states i.e., the mass matrix is non-diagonal in flavor basis. Analogously,
neutrino oscillation occurs because flavor and mass bases are different, so it is essentially an
effect of nonzero neutrino mass and mixing. Pontecorvo proposed oscillation between active
neutrino and a fermion which is a singlet under SM symmetry group, a new concept intro-
duced by him known as sterile neutrino, as there was only one active neutrino known at that
time. Later with the discovery of muon neutrino, another flavor of neutrino, flavor oscillation
were considered. During 1975 -76, theory of neutrino oscillation was developed in plane-wave
approximation [24, 25] which gives various oscillation probabilities such as transition and
survival probabilities. Transition probability is the probability of a neutrino to change its
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flavor while survival probability is the probability of neutrino flavor to remain the same.
In the plane wave approximation, the time evolution of neutrino mass state in vacuum is
given by

|νi(t)〉 = e−iEit |νi〉 , (1.64)

where Ei, the energy of ith mass state is related to its mass mi and momentum ~p by energy
momentum relation

Ei =
√
p2 +m2

i . (1.65)

The flavor state να in terms of mass state is given by,

|να〉 =
∑
i

Uαi |νi〉 (α = e, µ, τ), (1.66)

where i varies from 1 to 3 and U is a 3 × 3 unitary matrix that relates mass and flavor
eigenstates as 

νe

νµ

ντ

 = U


ν1

ν2

ν3

 . (1.67)

Both flavor and mass states are orthonormal, hence,

〈νi|νj〉 = δij ,

〈να|νβ〉 = δαβ . (1.68)

The state να describes a neutrino with a definite flavor at time, t = 0 and after a time t it
becomes |να(t)〉, given by Eqs (1.64) and (1.66) as,

|να(t)〉 =
∑
i

Uαie
−iEit

∑
β

U∗βi |νβ〉 , (1.69)

a superposition of flavor states. Hence, the probability of a neutrino created with definite
flavor α at t = 0 to change its flavor to β at t > 0 is given by

Pνα→νβ(t) =
∣∣∣〈νβ|να(t)

〉∣∣∣2 . (1.70)

Substituting Eq. (1.67) in (1.70) along with the condition 〈να|νβ〉 = δαβ gives

Pνα→νβ(t) =
∑
i,j

UαiU
∗
βiU

∗
αjUβje

−i(Ei−Ej)t . (1.71)

In ultra-relativistic limit, the time traveled by neutrino t ≈ L, the distance traveled by it as
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its velocity is close to that of light and with the assumption that all mass states have the
same momentum, the difference in energy is approximately,

Ei − Ej ≈
∆m2

ij

2E , (1.72)

where ∆m2
ij = m2

i −m2
j is the squared mass difference and E ≈ |~p|. With this approximations

the oscillation probability can be expressed as,

Pνα→νβ(E,L) =
∑
i,j

UαiU
∗
βiU

∗
αjUβje

−i
∆m2

ij
L

2E . (1.73)

The Eq. (1.73) gives oscillation probabilities for neutrino propagating through vacuum as
a function of E, energy of neutrino and L, distance traveled by it which in an experiment
is the distance between source and detector. Both E and L depend upon the experiment
measuring oscillation probabilities while other quantities , Uαi and ∆m2

ij on which oscillation
probabilities depend upon are physical constants. The equation (1.73) for α 6= β gives
transition probability and for α = β gives survival probability. The equation (1.73) can be
rewritten as

Pνα→νβ(E,L) =
∑
i

|Uαi|2 |Uβi|2 + 2
∑
i<j

Re
[
UαiU

∗
βjU

∗
αjUβie

−i
∆m2

ij
L

2E

]
. (1.74)

Since U is a unitary matrix ∑i |Uαi|
2 |Uβi|2 is given by,

∑
i

|Uαi|2 |Uβi|2 = δαβ − 2
∑
i<j

Re
[
UαiU

∗
βjU

∗
αjUβi

]
. (1.75)

Substituting (1.75) in (1.74) gives,

Pνα→νβ(E,L) = δαβ − 4
∑
i<j

Re
[
UαiU

∗
βjU

∗
αjUβi

]
sin2

[
∆m2

ijL

4E

]

+ 2
∑
i<j

Im
[
UαiU

∗
βjU

∗
αjUβi

]
sin

[
∆m2

ijL

4E

]
. (1.76)

The unitary matrix U is the PMNS matrix and the product U∗αiUiβUαjU∗iβ is invariant under
rephasing transformation,

Uαi = eiψαUαie
iψi , (1.77)

hence, U can be taken as UPMNS even if neutrinos are Majorana type.
From Eq. (1.74) it is clear that oscillation probabilities in vacuum depend upon mass squared
differences, mixing angles and Dirac phase but do not depend upon absolute mass of neutrinos
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and Majorana phases. As a result of various neutrino oscillation experiments now we have
clear idea about almost all oscillation parameters. Results from oscillation experiments show
two of the three mixing angles θ23 and θ12 are large while θ13 is small and ∆m2

12 � |∆m2
13|.

Sign of the mass squared difference, ∆m2
13 is not known till the date leaving two possibilities,

m1 < m2 � m3 known as normal hierarchy (NH) and m3 � m1 < m2 known as inverted
hierarchy (IH) for neutrino mass spectrum. The best fit values and 3σ ranges of oscillation
parameters are given in Table 1.2.

Mixing Parameters Best Fit value 3σ Range
sin2 θ12 0.323 0.278→ 0.375

sin2 θ23 (NH) 0.567 0.392→ 0.643
sin2 θ23 (IH) 0.573 0.403→ 0.640

sin2 θ13 (NH) 0.0234 0.0177→ 0.0294
sin2 θ13 (IH) 0.0240 0.0183→ 0.0297

∆m2
21/10−5 eV2 7.6 7.11→ 8.18

|∆m31|2/10−3 eV2 (NH) 2.48 2.30→ 2.65
|∆m31|2/10−3 eV2 (IH) 2.38 2.20→ 2.54

Table 1.2: The best-fit values and the 3σ ranges of the neutrino oscillation parameters [51].

Data given in Table 1.2 shows atleast two of the three neutrinos are massive falsifying SM
prediction of massless neutrino. Hence, explanation of results from neutrino oscillation ex-
periments needs physics beyond SM, specifically a model for neutrino mass which predicts
mass squared differences and mixing as given by experiments.

1.3 Outline of thesis

Flavor symmetries also known as family symmetries configure interactions between fermions
of different generations. Therefore if flavor symmetry exists one can see its implications on
fermion mass and mixing. Various neutrino oscillation experiments probe neutrino mixing
and mass hierarchies. Data from these experiments support the idea of existence of flavor
symmetry since, the particular form of lepton mixing given by experiments are close to some
symmetry forms which are possible outcomes if flavor symmetries existed at high energies.
This thesis aim to interpret the recent results on neutrino mass and mixing as an outcome
of flavor symmetries.
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Various seesaw mechanisms that generate tiny neutrino mass in beyond SM framework, neu-
trinoless double beta decay and some symmetry forms of lepton mixing matrix which are
µ− τ symmetric are discussed in chapter 2 of this thesis. Different forms of perturbations to
these symmetry forms of lepton mixing matrix, that arise from charged lepton and neutrino
sector and predict leptonic CP phase are presented in chapter 3. Chapter 4 discuss non-zero
θ13 and leptonic CP phase with A4 symmetry. A4 realization of linear seesaw is given in
chapter 5. Chapter 6 contains summary and conclusions of the thesis.
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Chapter 2

Neutrino mass and mixing in beyond
standard model

Neutrino is massless in the SM in all order of perturbation due to the absence of right handed
neutrinos. Hence, an obvious way to generate neutrino mass is to add right handed neutrinos
to SM. This will generate neutrino mass like other fermion masses but will not tell why
neutrino mass is too small compared to the mass of other fermions especially to the mass
of charged lepton, their isospin partners. The smallness of neutrino mass is addressed by
various seesaw mechanisms, such as Type-I [52, 53], Type-II [54, 55], Type-III [56], Linear
[57], and Inverse seesaw [58, 59] etc, which will be discussed in following sections.

2.1 Type-I seesaw

The addition of a right handed neutrino NRi, per generation in the SM model allows the
gauge invariant Yukawa interaction,

LY = −
∑
ij

Y ν
ij L̄iLφ̃NjR + h.c., (2.1)

which generates Dirac type mass for neutrino through Higgs mechanism. Right-handed neu-
trinos are singlet under SU(2)L group like all other right-handed fermions and are electrically
neutral too. Then from the relation Q = I3 +Y/2 it is clear that they have zero hypercharge,
in short they are singlet under SM symmetry group. Since NiR’s are singlets, the bare mass
term,

Lbare = −1
2

3∑
i,j=1

MRijN̂ iLNjR, (2.2)

where N̂iL is the CP conjugate of NiR, is also allowed by gauge symmetry. Mass terms of
such forms are known as Majorana mass terms. After symmetry breaking, mass terms of
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neutrinos in the basis (ν̂, NR)T can be written as,

Lmass = −1
2
(
ν̄L

¯̂
NL

) 0 MD

MT
D MR

 ν̂R

NR

 , (2.3)

where νL and NR are N element column matrices of fields of N generations while MD = vY ν

and MR are N ×N matrices. Then block diagonalizing the mass matrix,

Mν =
 0 MD

MT
D MR

 , (2.4)

decouples heavy and light neutrino mass terms. For single generationMν is 2×2 mass matrix
given by,

Mν =
 0 MD

MD MR

 , (2.5)

can be diagonalized by orthogonal transformation

OTMνO = Mν′, (2.6)

where O is an orthogonal matrix given by

O =
 cos θ sin θ
− sin θ cos θ

 , (2.7)

with tan 2θ = 2MD

MR
and Mν′ is a diagonal matrix with elements

m1,2 = 1
2

(
MR ±

√
M2

R + 4M2
D

)
. (2.8)

For MR � MD the eigenvalues become, m1 = −M2
D

MR
and m2 = MR. Hence, light and heavy

neutrino masses are given by, mlight = −M2
D

MR
and mheavy = MR, respectively. The light

neutrino mass has wrong sign which can be removed by the transformation,

KTMν ′K = diag
(
M2

D

MR

,MR

)
, (2.9)

where

K =
 i 0

0 1

 . (2.10)
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Hence, the mass eigenstates are given by,

n1 = i cos θ(νL − ν̂R)− i sin θ(N̂L −NR),

n2 = sin θ(νL + ν̂R) + cos θ(N̂L +NR). (2.11)

Since n̂1 = n1 and n̂2 = −n2, they are fields of Majorana particles. Similarly for N gener-
ations, there will be 2N Majorana fermions. Here the mass of light neutrino is suppressed
by M−1

R . The Dirac type mass MD is proportional to VEV of SM Higgs like other fermion
masses, hence, they are expected to be of the order of other fermion masses. Let MD ∼ mτ ,
mass of the tau lepton, then to obtain neutrino mass of the order of 10−2eV (Cosmological
bound restricts mass of neutrino to be less than 0.08eV) requires MR ∼ 107GeV. Hence, in
Type-I seesaw, smallness of light neutrino mass is ensured by the presence of very heavy right
handed neutrinos.
For N = 3 , the neutrino mass matrix Mν will be 6 × 6, with each element in it is a 3 × 3
matrix and can be block diagonalized by the transformation,

Mν ′ = ΘTMνΘ, (2.12)

where

Θ =
 1− 1

2ρρ
† ρ

−ρ† 1− 1
2ρ
†ρ

 , (2.13)

with ρ = MDM
−1
R � 1. The matrix Θ is unitary upto second order in ρ. The block

diagonalization of Mν gives the light neutrino mass as [52, 53]

mν = −MT
DM

−1
R MD, (2.14)

and heavy neutrino mass matrix as MR. Further diagonalization of mν gives mass of light
neutrino as well as mass eigenstates. Similarly diagonalization of MR gives mass and mass
states of heavy neutrinos. For N > 1 the diagonalization is done in two steps starting with
neutrino mass in flavor basis and ends up in mass basis. Hence, mass and flavor eigenstates
of neutrinos are related by,

να ≈ Uννi + ρUNNi,

Nα ≈ −ρ†Uν + UNN1, (2.15)

where Uα and UM diagonalize light and heavy neutrino mass matrices, να is a column matrix
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that contains flavor states of light neutrinos,

να =


νe

νµ

ντ

 ,

and νi has mass eigenstates of light neutrinos as its elements,

νi =


ν1

ν2

ν3

 .

Similarly Nα and Ni are column matrices of flavor and mass states of heavy neutrinos. In
neutrino oscillation experiments only the active neutrinos, νe, νµ and ντ can be detected
hence, only probabilities for a flavor to oscillate to active neutrinos can be measured. Since
the flavor states can oscillate to Nα’s also, the sum of the probabilities deviate from one,
which is known as non-unitarity effect and the strength of deviation from unity is given by
ρ†ρ. The Majorana mass term violate B − L by two unit hence, can account for baryon
asymmetry of universe through leptogenesis. Right-handed neutrino can decay in to both
leptons and antileptons. If rate of decay to lepton is different from the rate of decay to
antilepton, that is if CP is violated in the decay of right-handed neutrino, then the out of
equilibrium decay of right-handed neutrino generate lepton asymmetry. So type-I seesaw
not only explains tiny mass of neutrino but also have the potential to explain the baryon
asymmetry of the Universe.

2.1.1 Type-II seesaw

The Majorana mass term ∑
αβm

ν
αβ ν̂αLνβL is absent in the SM, as such terms transforms

as (3,−2) under SU(2)L × U(1)Y symmetry. Those type of mass terms can be generated
dynamically through Higgs mechanism, if there exists a Higgs triplet ∆ with hypercharge 2
and posses non zero VEV [54, 55]. The relevant term in the Lagrangian is given by,

LY = −
∑
αβ

f lαβL̂αL
1√
2
τ ·∆LβL + h.c., (2.16)

where τ ·∆ is the two dimensional representation of ∆ given by

τ ·∆ =
 ∆+
√

2 ∆++

∆0 −∆+
√

2

 . (2.17)
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As ∆0 gets nonzero VEV v∆√
2 , the interaction given in (2.16) generates Majorana mass for

neutrinos
Lmass =

∑
αβ

ν̂αLm
ν
αβνβL + h.c., (2.18)

where
mν
αβ = f lαβ

v∆√
2
. (2.19)

Here the smallness of neutrino mass is guaranteed by the smallness of v∆, in other words, the
neutrino mass is small compared to other fermion mass as they have different origin. The
Higgs triplet not only generates Majorana mass of neutrinos but also contributes to mass of
gauge bosonsW and Z and those contributions should be small enough to keep the prediction
of relative strength of charged current interaction and neutral current interaction within the
experimental bound. Since SM model prediction of this ratio falls within the error bar of
experimental observation, this ratio set an upper bound on v∆. Mass of W and Z bosons in
this scenario is given by

MW = 1
4g

2
(
v2 + 2v2

∆

)
,

MZ = 1
4
(
g2 + g′

2) (
v2 + 4v2

∆

)
, (2.20)

giving the relative strength of charged current and neutral current interaction as

ρ = 1 + 2v2
∆/v

2

1 + 4v2
∆/v

2 . (2.21)

Substituting ρ = 0.9980± 0.0086 set the upper bound on the ratio v∆/v as 0.07. To get the
correct neutrino mass this ratio should be even smaller than the upper bound. The smallness
of v∆ can be seen by looking into the minimization of scalar potential. The scalar potential
of the model is given by [60]

V (φ,∆) = − µ2φ†φ+m2
∆Tr

(
(τ ·∆)† τ ·∆

)
+
(
µ∆φ̃

† (τ ·∆)† φ+ h.c.
)

− λ
(
φ†φ

)2
+ λ∆

1

[
Tr
(
(τ ·∆)†τ ·∆

)]2
+ λ∆

2

[
Tr
(
(τ ·∆)†τ ·∆

)]2
+ λφ∆

1 φ†φTr
(
(τ ·∆)†τ ·∆

)
+ λφ∆

2 φ†(τ ·∆)(τ ·∆)†φ, (2.22)

which on minimization with respect to v∆ gives

v∆ ≈
µ∆v

2
√

2m2
∆
. (2.23)
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Hence, VEV of Higgs triplet is inversely proportional to the square of its mass. The triplet
Higgs has to be very massive as it is not observed till date, hence, above formula guarantees
the smallness of ν∆. In type-II seesaw, neutrino mixing is completely determined by the
structure of f l, which is arbitrary in the context of the model and heavy mass of triplet
makes its VEV small enough to give tiny neutrino mass.

2.2 Type-III seesaw

Type-III seesaw [56] is implemented by adding fermion triplet with null hypercharge to SM
particle content. To realize Type-III seesaw atleast two such triplets are required. New
physics that come up with inclusion of fermion triplet

Σ =
 Σ0
√

2 Σ+

Σ− −Σ0
√

2

 , (2.24)

is given by
L = −1

2Tr
[
ΣMΣΣc

]
− φ̃†Σ

√
2YΣL+ h.c., (2.25)

which below electroweak scale generates mass terms as

Lmass = −v
(

Σ0
√

2
YΣνL + Σ−YΣlL + h.c.

)
. (2.26)

Hence, neutrino mass term is given by

Lνmass = −1
2
(
νL Σ0c ) 0

√
2YΣv√

2Y T
Σ v MΣ

 νcL

Σ0

 . (2.27)

For MΣ � v, the above equation gives light neutrino mass as

mν = Y T
Σ M

−1
Σ YΣv

2, (2.28)

similar to Type-I seesaw formula. Hence, in Type-III seesaw the smallness of ratio of Dirac
type mass to Majorana type mass ensures tiny mass for active neutrinos as in Type-I seesaw
framework.

2.3 Linear and Inverse seesaw

Realization of linear [57] and inverse seesaw [58, 59] requires inclusion of singlet fermions
known as sterile neutrinos (SR), in addition to right-handed neutrinos. New physics arises
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due to the presence of right-handed and sterile neutrinos are given by the Lagrangian

LNP = −
(
Lφ̃NR + Lφ̃SR + N̂RMRNR + ŜRµSSR + h.c.

)
. (2.29)

After symmetry breaking, the mass part of the above Lagrangian is given by

Lmass = −
(
νLmDNR + νLmRSSR + N̂RMRNR + ŜRµSSR + h.c.

)
. (2.30)

So the full mass matrix for neutrinos in the basis (ν̂LNR, SR)T is given by

M =


0 mD mLS

mT
D MR mRS

mT
LS mT

RS µS

 . (2.31)

If all the off-diagonal elements of above mass matrix are vanishingly small and mLS,mD �
mRS, then active neutrinos receive mass through linear seesaw. For realization of linear
seesaw mass matrix for neutrinos should be of the form

Mlinear =


0 mD mLS

mT
D 0 mRS

mT
LS mT

RS 0

 . (2.32)

Then the block diagonalization of Mlinear separates out the mass terms of heavy and light
neutrinos, giving light neutrino mass matrix as

mν =
(
mD mLS

) 0 mRS

mT
RS 0

−1 mT
D

mT
LS

 = mDm
−1
RSm

T
LS+ transpose, (2.33)

and the heavy neutrino mass matrix as

M =
 0 mRS

mT
RS 0

 , (2.34)

which on diagonalization gives doubly degenerate mass eigenstates for heavy neutrinos due
to vanishing off-diagonal elements of M .
Similarly, realization of inverse seesaw requires the mass matrix of neutrinos in the form given
by

Minverse =


0 mD 0
mT

D 0 mRS

0 mT
RS µS

 , (2.35)
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with µS � mD � mRS. In this case light neutrino mass matrix is given by

mν = −mDm
T
RS
−1
µSm

−1
RSm

T
D, (2.36)

where as heavy neutrino mass matrix is 0 mRS

mT
RS µS

 , (2.37)

which on diagonalization yields nearly doubly degenerate mass eigenstates for heavy neutri-
nos.
In Type-I, Type-II and Type-III seesaw where new particles are very heavy and in most of
the cases beyond the reach of experiments but in linear and inverse seesaw the new particles
can be in the energy range accessible to experiments. This is because in linear and inverse
seesaw light neutrino mass can be in the required range due to small values of mLS and µs
respectively, even if the ratio mDm

−1
RS is quite high. So unlike other seesaw models linear and

inverse seesaw models can be tested experimentally. The mass of active neutrinos generated
by all these seesaw mechanisms are of Majorana type. Hence, neutrinos are their own an-
tiparticles (Majorana fermions) hence, they can mediate neutrinoless double beta decay. As
the name indicates it is the process in which two neutrinos inside a nucleus converted into
two protons (double beta decay) without emitting neutrinos [61, 28, 62]. A brief discussion
on neutrinoless beta decay is given in subsequent section.

2.4 Neutrinoless double beta decay

If neutrino is its own anti-particle then anti-neutrino emitted in beta decay (n→ p+ e+ ν)
can be absorbed by neutron to convert into proton (n + νe → p + e) as shown in Fig. 2.1,
resulting in to double beta decay without neutrino emission

(A+ Z)→ (A+ Z + 2) + 2e .

From Fig. 2.1 one can see that the amplitude of the process is proportional to ΣiU
2
eimi, the

(1,1) element of active neutrino mass matrix in flavor basis since, mass of neutrinos (mi) is
very small compared to the momentum exchange in the process. Therefore, the half-life of
neutrinoless double beta decay is proportional to |Mee|2, where |Mee| = |ΣiU

2
eimi| is called

effective Majorana mass and Uei’s are elements of first raw of PMNS matrix. Hence, 0νββ is
sensitive to absolute mass of neutrinos, mixing angles, and Majorana phases as well as Dirac
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Figure 2.1: Feynman diagram for neutrinoless double beta decay

CP phase. Observation of neutrinoless double beta decay is a consistency test for all those
seesaw mechanisms that generate Majorana type mass for active neutrinos.
Seesaw mechanisms well explain why neutrino masses are so small but do not give any idea
about structure of mass matrix hence, do not explain neutrino mixing and mass spectrum.
If there exists some symmetries across fermion generations (flavor symmetry) then that will
reflect on neutrino mixing pattern thus, give predictions on mixing parameters. So in next
section various symmetry forms which are possible outcome of various flavor symmetries are
discussed.

2.5 Neutrino mixing patterns

All seesaw mechanism predicts neutrinos to be Majorana type hence, the mass matrix is sym-
metric, so there will be N(N+1) parameters in the matrix. If it is only the SM symmetry that
govern the interactions of elementary particles then all these parameters are independent of
each other but number of free parameters reduce if there exist symmetry between generations
known as flavor symmetry. The neutrino mixing pattern obtained from experiments favors
the idea of flavor symmetries as the mixing pattern is very close to some standard mixing
patterns such as Tribimaximal mixing (TBM) [63, 64, 65], Bimaximal mixing (BM) [66, 67],
Hexagonal Mixing (HG) [68], Golden ratio A (GRA) [69, 70] and Golden ratio B (GRB)
[71, 72] etc, that can be obtained if some flavor symmetries such as A4, S4 etc are assumed
between the generations. All the above mentioned mixing patterns have sin2 θν23 = 1

2 and
sin2 θν13 = 0, which was good explanation for the trend of initial atmospheric oscillation data.
Initially, data from atmospheric oscillation experiments supported maximal νµ − ντ mixing
simple solution of which is sin2 θν23 = 1

2 and sin2 θν13 = 0. All these patterns which differ from
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each other by the value of solar mixing angle sin2 θ12 can be represented by.

Uν =


cos θν12 sin θν12 0
− sin θν12√

2
cos θν12√

2 − 1√
2

− sin θν12√
2

cos θν12√
2

1√
2

 , (2.38)

The general form of corresponding neutrino mass matrix in terms of the (complex) mass
eigenvalues m1, m2, m3 in the basis where the charged lepton mass matrix is diagonal is
given by

mν = U∗ · diag(m1,m2,m3) · U †, (2.39)

where U = Uν and substituting Uν in the above equation gives

mν =


x y y

y z w

y w z

 . (2.40)

The parameters x, y, z, w can be complex. This matrix is the most general one that is
symmetric under 2-3 (or µ− τ) exchange, i.e.,

mν = A23 ·mν · A23 , (2.41)

where A23 is given by

A23 =


1 0 0
0 0 1
0 1 0

 . (2.42)

The solar mixing angle θ12 is given by

sin2 2θ12 = 8|x∗y + y∗(w + z)|
8|x∗y + y∗(w + z)|2 + (|w + z|2 − |x|2)2 . (2.43)

For real parameters the above equation becomes

sin2 2θ12 = 8y2

(x− w − z)2 + 8y2 . (2.44)

In the case of real values of x, y, z and w, the value of solar mixing angle fixes one of the
parameters in terms of other parameters of mass matrix. Hence, the mixing patterns differ
by solar mixing angle leads to different neutrino mass matrices.
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2.5.1 Tri-Bimaximal mixing

TBM mixing pattern fixes sin2 θ12 as 1
3 , which is very close to the experimental value of the

best measured mixing angle θ12. It is the most plausible first order approximation to the
experimental data. The simplest symmetry that in leading order leads to TBM is A4, the
group of even permutations of 4 objects. Since TBM fixes sin2 2θ12 = 8

9 , it leads to the
relation x+ y = w + z between the parameters of mass matrix and gives mass matrix as

mν =


x y y

y x+ v y − v
y y − v x+ v

 , (2.45)

where v = y − w.

2.5.2 Bimaximal mixing

For Bimaximal mixing sin2 θ12 = 1
2 , thus, gives the relation between the parameters of mass

matrix as x = z + w. Therefore, the mass matrix corresponding to BM takes the form

mν =


z + w y y

y z w

y w z

 . (2.46)

2.5.3 Golden ratio A and Golden ratio B

For GRA and GRB, sin2 θν12 is 1
2+r and 3−r

4 respectively, and r being golden ratio, i.e., r =
1+
√

5
2 . Neutrino mass matrix corresponds to GRA and GRB are given by

mν =


w + z − ry y y

y z w

y w z

 , (2.47)

where r = 1.414 for GRA and r = 0.922 for GRB.

2.5.4 Hexagonal mixing

Here sin2 θν12 = 1
4 , and the corresponding mass matrix is

mν =


x y y

y 1
2(x+ 2

√
2
3y + v) 1

2(x+ 2
√

2
3y − v)

y 1
2(x+ 2

√
2
3y − v) 1

2(x+ 2
√

2
3y + v)

 , (2.48)
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where v = z − w.
Now it is known that the mixing angle θ13 is not so small and θ23 is not maximal. Therefore,
all these forms do not explain the experimental result as such but, are good approximations
to PMNS matrix at leading order. Possible forms of perturbations to these standard mixing
patterns and their predictions are presented in the next chapter.
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Chapter 3

Predicting Leptonic CP phase by
considering deviations in charged
lepton and neutrino sectors

3.1 Introduction

Understanding the origin of the patterns of neutrino masses and mixing, emerging from the
neutrino oscillation data is one of the most challenging problems in neutrino physics. In fact,
it is part of the more fundamental problem of particle physics of understanding the origin of
masses and the mixing pattern in quark and lepton sector. The results from various neutrino
oscillation experiments[18, 19, 20, 21], established the fact that the three flavors of neutrinos
mix with each other as they propagate and form the mass eigenstates. As discussed in first
chapter, the mixing is paremeterized in terms of three mixing angles, θ12, θ23 and θ13 known
as solar, atmospheric and reactor mixing angles respectively, one Dirac phase δCP and two
Majorana phases. And the parameterization is given by [48]

VPMNS =


c12c13 s12c13 s13e

−iδCP

−s12c23 − c12s13s23e
iδCP c12c23 − s12s13s23e

iδCP c13s23

s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23

Pν ,
where

Pν = diag(eiρ, eiσ, 1),

ρ and σ are Majorana phases. The solar and atmospheric neutrino oscillation parameters are
precisely known from various neutrino oscillation experiments. Recently, the reactor mixing
angle has also been measured by the Double Chooz [73], Daya Bay [74, 75], RENO [76], and
T2K [77, 78] experiments with a moderately large value. As θ13 is non-zero, there could be
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CP-violation in the lepton sector, provided the CP violating phase δCP is not vanishingly
small. After the discovery of sizable θ13, much attention has been paid to determine the
CP-violation effect in the lepton sector. The global analysis of various neutrino oscillation
data has been performed by various groups [79, 80, 81, 82], and the hint for non-zero δCP
was anticipated in Refs. [81, 82]. Including the data from T2K and Daya Bay, Forero et
al. [83] performed a global fit and found a hint for non-zero value of δCP , with the best fit
values as δCP ' 3π/2. Hence, Many dedicated long-baseline experiments aim for precision
measurement of δCP while Majorana phases are inaccessible to oscillation experiments.
Initially it was believed that the reactor mixing angle would be vanishingly small and θ23

is π/4, as a consequence the lepton mixing matrix is µ − τ symmetric. Motivated by such
anticipation, many models such as tri-bimaximal mixing (TBM) [63, 64, 65, 84], bi-maximal
mixing (BM) [66, 67, 85, 86], golden ratio type A (GRA) [69, 70], golden ratio type B (GRB)
[71, 72], hexagonal (HG) [68] mixing patterns were proposed to explain the neutrino mixing
pattern which are generally based on some kind of discrete flavor symmetries like S3, S4,
A4, etc [87, 88, 89], thus, interpret the particular form of lepton mixing as an outcome of
flavor symmetry. All those models predict θ13 to be zero and θ23 to be π/4, hence, have to
be modified suitably to incorporate moderately large reactor mixing angle. Moreover, data
from MINOS experiment hint towards deviation of θ23 from π/4. The effect of perturbations
to such models are discussed in this chapter. Such discussions will help to understand the
forms of perturbation that will make the model compatible with the experimental results,
thus, the symmetries that can lead to the observed lepton mixing.
The theoretical prediction for the determination of CP phase in the neutrino mixing matrix
depends on the approach, as well as the type of symmetries one uses to understand the
pattern of neutrino mixing. Obviously a sufficiently precise measurement of δCP will serve as
a very useful constraint for identifying the approaches and symmetries, if any. This chapter
explores whether it is possible to constrain the CP phase δCP by considering perturbations to
the leading lepton mixing matrices and if so, whether it is possible to verify such predictions
with the data from ongoing NOνA experiment. In this chapter, perturbations with minimum
number of parameters are considered and values of oscillation parameters used in this chapter
are taken from [83].
The basic framework of the analysis is given in the next section. The deviation to the various
mixing patterns due to perturbations originate from neutrino and charged lepton sectors are
discussed in the following sections. The chapter ends with a summary and conclusions of the
analysis.
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3.2 Framework

It is well-known that the lepton mixing matrix arises from the overlapping of the matrices
that diagonalize charged lepton and neutrino mass matrices, i.e.,

UPMNS = U †l Uν . (3.1)

The 3σ allowed values of PMNS matrix is given by

UPMNS =


0.794− 0.858 0.494− 0.589 0.138− 0.155
−(0.374− 0.574) 0.418− 0.639 0.61− 0.784

0.203− 0.403 −(0.538− 0.758) 0.604− 0.779

 , (3.2)

where we have taken δCP = 0 for simplicity. For the study of leptonic mixing, it is generally
assumed that the charged lepton mass matrix is diagonal and hence, the corresponding mixing
matrix Ul be an identity matrix. However, the neutrino mixing matrix Uν has a specific form
dictated by the symmetry which generally fixes the values of the three mixing angles in Uν .
The small deviations of the predicted values of the mixing angles from their corresponding
measured values are considered in general, as perturbative corrections arising from symmetry
breaking effects. Tri-bimaximal, bi-maximal, golden ratio type-A (GRA), type-B (GRB) and
hexagonal (HG) are examples for such forms of Uν . As shown in previous chapter, all these
forms have θ23 = π/4 and vanishing θ13 hence, take the form [90],

U0
ν =


cos θν12 sin θν12 0
− sin θν12√

2
cos θν12√

2 − 1√
2

− sin θν12√
2

cos θν12√
2

1√
2

 . (3.3)

The superscript ‘0’ is introduced to label the mixing matrix as the leading order matrix
arising from certain discrete flavor symmetries. Where sin2 θν12 takes the values 1/2, 1/3,
0.276, 0.345, and 0.25 respectively for TBM, BM, GRA, GRB and HG mixing patterns.
Thus, one possible way to generate corrections for the mixing angles such that all the mixing
angles θ23, θ12 and θ13 should be compatible with the observed experimental data, is to include
suitable perturbative corrections to both the charged lepton and neutrino mixing matrices
Ul and Uν respectively. Such possibilities are explored in this chapter. While considering the
corrections to the neutrino mixing matrix, the charged lepton mixing matrix is assumed to
be identity matrix and for correction to the charged lepton mass matrix the neutrino mixing
matrix is considered to be either of TBM/BM/GRA/GRB/HG forms. Furthermore, possible
corrections to Uν from higher dimensional operators and from renormalization group effects
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will be neglected.

3.3 Deviation in Neutrino sector

In this section, the corrections to the neutrino mixing matrix are considered such that it can
be written as

Uν = U0
νU

corr
ν , (3.4)

where U0
ν is one of the symmetry forms of the mixing matrix as described in Eq. (3.3) and

U corr
ν is a unitary matrix describing the correction to U0

ν . An important requirement is that
the correction due to the matrix U corr

ν should allow sizable deviation of the angle θ13 from
zero and also the required deviations to θ23 and θ12, so that all the mixing angles should be
compatible with their measured values. As discussed in Ref. [91], U corr

ν can be expressed as
V23V13V12, where Vij are the rotation matrices in (ij) plane and hence, can be parameterized
by three mixing angles and one phase. In this chapter, we consider the simplest case of such
perturbation which involves only minimal set of new independent parameters, i.e., we consider
the deviations involving only two new parameters (one rotation angle and one phase), which
basically correspond to perturbation induced by a single rotation. There are several variants
of this approach exist in the literature, generally for TBM mixing pattern [92, 93, 94, 95].
The main difference between the previous studies and our work is that apart from predicting
the values of the mixing angles compatible with their experimental range, we have also looked
into the possibility of constraining the CP phase δCP , not only for TBM case, but also for
other variety of mixing patterns.

3.3.1 Deviation due to (23) rotation

First, we would like to consider additional rotation in the (23) plane. Since the charged
lepton mixing matrix is considered to be identity in this case, the PMNS mixing matrix can
be obtained by multiplying the neutrino mixing matrix U0

ν with the (23) rotation matrix as
follows

UPMNS = U0
ν


1 0 0
0 cosφ e−iα sinφ
0 −eiα sinφ cosφ

 , (3.5)

where φ and α are arbitrary free parameters. The mixing angles sin2 θ12, sin2 θ23 and sin θ13

can be obtained using the relations

sin2 θ12 = |Ue2|2

1− |Ue3|2
, sin2 θ23 = |Uµ3|2

1− |Ue3|2
, sin θ13 = |Ue3| . (3.6)
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Using Eqs. (3.3), (3.5) and (3.6), one obtains the mixing angles as

sin θ13 = sin θν12 sinφ , (3.7)

sin2 θ12 = sin2 θν12 cos2 φ

1− sin2 θν12 sin2 φ
, (3.8)

sin2 θ23 = 1
2

[
1− sin2 θν12 sin2 φ− cos θν12 sin 2φ cosα

1− sin2 θν12 sin2 φ

]
. (3.9)

Thus, from Eqs. (3.7-3.9), one can see that by including the (23) rotation matrix as a
perturbation, it is possible to have nonzero θ13, deviation of sin2 θ23 from 1/2 and sin2 θ12

from sin2 θν12. With Eqs. (3.7) and (3.8) one can obtain the relation between sin2 θ12 and
sin2 θ13 as

sin2 θ12 = sin2 θν12 − sin2 θ13

1− sin2 θ13
. (3.10)

Thus, it can be seen that in this case one can have sin2 θ12 < sin2 θν12, although the deviation
is not significant. Therefore, the BM, GRA and HG forms of neutrino mixing patterns cannot
accommodate the observed value of sin2 θ12 within its 3σ range.
Furthermore, as we have a non-vanishing and largish θ13, this in turn implies that it could
in principle be possible to observe CP violation in the lepton sector analogous to the quark
sector, provided the CP violating phase is not vanishingly small, in the long-baseline neutrino
oscillation experiments. The Jarlskog invariant, which is a measure of CP violation, has the
expression in the standard parameterization as

JCP ≡ Im[Ue1Uµ2U
∗
µ1U

∗
e2] = 1

8 sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δCP , (3.11)

and is sensitive to the Dirac CP violating phase. With Eq. (3.5), one can obtain the value
of Jarlskog invariant as

JCP = −1
4 cos θν12 sin2 θν12 sin 2φ sinα . (3.12)

Thus, comparing the two Eqs. (3.11) and (3.12), one can obtain the expression for δCP as

sin δCP = − (1− sin2 θν12 sin2 φ) sinα
[(1− sin2 θν12 sin2 φ)2 − cos2 θν12 sin2 2φ cos2 α]1/2

. (3.13)

For numerical evaluation we constrain the parameter φ from the measured value of sin θ13

and vary the phase parameter α within its allowed range, i.e., −π ≤ α ≤ π. With Eq. (3.7)
and using the 3σ range of sin2 θ13 and the specified value of sin2 θν12, we obtain the allowed
range of φ for various mixing patterns as: (10.9 − 14.2)◦ for BM, (13.3 − 17.5)◦ for TBM,
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(14.8 − 19.2)◦ for GRA, (13.2 − 17.2)◦ for GRB, and (15.6 − 20.3)◦ for HG pattern. With
these input parameters, we present our results in Fig. 3.1 and Fig. 3.2 . The correlation plot
between sin2 θ12 and sin2 θ13 is shown in Fig. 3.1 panel where the magenta, red, green, orange
and blue plots correspond to BM, TBM, GRA, GRB and HG mixing patterns respectively.
The horizontal and vertical dashed black lines correspond to the best fit values for sin2 θ12 and
sin2 θ13, whereas the vertical dashed magenta lines represent the 3σ allowed range of sin2 θ12

and the horizontal dot-dashed lines correspond to the same for sin2 θ13. As discussed before,
one can see from the figure that, the predicted values of the mixing angles sin2 θ12 and sin2 θ13

lie within their 3σ ranges only for TBM and GRB mixing patterns whereas the predicted
value of sin2 θ12 lies outside its 3σ range for BM, GRA and HG mixing patterns. With Eq.
(3.13), we obtain the constraint on δCP as shown in the top panel of Fig. 3.2 for TBM case,
where we have used the 3σ allowed range of the mixing angles θ12, θ23 and θ13. Using the
predicted value of δCP , correlation between the Jarlskog invariant and sin2 θ13/ sin2 θ23 are
shown in the bottom panel of Fig. 3.2 for TBM case. The corresponding results for GRB
mixing pattern are almost same as TBM case and hence, are not shown explicitly in the
figures. However, the allowed ranges of δCP and JCP are listed in Table 3.1. Since BM,
GRA and HG mixing patterns cannot accommodate the observed mixing angles as discussed
earlier in this section, the corresponding results are not listed.
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Figure 3.1: Correlation plots between sin2 θ12 and sin2 θ13 for BM (magenta), TBM (red),
GRA (green), GRB (orange) and HG (blue) regions. The horizontal and vertical central
lines represent the best fit values where as the dot-dashed orange and dashed magenta lines
represent corresponding 3σ allowed ranges.

Our next objective is to speculate the possible experimental indications which could support
or rule out our findings. As we know neutrino physics has now entered the precision era
as far as the measured parameters are concerned. The currently running experiments T2K
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Figure 3.2: The constraints on δCP for TBM mixing pattern are shown in the top panel and
on JCP in the bottom panel.

and NOνA play a major role in this aspect. These experiments will provide the precise
measurement of atmospheric neutrino mass square difference and the mixing angle θ23 through
νµ disappearance channel. They also intend to measure θ13, the CP violation phase δCP
through νµ to νe appearance. Furthermore, NOνA can potentially resolve the mass-ordering
through matter effects as it has a long-baseline. In this work, we would like to see whether
the constraints obtained on δCP in our analysis could be probed in the NOνA experiment
with 3 years of data taking with neutrino mode and then followed by another 3 years with
antineutrino mode. For our study we do the simulations using GLoBES [96, 97].

3.3.2 Simulation details

NOνA (NuMI Off-axis νe Appearance) is an off-axis long-baseline experiment [98, 99], which
uses Fermilab’s NuMI νµ/ν̄µ beamline. Its detector is a 14 kton totally active scintillator
detector (TASD), placed at a distance of 810 km from Fermilab, near Ash River, which is
0.8◦ off-axis from the NuMI beam. It also has a 0.3 kton near detector located at the Fermilab
site to monitor the unoscillated neutrino or anti-neutrino flux. It has already started data
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taking from late 2014. The experiment is scheduled to have three years run in neutrino mode
followed by three years run in anti-neutrino mode with a NuMI beam power of 0.7 MW
and 120 GeV proton energy, corresponding to 6× 1020 p.o.t per year. Apart from the precise
measurement of θ13 and the atmospheric parameters, it aims to determine the unknowns such
as neutrino mass ordering, leptonic CP-violation, and the octant of θ23 by the measurement
of νµ/ν̄µ → νe/ν̄e oscillations.
For the simulation of NOνA experiment, the detector properties and other necessary details
are taken from [100, 101]. We have used the following input true values of neutrino oscillation
parameters in our simulations: |∆m2

eff | = 2.4 × 10−3 eV2, ∆m2
21 = 7.6 × 10−5 eV2, δCP = 0,

sin2 θ12 = 0.32, sin2 2θ13 = 0.1 and sin2 θ23 = 0.5. The relation between the atmospheric
parameter ∆m2

eff measured in MINOS and the standard oscillation parameter ∆m2
31 in nature

is given as [102]

∆m2
31 = ∆m2

eff + ∆m2
21(cos2 θ12 − cos δCP sin θ13 sin 2θ12 tan θ23) , (3.14)

where ∆m2
eff is taken to be positive for Normal Ordering (NO) and negative for Inverted

Ordering (IO).
In order to obtain the allowed region for sin2 2θ13 and δCP , we generate the true event spec-
trum by keeping the above mentioned neutrino oscillation parameters as true values and gen-
erate the test event spectrum by varying the test values of sin2 2θ13 in the range [0.02:0.25]
and that of δCP in its full range [−π : π]. Finally, we calculate ∆χ2 by comparing the true
and test event spectra. The obtained results in the sin2 2θ13−δCP plane are shown in Fig. 3.3,
which are overlaid by our predicted value of δCP . The top panel shows the 1σ contours for
the running of (3ν + 0ν̄) years, with NO as the true hierarchy. The bottom left (right) panel
represents (3ν + 3ν̄) years of data taking with NO (IO) as the true hierarchy. In these plots,
the inner regions (bubbles) correspond to 1σ contours whereas the outer curves represent 3σ
contours. From these plots, one can see that our results are supported by NOνA data within
3σ C.L., however, with (3ν+3ν̄) years of data taking, NOνA could marginally exclude these
results at 1σ C.L.
Next we would like to briefly mention about the implications of future generation long baseline
experiments such as Hyper-Kamiokande (T2HK) and Deep Underground Neutrino Experi-
ment (DUNE) experiments in our predicted results. All the details for simulation of T2HK
experiment are taken from [101] for (3ν+7ν̄) years of running. The DUNE experiment which
is basically slightly upgraded version of LBNE experiment, plans to use a 40 kton Liquid
Argon detector. Except the detector volume other characteristics are taken from [103] for
the simulation for (5ν+5ν̄) years of data taking. We use the same true values of other input
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Figure 3.3: The correlation between δCP and sin2 2θ13 for TBM mixing pattern (red regions)
superimposed on expected NOνA data where the blue dashed lines (top panel) represent the
1σ contours for 3 years of neutrino data taking with NO as test ordering, the blue lines in the
bottom-left (NO as test ordering) and bottom-right (for IO as test ordering) panels represent
the 1σ and 3σ contours for (3ν+3ν̄) years of running.

parameters as done for NOνA experiment. The correlation plots between δCP and sin2 2θ13

are shown in Fig. 3.4, overlaid by our predicted values for TBM. The plots on the top (bot-
tom) panel are for DUNE (T2HK) experiment with NO/IO as the true ordering as labeled
in the plots. It can be seen from these figures that as the δCP − sin2 2θ13 parameter space
is severely constrained, our predicted results are expected to be precisely verified by these
experiments.
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Figure 3.4: The correlation between δCP and sin2 θ13 for TBM mixing pattern (red regions)
superimposed on expected DUNE data (top panels) where the blue dashed lines represent the
3σ contours for (5ν+5ν̄) years of data taking, while the bottom panels represent the T2HK
results for (3ν+7ν̄) years of running.

3.3.3 Deviation due to (13) rotation

Next we consider the corrections arising from an additional (13) rotation in the neutrino
sector for which the rotation matrix can be given as

UPMNS = U0
ν


cosφ 0 e−iα sinφ

0 1 0
−eiα sinφ 0 cosφ

 . (3.15)
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Deviation type Neutrino mixing δCP Range |JCP | Range
matrix pattern (in radian)

23 rotation to U0
ν TBM and GRB ±(0.7− 1.5) (0.02− 0.04)

13 rotation to U0
ν TBM, GRA and GRB ±(0− 1.5) (0− 0.04)

12 and 13 rotation to Ul TBM and GRB ±(1.2− 1.55) (0.03− 0.04)
GRA ±(0.6− 1.5) (0.02− 0.04)
HG ±(0− 1.3) (0− 0.035)
BM ±(0− 0.8) (0− 0.03)

Table 3.1: Predicted range of the CP phase δCP and the Jarlskog invariant |JCP | due to
possible deviations for various neutrino mixing patterns.

Proceeding in the similar way as done in the previous case, we obtain the mixing angles using
Eq. (3.6) as

sin θ13 = cos θν12 sinφ , (3.16)

sin2 θ12 = sin2 θν12
1− cos2 θν12 sin2 φ

, (3.17)

sin2 θ23 = 1
2

[
cos2 φ+ sin θν12 sin 2φ cosα + sin2 θν12 sin2 φ

1− cos2 θν12 sin2 φ

]
. (3.18)

Analogously, the Jarlskog invariant and the CP violating phase δCP are given as

JCP = −1
8 cos θν12 sin 2θν12 sin 2φ sinα , (3.19)

and
sin δCP = − (1− cos2 θν12 sin2 φ) sinα[

(1− cos2 θν12 sin2 φ)2 − sin2 θν12 sin2 2φ cos2 α
]1/2 . (3.20)

In this case one obtains from Eqs. (3.16) and (3.17)

sin2 θ12 = sin2 θν12
1− sin2 θ13

, (3.21)

which implies that sin2 θ12 > sin2 θν12. This in turn implies that BM and HG mixing patterns
cannot accommodate the observed value of θ12 within its 3σ range.
From Eq. (3.16) and using the 3σ allowed range of sin2 θ13 the allowed range of φ is found
to be in the range (9 − 15)◦ for various mixing patterns. Now using this value of φ and
varying the free phase parameter α in the range −π ≤ α ≤ π, we obtain the correlation plots
between sin2 θ12 and sin2 θ13 as shown in Fig. 3.5, where red, blue and green plots are for
TBM, GRB and GRA mixing patterns. The correlation plot for HG and BM forms are not
shown in the figure as they lie outside the allowed 3σ region of sin2 θ12. The δCP phase is
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very loosely constrained in this case as presented in Fig. 3.6. We also overlaid the predicted
value of δCP for TBM over the NOνA simulated data. In this case also the predicted result
is consistent with expected NOνA data. The correlation plots between δCP and sin2 θ23, JCP
and sin2 θ13 (sin2 θ23), as well as between JCP and δCP are also shown in the fig. 3.7. From
the plots it can be seen that it could be possible to have large CP violation O(10−2) in the
lepton sector.
It should be noted that for deviation due to (12) rotation matrix does not accommodate the
observed value of θ13 as Ue3 = 0, for such case.
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Figure 3.5: Correlation plots between sin2 θ12 and sin2 θ13 due to 13 deviation in the neutrino
sector. The red, blue and green plots correspond to TBM, GRB and GRA mixing patterns.

3.4 Deviation in the charged lepton sector

In this section we will consider the deviation arising in the charged lepton sector. For the
study of lepton mixing, it is generally assumed that the charged lepton mass matrix is
diagonal and hence, the corresponding mixing matrix as an identity matrix. The deviation in
the charged lepton sector and its possible consequences have been studied by various authors
[72, 104, 105]. In Refs. [72, 104], the form for Ul is considered to be product of two orthogonal
matrices describing rotations in (23) and (12) planes, which corresponds to two possible
orderings, ‘standard’ with Ul ∝ R23(θl23)R12(θl12) and ‘inverse’ with Ul ∝ R12(θl12)R23(θl23).
Using these forms for the lepton mixing matrix the values of δCP and the rephasing invariant
JCP have been predicted for the cases TBM, BM, LC, GRA, GRB and HG forms of neutrino
mixing matrix Uν . They have obtained the predictions for δCP as δCP ' π for BM (LC) and
δCP ' 3π/2 or π/2 for TBM, GRA, GRB and HG. Here, we consider the simplest case where
the deviation matrix can be represented as a single rotation matrix in the (ij) plane, as done
in the previous section for the neutrino sector.
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Figure 3.6: Correlation plots between δCP and sin2 2θ13 for TBM mixing pattern with 13
deviation in neutrino sector super imposed on expected NOνA data. The black solid lines
represent the expected experimentally allowed parameter space (same as the dotted blue lines
in Fig. 3.2.

Now considering the deviation to the charged lepton mixing matrix as a unitary rotation
matrix either in (12), (23) or (13) plane, one can write the PMNS matrix as

UPMNS = U †ijU
0
ν , (3.22)

where Uij is the rotation matrix in (ij) plane and U0
ν is any one of the standard neutrino

mixing matrix form TBM/BM/GRA/GRB/HG. However, corrections arising due to U23

rotation matrix is ruled out as it gives vanishing Ue3.

3.4.1 Deviation due to rotation in (12) and (13) sectors

Including the additional correction matrix U12 to the charged lepton sector, one can write
the PMNS matrix as

UPMNS =


cosφ −e−iα sinφ 0
eiα sinφ cosφ 0

0 0 1

U0
ν . (3.23)
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Figure 3.7: Correlation plots between different oscillation parameters due to (13) deviation in
the neutrino sector. The plots represent the correlation between different mixing parameters
as indicated in the plot labels for TBM mixing pattern.

In this case we get the mixing angles as

sin θ13 = sinφ√
2
, (3.24)

sin2 θ12 =
2 sin2 θν12 cos2 φ+ cos2 θν12 sin2 φ− 1√

2 sin 2θν12 sin 2φ cosα
1 + cos2 φ

, (3.25)

sin2 θ23 = cos2 φ

1 + cos2 φ
. (3.26)

With Eqs. (3.24) and (3.26), we obtain the relation

sin2 θ23 = 1− 1
2 cos2 θ13

, (3.27)

which implies that sin2 θ23 < 1/2. The Jarlskog invariant in this case is found to be

JCP = − 1
8
√

2
sin 2θν12 sin 2φ sinα , (3.28)

and the CP violating phase as

sin δCP = −(1 + cos2 φ) sin 2θν12 sinα
2
√
Y

, (3.29)
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where

Y =
(

2 sin2 θν12 cos2 φ+ cos2 θν12 sin2 φ− 1√
2

sin 2φ sin 2θν12 cosα
)

×
(

1 + cos 2θν12 cos2 φ− cos2 θν12 sin2 φ+ 1√
2

sin 2θν12 sin 2φ cosα
)
. (3.30)

Proceeding in a similar fashion as in the previous cases and considering the 3σ allowed range
of θ13, one can obtain the allowed range of φ with Eq. (3.24) as (10 − 15)◦. Now varying
the free parameters φ and α in their allowed ranges, we obtain the correlation plots between
various mixing parameters as depicted in Fig. 3.8 and Fig. 3.9. It should be noted that the
correlation plots between sin2 θ13 and sin2 θ23 remain same for all the forms of neutrino mixing
matrix U0

ν as these mixing angles depend only on the free parameter φ and are independent
of θν12 (which takes different values for different mixing patterns). For the correlation plots
between δCP − sin2 2θ13 (sin2 θ12) and JCP − sin2 θ13, the red, green, blue and magenta regions
correspond to TBM, GRA, HG and BM mixing patterns. The GRB mixing pattern predicts
the same constraints as TBM pattern and hence, the corresponding results are not shown in
the plots. Furthermore, the CP violating phase is severely constrained in this scenario and
the Jarlskog invariant is found to be significantly large as seen from the figure.
Next we consider deviation due to additional rotation in (13) sector. In this case the PMNS
matrix is given as

UPMNS =


cosφ 0 −e−iα sinφ

0 1 0
eiα sinφ 0 cosφ

U0
ν . (3.31)

The mixing angles obtained are

sin θ13 = sinφ√
2
,

sin2 θ23 = 1
1 + cos2 φ

,

sin2 θ12 =
2 sin2 θν12 cos2 φ+ cos2 θν12 sin2 φ− 1√

2 sin 2θν12 sin 2φ cosα
1 + cos2 φ

. (3.32)

In this case we obtain
sin2 θ23 = 1

2 cos2 θ13
, (3.33)

which implies sin2 θ23 > 1/2. The Jarlskog invariant and the CP phase are found to be

JCP = 1
8
√

2

(
sin 2θν12 sin 2φ sinα

)
, (3.34)
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Figure 3.8: Correlation plots between different observables due to 12 deviation in the charged
lepton sector. The description of the plots are indicated in the corresponding plot labels. In
these plots the red, green, blue and magenta regions correspond to TBM, GRA, HG and BM
mixing patterns.

sin δCP = sin 2θν12 sinα(1 + cos2 φ)
2
√
Y

. (3.35)

Since the results for this deviation pattern are almost similar to the correction due to (12)
rotation case, one obtains the same constraints on δCP as in the previous case, which are
listed in Table 3.1.

3.5 Summary and Conclusions

The recent observation of moderately large reactor mixing angle θ13 has ignited a lot of interest
to understand the mixing pattern in the lepton sector. It also opens up promising perspectives
for the observation of CP violation in the lepton sector. The precise determination of θ13,
in addition to providing a complete picture of neutrino mixing pattern could be a signal of
underlying physics responsible for lepton mixing and for the physics beyond the standard

48



Predicting Leptonic CP phase ...

-3

-2

-1

 0

 1

 2

 3

 0  0.1  0.2  0.3  0.4

δ c
p

sin2 2θ13

sin2 2θ13 - δcp plot for NOvA 3+0 (NO)

-3

-2

-1

 0

 1

 2

 3

 0  0.1  0.2  0.3  0.4

δ c
p

sin2 2θ13

sin2 2θ13 - δcp plot for NOvA 3+3 (NO)

-3

-2

-1

 0

 1

 2

 3

 0  0.1  0.2  0.3  0.4

δ c
p

sin2 2θ13

sin2 2θ13 - δcp plot for NOvA 3+3 (IO)

Figure 3.9: Correlation plots between δCP and sin2 2θ13 due to 12 deviation in the charged
lepton sector super imposed on expected NOνA data. In these plots the red, green, blue and
magenta regions correspond to TBM, GRA, HG and BM mixing patterns. The black solid
lines correspond to the experimentally allowed contours.

model. In this context a number of neutrino mixing patterns like TBM/BM/GRA etc, were
proposed based on some discrete flavor symmetries like S3, A4, µ − τ , etc. However, these
symmetry forms of the mixing matrices predict vanishing reactor and maximal atmospheric
mixing angles. To accommodate the observed value of relatively large θ13, these mixing
patterns should be modified by including appropriate perturbations. In this work, we have
considered the simplest case of such perturbation which involves only minimal set of new
independent parameters, i.e., one rotation angle and one phase, (which basically corresponds
to perturbation induced by a single rotation), and found that it is possible to explain the
observed neutrino oscillation data with such corrections. The predicted values of δCP are
expected to be supported by the data from currently running NOνA experiment with (3ν
+3ν̄) years of data taking. We have also shown that it is possible to predict the value of
CP phase with such corrections. We have also found that sizable leptonic CP violation
characterized by the Jarlskog invariant JCP , i.e., |JCP | ∼ 10−2 could be possible in these
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scenarios.
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Chapter 4

Non-zero θ13 and leptonic CP phase
with A4 Symmetry

4.1 Introduction

In the previous chapter, we have seen that some forms of neutrino mixing patterns relay
on certain flavor symmetries which are proposed to explain initial neutrino oscillation data
inticating vanishing reactor mixing angle, and with suitable modifications can accommodate
moderatly large reactor mixing angle measured by recent experiments. Out of all those forms,
TBM best resembles lepton mixing and gives positive results for all forms of corrections
considered in chapter 3. There are many models which explain TBM mixing pattern on the
basis of A4 symmetry [106] with a certain set of Higgs scalars and vacuum alignments. The
A4 discrete symmetry group, the group of even permutations of four elements has attracted a
lot of attention since it is the smallest one which admits one three-dimensional representation
and three inequivalent one-dimensional representations. Then, the choice of the A4 symmetry
is natural since there are three families of fermions, i.e, the left-handed leptons can be unified
in triplet representation of A4 while the right-handed leptons can be assigned to A4 singlets.
This set-up was first proposed in Ref. [107] to study the lepton masses and mixing obtaining
nearly degenerate neutrino masses and allowing realistic charged leptons masses after the A4

symmetry is spontaneously broken. Later A4 symmetry was proved to be very successful in
generating Tribimaximal mixing pattern for lepton mixing.
TBM predict sin2 θ12 to be 0.333 against its best-fit value 0.297 and the prediction comes
within the 3σ range. Also the prediction of 0.5 for sin2 θ23 also comes within the 3σ range.
It is only the mixing angle θ13, which is quite different from the experimental value. So
θ13 might be non-zero at leading order itself while perturbative corrections slightly modifies
other mixing angles. One of such forms with non-zero θ13 is a special case of deviation from
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TBM due to an additional 23 rotation in neutrino sector. The 23 rotation is parameterized in
terms of two parameters, one mixing angle (θ) and one phase (φ). For φ = π/2, the resulting
mixing matrix will have θ23 = π/4, θ12, θ13 6= 0 and δCP = ±π/2. Such forms are known as
cobimaximal mixing.
Supersymmetric models based on A4 family symmetry, combined with the generalized CP
symmetry [108], can also predict trimaximal (TM) lepton mixing (in which either only the
first column or only the second column of the lepton mixing matrix is assumed to take the
TBM form), together with either zero CP violation or δCP = ±π/2. Also models based on
S4 family symmetry and generalized CP symmetry [109] predict trimaximal lepton mixing
and the Dirac CP phase is predicted to be either conserved or maximally broken. In Ref.
[110], a minimal extension of the simplest A4 model has been considered, which not only can
induce non-zero θ13 value consistent with the recent observations, but also can correlate the
CP violation in neutrino oscillation with the octant of the atmospheric mixing angle θ23.
In this chapter, we would like to present a model based on A4 symmetry which gives co-
bimaximal mixing in neutrino sector at leading order. We also consider perturbations in
neutrino sector due to higher order corrections, which can be represented as five-dimensional
operators. These corrections modify the mixing parameters slightly hence, the deviation of
θ23 from π/4, indicated by recent experiments can be incorporated. The best-fit values and
3σ ranges of neutrino oscillation parameters taken from Ref. [51] are given in Table 4.1.

Mixing Parameters Best Fit values 3σ Range
sin2 θ12 0.323 0.278→ 0.375

sin2 θ23 (NH) 0.567 0.393→ 0.643
sin2 θ23 (IH) 0.573 0.403→ 0.640
sin2 θ13 (NH) 0.0226 0.0190→ 0.0262
sin2 θ13 (IH) 0.0229 0.0193→ 0.0265
δCP (NH) 1.41π (0→ 2π)
δCP (IH) 1.48π (0→ 2π)

∆m2
21/10−5eV2 7.60 7.11→ 8.18

∆m2
31/10−3eV2(NH) 2.48 2.30→ 2.65

∆m2
31/10−3eV2(IH) −2.38 −2.54→ −2.20

Table 4.1: The best-fit values and the 3σ ranges of the neutrino oscillation parameters from
Ref. [51].

The details of the model is presented in section 4.2.In section 4.3, we describe the higher
order corrections in neutrino sector while in sections 4.3 and 4.4, we discuss the vacuum
alignment and lepton flavor violating muon decay µ → eγ in the context of the model. We
conclude our discussion in section 4.6.
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4.2 The Model

The model is based on A4 group [107], which is the group of even permutation of four objects
and is the smallest non-Abelian discrete group with triplet irreducible representation. It has
four irreducible representations: 1, 1′, 1′′ and 3, with the multiplication rule

3× 3 = 1 + 1′ + 1′′ + 3 + 3 . (4.1)

A4 group has two generators represented by S and T, which obey the relations,

S2 = T 3 = (ST )3 = 1 . (4.2)

The representation of S is 1 under 1, 1′ and 1′′ while that of T are 1, ω and ω2 respectively
under 1, 1′ and 1′′. There are two possible bases for three dimensional representations of S
and T , one in which S is diagonal while in other T is diagonal. The direct product of two
triplets, a ∼ (a1, a2, a3) and b ∼ (b1, b2, b3) in S diagonal basis is given by

1 = a1b1 + a2b2 + a3b3 ,

1′ = a1b1 + ω2a2b2 + ωa3b3 ,

1′′ = a1b1 + ωa2b2 + ω2a3b3 ,

3 ∼ (a2b3, a3b1, a1b2) ,

3 ∼ (a3b2, a1b3, a2b1) , (4.3)

while that in T diagonal basis is

1 ∼ a1b1 + a2b3 + a3b2 ,

1′ ∼ a3b3 + a1b2 + a2b1 ,

1′′ ∼ a2b2 + a3b1 + a1b3 ,

3S ∼
1
3


2a1b1 − a2b3 − a3b2

2a3b3 − a1b2 − a2b1

2a2b2 − a1b3 − a3b1

 ,

3A ∼ 1
2


a2b3 − a3b2

a1b2 − a2b1

a3b1 − a1b3

 , (4.4)
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where 3S is symmetric and 3A is antisymmetric under the exchange of a and b. In this
chapter, we have followed Eq. (4.3) for the calculation of direct product of A4 triplets. As
we know in this basis, A4 allows the charged-lepton mass matrix to be diagonalized by the
Cabibbo-Wolfenstein matrix [111]

Uω = 1√
3


1 1 1
1 ω ω2

1 ω2 ω

 , (4.5)

where ω = e2πi/3 = −1/2 + i
√

3/2.
In this work, our discussion is limited to the leptonic sector. The particle content of the
model includes, in addition to standard model fermions (i.e., the lepton doublets liL and
charged lepton singlets liR), three right-handed neutrinos (νiR), four Higgs doublets (φi, φ0)
and three Higgs singlets (χi). They belong to four irreducible representations of A4 as given
in Table 4.2.

Particle SU(2)L U(1)Y A4
liL 2 −1 3
l1R
l2R
l3R

1 −2
1
1′
1′′

νiR 1 0 3
φi 2 1 3
φ0 2 1 1

χi (real gauge singlet) 1 0 3

Table 4.2: Particle content of the model along with their quantum numbers.

Here A4 symmetry is accompanied by an additional U(1)X symmetry as discussed in Ref.
[106], which prevents the existence of Yukawa interactions of the form l̄iLνiRφ̃i and l̄iLliRφ0 as
liL, liR, φ̃0 have quantum number X = 1, and all other fields have X = 0. The phenomeno-
logically disallowed Nambu-Goldstone boson does not arise in this case as U(1)X symmetry
does not break spontaneously but explicitly. Thus, the Yukawa Lagrangian for the leptonic
sector is given as [112]

L = −
{[
λ1
(
l̄iLφi

)
l1R
]

+
[
λ2
(
l̄iLφi

)′′
l2R

]
+
[
λ3
(
l̄iLφi

)′
l3R

]}
(4.6)

−
{
λ0
[(
l̄iLνiR

)
φ̃0
]

+ 1
2 [M (ν̄iRν̂iR)] + λχ [(ν̄iRν̂iR)3 χi]

}
+ h.c. ,

where ν̂iR are antiparticles of νiR and
(
l̄iLφi

)′
,
(
l̄iLφi

)′′
and (ν̄iRν̂iR)3 are 1′, 1′′ and triplet
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representations of A4 respectively. As the scalars φi, φ0 and χi get vacuum expectation values
vi, v0 and ωi respectively, the above Lagrangian becomes

L = −l̄LMllR − ν̄LMDνR −
1
2 ν̄RMRν̂R + h.c. , (4.7)

where Ml, MD and MR are charged-lepton, Dirac neutrino and right-handed neutrino mass
matrices and have the forms

Ml =


λ1v1 λ2v1 λ3v1

λ1v2 λ2v2ω
2 λ3v2ω

λ1v3 λ2v3ω λ3v3ω
2

 , (4.8)

MD = λ0v0I, (4.9)

where I is the identity matrix and

MR =


M λχω3 λχω2

λχω3 M λχω1

λχω2 λχω1 M

 . (4.10)

For the vacuum alignment vi = v, the charged lepton sector can be diagonalized by the
transformation:

Uω ·Ml · I =


√

3vλ1 0 0
0

√
3vλ2 0

0 0
√

3vλ3

 , (4.11)

where Uω is the Cabibbo-Wolfenstein matrix given in Eq. (4.5). The light neutrino mass is
given by the type-I seesaw formula

Mν = −MT
D ·M−1

R ·MD . (4.12)

Since MD is proportional to an identity matrix, the neutrino mixing matrix will be the one
which diagonalizes the right-handed neutrino mass matrix MR. The Majorana mass matrix
MR can be parameterized as

MR =


A C D

C A B

D B A

 , (4.13)

in a basis where charged-lepton mass matrix is not diagonal. However, in the charged lepton
mass diagonal basis Md

R = U †ω ·MR · U∗ω and can be diagonalized by tri-bimaximal (TBM)
mixing matrix for D = C = 0, which we don’t need as it gives vanishing θ13. Even if these
conditions are not satisfied some of the off-diagonal elements of MR become zero in TBM
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basis and one can go to the TBM basis through the transformation

M ′
R = U †T ·MR · U∗T =


A+B 1√

2(D + C) 0
1√
2(D + C) A i√

2(D − C)
0 i√

2(D − C) B − A

 , (4.14)

where

UT =


0 1 0
1√
2 0 i√

2
1√
2 0 −i√

2

 . (4.15)

With the condition D = −C, M ′
R becomes

A+B 0 0

0 A i
√

2D
0 i

√
2D B − A

 , (4.16)

which can be diagonalized by UR, having the form

UR =


1 0 0
0 c is

0 is c

 , (4.17)

where s and c stand for sin θ and cos θ respectively and satisfy the relation

cs

c2 − s2 =
√

2D
B

=
√

2ω2

ω1
. (4.18)

It should be noted that, this ratio should be real, since ω1,2 are VEV of real scalar fields χi.
The condition C = −D can be realized with the vacuum alignment 〈χi〉 = (ω1, ω2,−ω2) as
discussed in [113]. Thus, the lepton mixing matrix becomes

U = Uω · UT · UR , (4.19)

which basically known as co-bimaximal mixing matrix and predicts the mixing angles and
CP violating Dirac phase as θ13 6= 0, θ23 = π/4 and δCP = ±π/2. Also, the mixing angles
θ12 and θ13 are not independent and one can express sin2 θ12 in terms of sin2 θ13 as

sin2 θ12 = 1− 3 sin2 θ13

3(1− sin2 θ13) , with sin θ13 = s√
3
. (4.20)

To illustrate these results, we show in Fig. 4.1 the variation of sin2 θ13 with θ (left panel) and
the correlation plot between sin2 θ13 and sin2 θ12 (right panel). From the figure it can be seen
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that the observed values of solar (θ12) and reactor (θ13) mixing angles can be accommodated
in this model.
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Figure 4.1: Variation of sin2 θ13 with θ (left panel) and the correlation plots between sin2 θ12
and sin2 θ13 (right panel). The black dashed line in the left panel denotes the central value
of sin2 θ13 and the red dot-dashed lines represent the corresponding 3σ values.

4.3 Perturbation in neutrino sector

In this section, we will consider the perturbations to mass matrices due to higher order
corrections. Prominent corrections come from five-dimensional operator λij ν̄iRν̂jRχiχj which
modifies right-handed neutrino mass matrix. Charged lepton and Dirac neutrino masses also
receive corrections from λ′jk l̄ilφiljRχi and λ′jk l̄ilφ̃0νjRχi respectively, and here we are neglecting
those corrections since they allow the mixing of χi with other fields.
All elements of Majorana mass matrixMR receive corrections which is proportional to ω2

1 +ω2
2

for diagonal elements and ω1ω2 for off diagonal elements. Since 0.04 < (ω2/ω1) < 0.22,
obtained from Eq. (4.18), using the allowed value of s =

√
3 sin θ13, we neglect corrections to

off-diagonal elements.

δMR '


λ11ω

2
1 0 0

0 λ22ω
2
1 0

0 0 λ33ω
2
1

 . (4.21)

These corrections will modify the light neutrino mass matrix and the inverse of modified light
neutrino mass matrix in TBM basis can be parameterized as

M−1
ν =


B + A 0 0

0 A i
√

2D
0 i

√
2D B − A

+


1
2 (λ22 + λ33) 0 i

2 (λ33 − λ22)
0 λ11 0

i
2 (λ33 − λ22) 0 −1

2 (λ33 + λ22)

ω2
1 . (4.22)

Hence, in the charged lepton diagonal basis light neutrino mass matrix can be diagonalized
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by
U = Uω · UT · UR · U13 , (4.23)

where

U13 =


c′ 0 s′e−iφ

0 1 0
−s′eiφ 0 c′

 . (4.24)

with s′ = sin θ′ and c′ = cos θ′.
To obtain mixing angles we compare lepton mixing matrix U (4.23) with PMNS matrix
(1.63), i.e.,

U = UPMNS . (4.25)

The mixing angles sin2 θ12, sin2 θ23 and sin2 θ13 are related to the elements of U as

sin2 θ12 = |U12|2

1− |U13|2
, sin2 θ23 = |U23|2

1− |U13|2
, sin2 θ13 = |U13|2 , (4.26)

where Uij is the ijth element of the lepton mixing matrix U . Now using Eqs. (4.5), (4.15),
(4.23) and (4.26), we obtain

sin2 θ13 = 1
3
[
2s′2 − 2

√
2sc′s′ sinφ+ s2c′2

]
, (4.27)

sin2 θ12 = 1− s2

3−
(
2s′2 − 2

√
2sc′s′ sinφ+ s2c′2

) , (4.28)

sin2 θ23 = 1
2 +

√
3cc′s′ cosφ

3−
(
2s′2 − 2

√
2sc′s′ sinφ+ s2c′2

) , (4.29)

Another important parameter is JCP , the Jarlskog invariant, which is a measure of CP
violation, is found to have the value in this model as

JCP = Im [U11U22U
∗
21U

∗
12]

= c

6
√

3
[√

2sc′2 −
(
1 + c2

)
c′s′ sinφ−

√
2ss′2

]
. (4.30)

In standard parametrization, the value of JCP is

JCP = 1
8 sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δCP . (4.31)

Comparing Eqs. (4.30) and (4.31), we obtain

sin δCP =
√

2s(c′2 − s′2)− c′s′(1 + c2) sinφ√
X ′(2−X ′ + s2)

(
1− Y ′2

(3−X′)2

) , (4.32)
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where

X ′ =
[
2s′2 − 2

√
2sc′s′ sinφ+ s2c′2

]
,

Y ′ = 2
√

3cc′s′ cosφ . (4.33)

To show that the model predicts the mixing angles compatible with the observed data,we
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Figure 4.2: Allowed parameter space in θ′ − θ (left panel), θ − φ (right panel) and θ′ − φ
planes compatible with the observed data.

obtain the allowed parameter space compatible with the 3σ range of the observed data by
varying the parameters s between [−1, 1], s′ between [−0.1, 0.1] and φ between [−π, π], we
show the allowed parameter space in various planes in Fig. 4.2. Using these allowed values of
different parameters, we show the correlation plots between sin2 θ13 and sin2 θ23 (left panel),
sin2 θ13 and sin2 θ12 (right panel) and between sin2 θ13 and δCP/JCP (bottom panel) in Fig.
4.3. From these plots it can be seen that by including higher order correction to right handed
neutrino mass matrix, it is possible to accommodate the observed data.

4.4 Vacuum alignment

We have assumed the vacuum alignment 〈φi〉 = v(1, 1, 1), 〈φ0〉 = v0 , 〈χ〉 = (ω1, ω2,−ω2)
to obtain the structure of mass matrices in lepton sector. One can obtain such vacuum
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Figure 4.3: Correlation plots between sin2 θ13 and sin2 θ23 (left panel), and sin2 θ13 and sin2 θ12
(right panel) and between sin2 θ13 and δCP/JCP (bottom panel) including the corrections.

alignment in the limit χ decouples from rest of the fields. The complete scalar potential is
given by

V = V (φi) + V (χi) + V (φ0) + V (φi, χi) + V (φi, φ0), (4.34)

with

V (φi) = µ2
φi

∑
j

φ†jφj + λφi1
2

∑
j

φ†jφj

2

(4.35)

+ λφi2

(
φ†1φ1 + ωφ†2φ2 + ω2φ†3φ3

) (
φ†1φ1 + ω2φ†2φ2 + ωφ†3φ3

)
+ λφi3

[(
φ†2φ3

) (
φ†3φ2

)
+
(
φ†3φ1

) (
φ†1φ3

)
+
(
φ†1φ2

) (
φ†2φ1

)]
+

{
λφi4
2

[(
φ†2φ3

)2
+
(
φ†3φ1

)2
+
(
φ†1φ2

)2
]

+ h.c.
}
,

V (χi) = µ2
χi

∑
j

χjχj + δχiχ1χ2χ3 + λχi1

∑
j

χjχj

2

(4.36)

+ λχi2

(
χ1χ1 + ωχ2χ2 + ω2χ3χ3

) (
χ1χ1 + ω2χ2χ2 + ωχ3χ3

)
+ λχi3

[
(χ2χ3)2 + (χ3χ1)2 + (χ1χ2)2

]
,

V (φ0) = µ2
φ0φ
†
0φ0 + λφ0

1

(
φ†0φ0

)2
, (4.37)
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V (φi, χi) = δφiχi
(
φ†2φ3χ1 + φ†3φ1χ2 + φ†1φ2χ3

)
+ λφiχi1

∑
j,k

φ†jφjχkχk (4.38)

+ λφiχi2

(
φ†1φ1 + ωφ†2φ2 + ω2φ†3φ3

) (
χ1χ1 + ω2χ2χ2 + ωχ3χ3

)
+ λφiχi3

(
φ†2φ3χ2χ3 + φ†3φ1χ3χ1 + φ†1φ2χ1χ2

)
+ h.c.,

V (φi, φ0) = λφiφ0
1

∑
j

φ†jφj

φ†0φ0 + λφiφ0
2

∑
j

φ†jφ0 φ
†
0φj

 (4.39)

+
[
λφiφ0

3

(
φ†1φ0φ

†
2φ3 + φ†2φ0φ

†
3φ1 + φ†3φ0φ

†
1φ2

)
+ λφiφ0

4

(
φ†1φ0φ

†
3φ2 + φ†2φ0φ

†
1φ3 + φ†3φ0φ

†
2φ1

)
+ h.c.

]
,

V (χi, φ0) = λφ0χi

∑
j

χjχj

φ†0φ0. (4.40)

The last term in Eq. (4.39) breaks U(1)X symmetry explicitly and removes Goldstone boson
which occurs due to the spontaneous breaking of U(1)X symmetry. The vacuum alignment,
〈φ0〉 = u, 〈φi〉 = (v, v, v) and 〈χi〉 = (w1, w2,−w2) assumed in the model is a possible
minimum of the scalar potential for V (φi, χi) = 0. A vanishing V (φi, χi) can be achieved in
the limit χi decouples from rest of the field as mentioned in Ref. [106]. The decoupling of
χi requires λχ → 0, λφ0χi → 0. To generate an acceptable neutrino mass spectrum λχ has
to be nonzero but can be small. A small but nonzero λχ will generate a sufficiently small
V (φi, χi), which will be too small to alter vacuum alignment considerably. In this limit the
minimization condition on u is given by

µ2
φ0u+ 2λφ0

1 (u∗u)u+ λφiφ0
1

(
| v1 |2 + | v2 |2 + | v3 |2

)
u+ λφiφ0

2

∑
j,k

v∗j vk

u
+λφiφ0

3
∗ [v1v2v

∗
3 + v2v3v

∗
1 + v3v1v

∗
2] + λφiφ0

4
∗ [v1v3v

∗
2 + v2v1v

∗
3 + v3v2v

∗
1] = 0 . (4.41)

The above Eq. (4.41) has a solution

u = λφiφ0
3

∗ [v1v2v
∗
3 + v2v3v

∗
1 + v3v1v

∗
2] + λφiφ0

4
∗ [v1v3v

∗
2 + v2v1v

∗
3 + v3v2v

∗
1]

µ2
φ0 +

(
λφiφ0

1 + λφiφ0
2

) (∑
j |vj|2

) , (4.42)
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for |u|2 � |vi|2.
Thus, for this case, i.e., for |u|2 � |vi|2 minimization conditions on vi are given as

∂V

∂v∗i
= µ2

φi
vi + λφi1 vi

∑
j

|vj|2 + λφi2 vi

2|vi|2 −
∑
j 6=i
|vj|2

 (4.43)

+λφi3 vi

∑
j 6=i
|vj|2

+ λφi4 v
∗
i

∑
j 6=i

v2
j = 0 .

Considering λφi4 as real, one can get the solution

vi = v =

√√√√√ −µ2
φi

3λφi1 + 2
(
λφi3 + λφi4

) , (4.44)

which is allowed.

Minimization conditions on wi is given by

∂V

∂w1
= 2

[
µ2
χi

+ λχi2
′
(
w2

2 + w2
3

)]
w1 + δχiw2w3 + 4λχi1

′w3
1 = 0 , (4.45)

∂V

∂w2
= 2

[
µ2
χi

+ λχi2
′
(
w2

1 + w2
3

)]
w2 + δχiw1w3 + 4λχi1

′w3
2 = 0 , (4.46)

∂V

∂w3
= 2

[
µ2
χi

+ λχi2
′
(
w2

2 + w2
1

)]
w3 + δχiw2w1 + 4λχi1

′w3
3 = 0 , (4.47)

one of the solutions of above set of equations is w1 6= 0, w3 = −w2 6= 0, which is the vacuum
alignment condition for 〈χi〉.

4.5 Effect of additional Higgs doublets on lepton flavor
violating decay µ→ eγ

Since | u |2� v2, one can neglect the mixing between φi and φ0 and the mass-squared matrices
in the Re[φ0

i ], Im[φ0
i ], and φ±i bases have the same form [107]

M2 =


a b b

b a b

b b a

 , (4.48)

where a = 2
(
λφi1 + 2λφi2

)
v2, −4λφi4 v

2, −2(λφi3 + λφi4 )v2 and b = 2
(
λφi1 − λ

φi
2 + λφi3 + λφi4

)
v2,

2λφi4 v
2,
(
λφi3 + λφi4

)
v2 for Re[φ0

i ], Im[φ0
i ], and φ±i respectively. Hence, there are three linear

combinations of φi’s, φ = 1√
3 (φ1 + φ2 + φ3), φ′ = 1√

3 (φ1 + ωφ2 + ω2φ3) and
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φ′′ = 1√
3 (φ1 + ω2φ2 + ωφ3) with vacuum expectation values

√
3v, 0, and 0 respectively. The

Higgs doublet φ with mass-squared eigenvalues
(
3λφi1 + 2λφi3 + 2λφi4

)
v2, 0, 0 for Re[φ0], Im[φ0]

and φ± can be identified as standard model Higgs doublet which gives masses to charged
leptons. One can see this by expressing Yukawa interactions of φi’s with leptons in charged
lepton mass diagonal basis

L =
(
me√
3v

(νe, e)LeR + mµ√
3v

(νµ, µ)LµR + mτ√
3v

(ντ , τ)LτR
)
φ (4.49)

+
(
me√
3v

(νµ, µ)LeR + mµ√
3v

(ντ , τ)LµR + mτ√
3v

(νe, e)LτR
)
φ′

+
(
me√
3v

(ντ , τ)LeR + mµ√
3v

(νe, e)LµR + mτ√
3v

(νµ, µ)LτR
)
φ′′.

The Higgs doublets φ′ and φ′′ contributes to flavor violating decays such as µ → eγ. The
prominent contribution comes from φ′ and the branching ratio is given by [107],

Br (µ→ eγ) = 9
32π2m

4
τ

(
M2

R −M2
I

M2
RM

2
I

)2 (
v2

0
3v2

)2

, (4.50)

where M2
R = 2

(
3λφi2 − λ

φi
3 − λ

φi
4

)
v2, M2

I = −6λφi4 v
2 are mass-squared eigenvalues of

1√
3 (Re[φ1] + ωRe[φ2] + ω2Re[φ3]) and 1√

3 (Im[φ1] + ωIm[φ2] + ω2Im[φ3]) respectively and
v2

0 =
(
1/2
√

2GF

)
. The predicted branching ratio will be below the experimental upper limit

Br (µ→ eγ) < 4.2× 10−13 [114] for

(
M2

R −M2
I

M2
RM

2
I

) 1
2

< 1.56× 10−3 GeV−1 . (4.51)

4.6 Summary and Conclusions

There are many models in the literature that give tri-bimaximal (TBM) form for neutrino
mixing by extending SM symmetry with A4 symmetry. Many models have shown that the
perturbations from higher order corrections can account for the difference in the mixing angle
predicted by TBM and that obtained from oscillation data from various experiments. But
deviation of the mixing angle θ13 predicted by TBM from the observed value is quite high
compared to other mixing parameters as TBM predict vanishing θ13 while experiments mea-
sure moderately large value. Hence, it is appropriate to consider θ13 non-zero at leading order
mixing matrix itself while other mixing angles are close to that of TBM and co-bimaximal
mixing matrix is an example. In this regard, we considered a model based on A4 symmetry,

63



Non-zero θ13 and leptonic CP phase with A4 Symmetry

which gives co-bimaximal form (θ23 = π/4, δCP = ±π/2 and θ13 6= 0) for the leading order
neutrino mixing matrix. We found that higher order corrections in neutrino sector coming
from effective dimensional-five operators after spontaneous breaking of A4 symmetry, modify
leading order mixing matrix. And the mixing angles, thus obtained are found to be within
the 3σ ranges of their experimental values. The CP violating phase δCP is found to be around
the region ±π/2, and the upper limit on the Jarlskog invariant is O(10−2). There are four
Higgs doublets φ0, and φi, for i = 1, 2, 3 in this model. One of the three linear combinations
(φ) of φi behaves exactly as standard model Higgs doublet while neutral component of the
other two (φ′, φ′′) contribute to the lepton flavor violating decays such as µ→ eγ.
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Chapter 5

A4 realization of Linear Seesaw and
Neutrino Phenomenology

5.1 Introduction

As discussed before, results from various neutrino oscillation experiments show atleast two of
the three active neutrinos are massive but in the SM neutrinos do not have Dirac mass like
other fermions due to the absence of right handed neutrinos. So neutrino mass generation
in the SM is generally expected to arise from a dimension-five operator [115] known as
Weinberg operator, which violates lepton number. However, in the context of SM very
little is known about the origin of this operator and the underlying mechanism or its flavor
structure. The seesaw mechanisms, type-I, type-II and type-III discussed in chapter 2 are tree
level realizations of Weinberg operator in beyond the standard model framework. All of them
include some heavy particles that mediate Weinberg operator, in addition to SM particles. For
example, in type-I seesaw setting [116, 117], a detailed discussion of which is given previously
in chapter 2 of this thesis, SM is extended by including the right-handed neutrinos to its
particle content. And these right handed neutrinos mediate Weinberg operator, therefore the
mass of active neutrinos are inversely proportional to that of right handed neutrinos. The
inclusion of right-handed neutrinos NRi , not only generates the Dirac mass term but also
leads to Majorana mass for the right handed neutrinos, which is of the form NRiN

c
Ri

and
violates B−L symmetry. The smallness of active neutrino mass is ensured by the high value
of Majorana mass of the right handed neutrino. In these cases, if Dirac mass of neutrinos
are of the order of lightest charged lepton mass i.e., electron mass, the Majorana mass has
to be in TeV range to get the observed value of active neutrino mass [53]. But if such models
have to be embedded in Grand Unified Theories (GUTs) where both Quarks and Leptons
are treated on the same footing, the Dirac mass of neutrinos will be of the order of that of
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up-type quark [118] and the observed value of active neutrino mass requires Majorana mass
to be of the order of 1015 GeV, which is beyond the access of present and future experiments.
In a similar way, we have seen in chapter 2 that in type-II seesaw mechanism new particle
involved is very heavy.
Many possibilities were proposed to have not so heavy Majorana mass and the existence
of other type of neutrinos called sterile neutrinos (S) is one among them [119]. Now the
neutrino mass can be expressed in the form of a 3 × 3 matrix with each element represents
a matrix. Depending on the position of the zero elements in the mass matrix in the basis
(ν,NR, S), active neutrinos receive masses through two different mechanisms called inverse
seesaw [119, 120] and linear seesaw [57], which are discussed earlier in chapter 2. In all those
cases, the smallness of neutrino mass is not only depends on the ratio of Dirac mass to heavy
neutrino mass but also depends on another parameter, 13 element of neutrino mass matrix
in the case of linear seesaw and 33 element of neutrino mass matrix in the case of inverse
seesaw hence, allows to have heavy neutrinos in TeV range and bound on the ratio comes
from non-unitarity effect.
All those seesaw mechanisms require some of the elements of mass matrix to be zero or very
small but none of them are prevented by SM symmetry. All those terms except 33 element in
the matrix will be prohibited if the SM symmetry is extended to SU(2)L×SU(2)R×SU(3)C ,
since in those symmetry groups right handed neutrinos are no longer singlets. But linear
seesaw requires 33 element of the mass matrix to be zero or very small which is difficult to
obtain with gauge symmetry, as sterile neutrinos are singlets in all gauge groups. But such
terms will be absent if there is flavor symmetry under which sterile neutrinos have non trivial
representation.
Here we consider the realization of linear seesaw with A4 symmetry, since A4 symmetry
is proved to be successful in generating variants of tribimaximal mixing for lepton mixing
that can accomodate recent results from neutrino oscillation experiments. We extend SM
symmetry with A4×Z4×Z3 along with an extra global symmetry U(1)X , as discussed in Ref.
[121]. The SM particle content has been extended by introducing three RH neutrinos, NRi

and three singlet fermions, SRi along with the flavon fields (φS, φT , ξ, ξ′, ρ, ρ′), to understand
the flavor structure of the lepton mixing. The proposed model gives almost similar result
as in [121] in the context of neutrino oscillation, but has a different physics aspect in the
case of heavy neutrinos. In [121], the active neutrinos get their mass through inverse seesaw
with the prediction of six nearly degenerate heavy neutrinos but in our case there are three
very different mass state with each state is nearly doubly degenerated. Also, our proposed
scenario is very much suitable for Leptogenesis as discussed in [39, 122], where the analytic
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expression for CP asymmetry and corresponding baryon asymmetry for the case of three
pairs of nearly degenerate heavy neutrinos can be found. In Ref. [122], the contributions
of the absorptive part of Higgs self-energy to CP violation in heavy particle decays termed
as ε-type CP violation, has been discussed elaborately. Such contributions are neglected in
many cases as they are small compared to ε′-type, the CP violation in heavy neutrino decays
due to the overlapping of tree-level with one-loop vertex diagram. They have provided the
formalism to deal with mixing of states during the decay of the particles and have shown that
there is resonant enhancement of ε-type CP violation, if mixing states are nearly degenerate.
The CP asymmetries due to both types of CP violations for a model with a pair of nearly
degenerate heavy neutrinos are also calculated and it was shown that the CP asymmetry due
to ε-type CP violation is about 100 times more than that of due to ε′-type, which in turn
predicts the correct baryon asymmetry of the Universe.
The next section of this chapter presents the model framework of linear seesaw while the
A4 realization of linear seesaw and its implication to neutrino oscillation parameters and
discussion on Leptogenesis are present in the subsequent sections. And the chapter ends
with summary and conclusions.

5.2 The model framework for linear seesaw

We consider the minimal extension of Standard Model gauge group GSM ≡ SU(2)L ×U(1)Y ,
omitting the SU(3)C structure for simplicity, with two types of singlet neutrinos, which are
complete singlet under GSM, for implementation of linear seesaw. We denote these neutral
fermion singlets as right-handed sterile neutrinos NRi and SRi . Both these neutral fermion
species have Yukawa coupling with the lepton doublet L. In addition, one can write down a
mixing term connecting these two species of neutrinos. The bare Majorana mass terms for
NRi and SRi are either assumed to be zero or forbidden by some symmetry arguments. The
leptonic Lagrangian for linear seesaw mechanism is given by

−L = yLH̃NR + hLH̃SR +NRmRSS
c
R + h.c.

= νLmDNR + νLmLSSR +NRmRSS
c
R + h.c. . (5.1)

The full mass matrix for neutral leptons in the basis N = (νL, N
c
R, S

c
R)T is given as

M =


0 mD mLS

mT
D 0 mRS

mT
LS mT

RS 0

 . (5.2)
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The resulting mass formula for light neutrinos is governed by linear seesaw mechanism

mν = mDm
−1
RSm

T
LS+ transpose . (5.3)

5.3 An A4 realization of linear seesaw

In this section, we wish to present an A4 realization of linear seesaw which has been discussed
in the previous section. The particle content of the model and their representations under
flavor symmetries are presented in Table 5.11. We introduce an extra global symmetry U(1)X
which is broken explicitly but softly by the term µ2

ρξρξ+h.c., in the Higgs potential to prevent
Goldstone boson [106]. This term not only breaks U(1)X symmetry but also gives non-zero
vacuum expectation value to ρ, 〈ρ〉 = µ2

ρξ〈ξ〉/m2
ρ. Here µρξ has mass dimension one and it

is natural to assume that µρξ is very small to mρ, the mass of ρ since, µ2
ρξρξ + h.c. breaks

U(1)X symmetry while all other terms in the Higgs potential respect all symmetries of the
model. Therefore, vacuum expectation value of ρ is very small compared to that of ξ, i.e.,
〈ρ〉 � 〈ξ〉.

Fields eR µR τR L H NR SR φT φS ξ ξ′ ρ ρ′

A4 1 1′′ 1′ 3 1 3 3 3 3 1 1′ 1 1
Z4 −i −i −i −i 1 i 1 1 i i i −i −1
Z3 1 1 1 1 1 1 ω 1 ω ω ω ω2 1
X −1 −1 −1 −1 0 0 0 0 0 0 0 −1 −1

Table 5.1: The particle content and their charge assignments for an A4 realization of linear
seesaw mechanism.

The Yukawa Lagrangian for the charged lepton sector is given as

Ll = −
{[
λe
Λ
(
L̄φT

)
HeR

]
+
[
λµ
Λ
(
L̄φT

)′
HµR

]
+
[
λτ
Λ
(
L̄φT

)′′
HτR

]}
.

After giving non-zero vacuum expectation values (VEVs) to SM Higgs as well as flavon fields
and breaking all symmetries, the mass matrix for charged leptons is found to be

Ml = v
vT
Λ diag (λe, λµ, λτ ) , (5.4)

1The implication of linear seesaw can be found in [39].
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where the VEVs of the scalar fields are given as

v = 〈H〉, vT = 〈φT 〉 . (5.5)

For linear seesaw mechanism, the Lagrangian involved in the generation of the mass matrices
for an A4 flavor symmetric framework can be written as

−Lν =LνN + LNS + LνS , (5.6)

where

LνN = y1LH̃NR
ρ′

Λ , (5.7)

LνS = y2LH̃SR
ρ

Λ , (5.8)

LNS =
(
λφNSφs + λξNSξ + λξ

′

NSξ
′
)
NRS

c
R . (5.9)

It should be noted that the terms LνN , LνS and LNS represent the contributions for Dirac
neutrino mass connecting νL −NR, νL − SR mixing and NR − ScR mixing terms. If one looks
at the mass formula for light neutrinos governed by linear seesaw mechanism given in Eq.
(5.3), one can use the mass hierarchy as mRS � mD,mLS. That is the reason why we forbid
νN and νS terms at tree level and generate them by dimension five operator, while the heavy
mixing term N − S is generated at tree level.
Using the following vevs for the scalar and flavon fields

〈φS〉 = vS(1, 1, 1), 〈ξ〉 = vξ, 〈ξ′〉 = vξ′ , 〈ρ〉 = vρ, 〈ρ′〉 = vρ′ ,

the various mass matrices are found to be

mD = y1v
vρ′

Λ


1 0 0
0 0 1
0 1 0

 , (5.10)

mLS = y2v
vρ
Λ


1 0 0
0 0 1
0 1 0

 ,

mRS = a

3


2 −1 −1
−1 2 −1
−1 −1 2

+ b


1 0 0
0 0 1
0 1 0

+ d


0 0 1
0 1 0
1 0 0

 , (5.11)

where a = λφNSvS, b = λξNSvξ and d = λξ
′

NSvξ′ .
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The first term in Eq. (5.11) comes from λ1φs
(
NRS

c
R

)
3s
, where

(
NRS

c
R

)
3s

is a triplet which
is symmetric under exchange of NR and SR. The product of two triplets can also form a
triplet which is antisymmetric under the exchange of the particles. In linear seesaw, the mass
of the light neutrino is represented as mν = mDm

−1
RSm

T
LS+transpose, and as seen from Eq.

(5.10) the mass matrices mD and mLS are symmetric and are related as mD ∝ mLS. Hence,
in mν = mT

D(m−1
RS +m−1

RS
T )mLS, the antisymmetric part cancels out and only symmetric part

survives.

5.4 Neutrino Masses and Mixing

For calculational convenience one can rewrite the mRS mass matrix (5.11) as

mRS =


2a/3 + b −a/3 −a/3
−a/3 2a/3 −a/3 + b

−a/3 −a/3 + b 2a/3

+


0 0 d

0 d 0
d 0 0

 . (5.12)

Thus, with Eqs. (5.3), (5.10) and (5.11), one can obtain the the light neutrino mass

mν = mDm
−1
RSm

T
LS + transpose

= k1k2


1 0 0
0 0 1
0 1 0

m−1
RS


1 0 0
0 0 1
0 1 0

 , (5.13)

where the parameters k1 and k2 are related to the vevs through

k1 =
√

2y1v
vρ′

Λ , k2 =
√

2y2v
vρ
Λ .

Hence, the inverse of light neutrino mass matrix is given by

m−1
ν = 1

k1k2


2a/3 + b −a/3 −a/3
−a/3 2a/3 −a/3 + b

−a/3 −a/3 + b 2a/3

+ 1
k1k2


0 d 0
d 0 0
0 0 d

 , (5.14)

which in TBM basis will have the form, i.e., m−1′
ν = UT

TBMm
−1
ν UTBM,

m−1′
ν =


a+ b− d/2 0 −

√
3

2 d

0 b+ d 0
−
√

3
2 d 1 a− b+ d/2

 . (5.15)
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The inverse mass matrix m−1′
ν can be diagonalized by U∗13. Hence, the matrix m−1

ν can be
diagonalized by UTBM · U∗13, and thus, the matrix mν can be diagonalized by UTBM · U13,
while mRS by UTBM · UT

13. The complex unitary matrix U13 has the form

U13 =


cos θ 0 sin θe−iψ

0 1 0
− sin θeiψ 0 cos θ

 , (5.16)

where the parameters θ and ψ are expressed in terms of the mass matrix parameters d/b =
λ1e

φdb , a/b = λ2e
φab as

tan 2θ = −
√

3λ1 cosφdb
(λ1 cosφdb − 2) cosψ + (2λ2 sinφab) sinψ , (5.17)

and

tanψ = sinφdb
λ2 cos(φab − φdb)

. (5.18)

The eigenvalues of mν and mRS are related to each other as

m̃i = k1k2

M̃i

. (5.19)

where m̃i and M̃i are ith eigenvalues of mν and mRS respectively. The eigenvalues of mRS

can be expressed as

M̃1 = b
[
λ2e

iφab −
√

1 + λ2
1e

2iφdb − λ1eiφdb
]
,

M̃2 = b
[
1 + λ1e

iφdb
]
,

M̃3 = b
[
λ2e

iφab +
√

1 + λ2
1e

2iφdb − λ1eiφdb
]
, (5.20)

which give the mass of the heavy neutrinos as Mi = |M̃i|. Explicitly, one can write the heavy
neutrino masses as

M1 = |b|M ′
1 = |b|

[
(λ2 cosφab − C)2 + (λ2 sinφab −D)2

]1/2
,

M2 = |b|M ′
2 = |b|

[
1 + λ2

1 + 2λ1 cosφdb
]1/2

,

M3 = |b|M ′
3 = |b|

[
(λ2 cosφab + C)2 + (λ2 sinφab +D)2

]1/2
, (5.21)
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where

C = ±
[
A+
√
A2 +B2

2

]1/2

, D = ±
[
−A+

√
A2 +B2

2

]1/2

,

A = 1 + λ2
1 cos 2φdb − λ1 cosφdb , B = λ2

1 sin 2φdb − λ sinφdb , (5.22)

and the phases φis as

φ1 = tan−1
[
λ2 sinφab −D
λ2 sinφab − C

]
,

φ2 = tan−1
[

λ1 sinφdb
1 + λ1 cosφdb

]
,

φ3 = tan−1
[
λ2 sinφab +D

λ2 sinφab + C

]
. (5.23)

Thus, the active neutrino massesmi = |m̃i| and the matrix which diagonalizes active neutrino
mass matrix Uν , are given by

mi = |k1k2|
Mi

,

Uν = UTBM · U13 · P , (5.24)

with P = diag(e−iφ1/2, e−iφ2/2, e−iφ3/2).
The lepton mixing matrix, known as PMNS matrix is given by [123, 48]

UPMNS = U †l · Uν , (5.25)

where Ul and Uν are the matrices which diagonalize charged lepton and neutrino mass ma-
trices. Here Ul = I and Uν = UTBM · U13 · P , hence,

UPMNS = UTBM · U13 · P, (5.26)

which is proved to be in good agreement with the experimental observations [91, 124]. The
PMNS matrix can be parameterized in terms of three mixing angles (θ13, θ23 and θ12) and
three phases (one Dirac phase δCP , and two Majorana phases ρ and σ) as

UPMNS =


c12c13 s12c13 s13e

−iδCP

−s12c23 − c12s13s23e
iδCP c12c23 − s12s13s23e

iδCP c13s23

s12s23 − c12s13c23e
iδCP −c12s23 − s12s13c23e

iδCP c13c23

Pν , (5.27)
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where cij = cos θij and sij = sin θij and Pν = diag(eiρ, eiσ, 1). From Eqs. (5.26) and (5.27),
one can find

sin θ =
√

3
2 sin θ13

sin δCP = − sinψ√√√√1− 3(2− 3 sin2 θ13)
(1− sin2 θ13)2 sin2 θ13 cos2 ψ

≈ − sinψ . (5.28)

The above expressions relate the parameters of the model, i.e., θ and ψ to the mixing observ-
ables sin2 θ13 and δCP respectively. Since sin2 θ13 is known more precisely than δCP, in our
calculation we fix θ by fixing sin2 θ13 at its best fit value while considering all possible value
of ψ for which δCP falls within its 3σ experimental range.

5.5 Numerical results

Using Eqs. (5.19) and (5.21), the light neutrino masses are found to be

mi = |k1k2|
Mi

= |k1k2|
|b|

1
M ′

i

. (5.29)

Since only the mass squared differences, ∆m2
21 (solar mass squared difference) and |∆m2

32|
(atmospheric mass squared difference) are measured in neutrino oscillation experiments, we
calculate the mass squared differences from Eq. (5.29) as

∆m2
21 =

∣∣∣∣∣k1k2

b

∣∣∣∣∣
2 ( 1

M ′
2

2 −
1
M ′

1
2

)
,

∣∣∣∆m2
31

∣∣∣ =
∣∣∣∣∣k1k2

b

∣∣∣∣∣
2 ∣∣∣∣∣
(

1
M ′

3
2 −

1
M ′

1
2

)∣∣∣∣∣ . (5.30)

Substituting the set of Eqs. (5.21) in the above equations, we find the ratio of the two mass
squared differences as

r = ∆m2
21

|∆m2
31|

=
[

(λ2 cosφab + C)2 + (λ2 sinφab +D)2

1 + λ2
1 + 2λ1 cosφdb

]

×
[

(λ2 cosφab − C)2 + (λ2 sinφab −D)2 − (1 + λ2
1 + 2λ1 cosφdb)

4λ2|C cosφab +D sinφab|

]
. (5.31)

Now using equations (5.17), (5.18), (5.21), (5.22) and 5.31, and by fixing the parameters

φdb, ψ and θ, one can find numerical values of M ′
i ’s. Once M ′

i ’s are known
∣∣∣∣∣k1k2

b

∣∣∣∣∣ can be
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Figure 5.1: Variation of λ2, the lightest neutrino mass (ml) and Σimi with φab, red lines are
for inverted hierarchy and green lines are for normal hierarchy.

calculated from (5.30) as

∣∣∣∣∣k1k2

b

∣∣∣∣∣ =
√√√√√√ ∆m2

21(
1
M ′2

2
− 1
M ′2

1

) =

√√√√√√
∣∣∣∣∣∣∣

∆m2
31(

1
M ′23
− 1

M ′21

)
∣∣∣∣∣∣∣ , (5.32)

which will also give the absolute value of light neutrino masses as all the quantities on the
right hand side of (5.29) are now known.
We now rewrite the expression tanψ (5.18) in terms of φdb as

φdb = 0, π, for tanψ = 0 , (5.33)

and
φab = φdb + cos−1

(
sinφdb
λ2 tanψ

)
, for tanψ 6= 0, (5.34)

and consider the following cases to see the implications.
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5.5.1 Correlation between model parameters with tanψ = 0

In this case φdb will be either 0 or π, and for φdb = 0 one can obtain from Eq. (5.17)

λ1 = 2 tan 2θ√
3 + tan 2θ

, (5.35)

and the ratio of the mass square differences r satisfies the relation

r = 0.03 =
[
λ2

2 + 2λ2C cosφab + C2

(1 + λ1)2

] [
λ2

2 − 2λ2C cosφab + C2 − (1 + λ1)2

4λ2|C cosφab|

]
, (5.36)

where C =
√

1−λ1+λ2
1

2 . The eigenvalues of mRS in this case become

M1 = |b|
√
λ2

2 − 2λ2C cosφab + C2 ,

M2 = |b|(1 + λ1) ,

M3 = |b|
√
λ2

2 + 2λ2C cosφab + C2 . (5.37)

Now from Eq. (5.36), using the measured values of r (0.03), variation of the parameter λ2,
the lightest neutrino mass (ml) and the sum of active neutrino masses ∑mi with φab are
shown in Fig. 5.1.
While for φdb = π

λ1 = 2 tan 2θ√
3− tan 2θ

, (5.38)

and the ratio of the mass square differences r satisfies the relation

r = 0.03 =
[
λ2

2 + 2λ2C cosφab + C2

(1− λ1)2

] [
λ2

2 − 2λ2C cosφab + C2 − (1− λ1)2

4λ2|C cosφab|

]
, (5.39)

with C =
√

1+λ1+λ2
1

2 , and the eigenvalues of mRS are given as

M1 = |b|
√
λ2

2 − 2λ2C cosφab + C2 ,

M2 = |b|(1− λ1) ,

M3 = |b|
√
λ2

2 + 2λ2C cosφab + C2 . (5.40)

Analogous to Fig. 5.1, the variation of various parameters with φab is shown in Fig. 5.2. From
the plots it can be seen that for normal ordering, the allowed parameter space is severely
constrained.
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Figure 5.2: Variation of λ2, ml and Σimi with φab, red points are for inverted hierarchy and
green points are for normal hierarchy.

5.5.2 Correlation between model parameters with tanψ 6= 0.

With tanψ 6= 0, the analytic expression for λ1 is given by

λ1 = 2λ2 tan 2θ cosφab sinψ
sinφab

[√
3 + tan 2θ cosψ

] . (5.41)

We obtain the correlation plots between various parameters as given in Fig. 5.3 and Fig.
5.4, by varying φdb between 0 to 2π and δCP in its 3σ range (0− 0.17π)⊕ (0.76π− 2π) while
fixing sin2 θ13 at its best fit value [125].
Comment on Neutrinoless double beta decay: The experimental observation of neutrinoless
double beta decay would not only ascertain the Lepton Number Violation (LNV) in nature
but it can also give absolute scale of lightest active neutrino mass. The experimental non-
observation of such a event puts a bound on half-life of this process on various isotopes which
can be translated as a bound on particle physics parameter called as Effective Majorana
Mass. In the linear seesaw model, the light Majorana neutrinos contribute to neutrinoless
double beta decay while the heavy pseudo-Dirac neutrinos give suppressed contribution.
The measure of LNV can be understood with the key parameter called Effective Majorana
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Figure 5.3: Correlation plots between λ1 and λ2 for normal hierarchy (top left panel), for
inverted hierarchy (top right panel) and between Σimi, mi and δCP in the bottom left (right)
panel for normal (inverted) hierarchy. The vertical and horizontal bands represents the values
of δCP beyond its 3σ range and Σimi > 0.23 eV, the upper bound on sum of active neutrino
masses given by Planck data, respectively.

Mass which is defined as

|Mee| ≡ |mν
ee| =

∣∣∣∣∣U2
e1m1 + U2

e2m2e
iρ + U2

e3m3e
iσ

∣∣∣∣∣. (5.42a)

The light neutrino mass eigenvalues m1,m2,m3 depend on input model parameters. These
input model parameters are constrained to their allowed range in order to satisfy the os-
cillation data giving correct values of mass-squared differences and mixing. The Majorana
phases ρ and σ are related to φab and φdb in some way and thus, they are constrained to
take limited value. The element of PMNS mixing matrix derived from the knowledge of
tribimaximal mixing multiplied by rotation matrix in 13 plane. The estimation of Effective
Majorana mass parameter using these already constrained input model parameters with the
variation of lightest neutrino mass in displayed in Fig. 5.5 where left-panel is for NH and
right-panel is for IH pattern of light neutrino masses.
The current limit on half-life (or translated bound on effective Majorana Mass parameter
mν
ee) from GERDA Phase-I [126] is T 0ν

1/2(76Ge) > 2.3 × 1025 yr implies |mee| ≤ 0.21 eV
and from KamLAND-Zen [127] as T 0ν

1/2(136Xe) > 1.07 × 1026 yr implies |mee| ≤ 0.15 eV.
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Figure 5.4: Correlation plots between φdb, φab and δCP for normal (left panel) and inverted
(right panel) hierarchy. The vertical band represents the values of δCP beyond its 3σ range.

There is also bound from CUORE experiment on effective Majorana mass parameter as
|mee| ≤ 0.073 eV [128]. The expected reach of the future planned 0νββ experiments including
nEXO experiment gives T 0ν

1/2(136Xe) ≈ 6.6 × 1027 yr [129]. The variation of effective mass
parameter in green points with lightest neutrino mass is shown in Fig. 5.5 for tanψ = 0
and the same is plotted in Fig. 5.6 for tanψ 6= 0. The left-panel is for NH pattern and
right-panel is for IH pattern of light neutrino masses. The horizontal lines represent the
bounds on Effective Majorana mass from various neutrinoless double beta decay experiments
while the vertical shaded region are disfavoured from Planck data. The present bound is
mΣ < 0.23 eV from Planck+WP+highL+BAO data (Planck1) at 95% C.L. andmΣ < 1.08 eV
from Planck+WP+highL (Planck2) at 95% C.L. [15, 130].
This plot shows that quasi-degenerate pattern of light neutrinos are disfavoured if we consider
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Figure 5.5: Variation of Majorana parameter Mee which is an observable in neutrino less
double beta decay with lightest neutrino mass for the case of normal(left panel) and inverted
hierarchy(right panel) for tanψ = 0.

Figure 5.6: Variation of effective Majorana parameter Mee which is a measure of lepton
number violation with lightest neutrino mass for the case of normal (left panel) and inverted
hierarchy (right panel) for tanψ 6= 0.

the bound on sum of light neutrino masses from cosmology. The current bound on Effective
mass parameters from GERDA Phase-I and KamLAND-Zen proves that NH and IH pattern
of light neutrinos are not sensitive. However, the future planned nEXO experiment is sensitive
to both pattern of light neutrinos.

5.6 Leptogenesis

It is well known that leptogenesis is one of the most elegant frameworks for dynamically
generating the observed baryon asymmetry of the Universe. In the resonance leptogenesis
scenarios, since the mass difference between two or more heavy neutrinos is much smaller
than their masses and comparable to their widths, the CP asymmetry in their decays occurs
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primarily through self-energy effects (ε-type) rather than vertex effect (ε′-type) and gets
resonantly enhanced. In the present A4 realization, since the mass splitting between the two
heavy neutrinos is rather tiny, it provides the opportunity for resonant leptogenesis, which
will be discussed in this section.
During the calculation of light neutrino masses and mixing, we have neglected the higher
order terms in the Lagrangian Lν as displayed in Eq. (5.6), which are given with extra
dimension six operators as follows

−
{

[λNφφS + λNξξ + λNξ′ξ
′] ρρ

′

Λ2 NRN
c
R +

[
λSφφ

†
S + λSξψ

† + λSξ′ξ
′†
] ρρ′†

Λ2 SRS
c
R

}
, (5.43)

as these extra terms do not make much difference in those calculations, but they make tiny
mass splitting in doubly degenerate mass states of heavy neutrinos. Including these additional
terms, the Majorana mass matrix M2 becomes

M2 =
 mR mRS

mT
RS mS

 , (5.44)

where

mR = vρvρ′

Λ2


2
3λNφvS + λNξvξ −1

3λNφvS −1
3λNφvS

−1
3λNφvS

2
3λNφvS −1

3λNφvS + λNξvξ

−1
3λNφvS −1

3λNφvS + λNξvξ
2
3λNφvS



+ vρvρ′

Λ2


0 0 λNξ′vξ′

0 λNξ′vξ′ 0
λNξ′vξ′ 0 0

 ,

and

mS = vρvρ′

Λ2


2
3λSφvS + λSξvξ −1

3λSφvS −1
3λSφvS

−1
3λSφvS

2
3λSφvS −1

3λSφvS + λSξvξ

−1
3λSφvS −1

3λSφvS + λSξvξ
2
3λSφvS



+ vρvρ′

Λ2


0 0 λSξ′vξ′

0 λSξ′vξ′ 0
λSξ′vξ′ 0 0

 . (5.45)

The mass matrixM2 can be approximately block diagonalized by the unitary matrix 1√
2

 I −I
I I


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and becomes

M′2 =

 mRS + mR +mS

2 mS −mR

mS −mR −mRS + mR +mS

2



≈

 mRS + mR +mS

2 0

0 −mRS + mR +mS

2

 , (5.46)

with eigenvalues

M ′
1
± ≈M1

(
1± vρvρ′

Λ2
m′1
M1

)
,

M ′
2
± ≈M2

(
1± vρvρ′

Λ2
m′2
M2

)
,

M ′
3
± ≈M3

(
1± vρvρ′

Λ2
m′3
M3

)
, (5.47)

where

m′1 = 2Re
{[
a′ −

(
bb′ − 1

2 (bd′ + b′d) + dd′√
b2 − bd+ d2

)]
e−iφ1

}
,

m′2 = 2Re
[
(b′ + d′) e−iφ2

]
,

m′3 = 2Re
{[
a′ +

(
bb′ − 1

2 (bd′ + b′d) + dd′√
b2 − bd+ d2

)]
e−iφ3

}
,

a′ = 1
2 (λNφ + λSφ) vS, b′ = 1

2 (λNξ + λSξ) vξ ,

d′ = 1
2 (λNξ′ + λSξ′) vξ′ , (5.48)

and φi is the phase associated with M̃i. The above set of equations show that m′i can be of
the order of Mi since a, a′ are of the order of vS, b, b′ are of the order of vξ and d, d′ are of
the order of vξ′ .
The decay of nearly degenerate heavy neutrinos creates lepton asymmetry, and is given as
[39]

εN±i
= − 1

4πAN±i

[(
m̃D

v

)† (m̃D

v

)
−
(
m̃LS

v

)† (m̃LS

v

)]
ii

Im
[
m̃†Dm̃LS

v2

]
ii

× rNi

rNi
2 + 1

64π2AN±i
2
, (5.49)
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where

AN±i
= 1

2

[(
m̃†D
v
± m̃†LS

v

)(
m̃D

v
± m̃LS

v

)]
ii

(5.50)

rNi = M ′
i
+2 −M ′

i
−2

M ′
i
+M ′

i
− ≈ 4

(
vρvρ′

Λ2
m′i
Mi

)
,

m̃D = mDUTBMU
T
13, m̃LS = mLSUTBMU

T
13 . (5.51)

Since rNi � AN±i
, rNi2 + 1

64π2A
2
N±i
≈ 1

64π2A
2
N±i

, for m̃LS � m̃D

εN±i
≈ −128πIm

[
m̃†LSm̃D

]
ii

rNiv
2(

m̃†Dm̃D

)2 . (5.52)

Substituting m̃†Dm̃D = |y1|2 (vvρ′/Λ)2, m̃†Dm̃LS = y∗1y2v
2 (vρvρ′/Λ2) and

rNi ≈ 4 (vρvρ′/Λ2) (m′i/Mi) in the above equation, we obtain

εN±i
≈ −512π

(
vρ
vρ′

)2 Im [y∗1y2]
|y1|4

m′i
Mi

. (5.53)

Writing y∗1y2 = |y1y2|eiθε , one can have

εN±i
≈ −512π

(
vρ
vρ′

)2 |y2|
|y1|3

m′i
Mi

sin θε . (5.54)

Here we calculate the baryon asymmetry for the case M3 �M2 < M1, i.e., normal hierarchy
in active neutrino sector. It is mainly the decay of M±

3 that contributes to the final baryon
asymmetry. Since the decay is in strong wash out region, final baryon asymmetry is given
by [39],

ηB = −28
79

 0.3εN±3
g∗KN±3

(
lnKN±3

)0.6

 , (5.55)

where KN±i
= 1

8π

(
8π3g∗

90

)−1/2
 MPl

MN±i

AN±i , g∗ ≈ 106.75 and MPl = 2.435 × 1018 GeV are

relativistic degrees of freedom of SM particles and Planck mass respectively. Here

KN±3
= KN3 ≈ 0.234

[
m3 ((eV)

10−2

]
vρ′

vρ
� 1 , (5.56)
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as m3 is of the order of 10−2 eV and vρ′

vρ
� 1. Substituting KN±3

and εN±3 in Eq. (5.55) gives

ηB ≈ 0.174


(
m3(eV)
10−2

)2

K3
N3(lnKN3)0.6

 |y2|m′3
|y1|3M3

sin θε . (5.57)

For y1 ≈ y2 and m′3
M3
≈ 1 the above equation gives

ηB ≤ 0.174


(
m3(eV)
10−2

)2

|y1|2K3
N3(lnKN3)0.6

 . (5.58)

For m1 < 0.005 eV, m3 ≈ 0.05 eV, with this value of m3, |y1|2 = 10−3 and ηB = 6.9× 10−10

from (5.56) and (5.58) we found the minimum value of vρ/vρ′ requires to generate observed
baryon asymmetry as

vρ
vρ′

∣∣∣∣∣
min

= 5.07× 10−5 . (5.59)

Comment on Non-unitarity in leptonic sector:
In usual case, the light active Majorana neutrino mass matrix is diagonalized by the PMNS
mixing matrix UPMNS as U †PMNSmν U

∗
PMNS = diag (m1,m2,m3) where m1,m2,m3 are mass

eigenvalues for light neutrinos. However, the diagonalizing mixing matrix in case of linear
seesaw mechanism–where the neutral lepton sector is comprising of light active Majorana
neutrinos plus additional two types of right-handed sterile neutrinos is given by

N ' (1− η)UPMNS , (5.60)

where the non-unitarity effect is parametrized as [131],

η = 1
2m

∗
Dm

† −1
RS m−1

RSm
T
D . (5.61)

In the linear seesaw framework under consideration, the N − S mixing matrix mRS is sym-
metric and with y1 ≈ y2, the ν−S mass term can be expressed as m†LSmLS = 1

2mlM0(vρ/vρ′)
where m0 and M0 are the masses of heaviest active and lightest heavy neutrinos respectively.
Thus, the above relation for η can be written in terms of light neutrino mass matrix and
other input model parameters as

η = m∗νm
T
ν

4m0M0
vρ
vρ′

. (5.62)

The maximum value of η for inverted mass hierarchy with lightest neutrino mass ml '
0.005 eV while considering the constrained value of the ratio of VEV (vρ/vρ′) = 5.07× 10−5

as derived from the discussion of leptogenesis and using M0 = 5 TeV can be obtained as
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follows

|η| ≈ 1
2


4× 10−12 10−11 10−11

10−11 5× 10−11 5× 10−11

10−11 5× 10−11 5× 10−11

 . (5.63)

Using the representative set of model parameters m0 and M0, the mass matrices mD and
mLS are expressed as follows

mD =
√
M0m0

vρ/vρ′
, mLS =

√
vρ
vρ′
M0m0 . (5.64)

Using the constrained value of these model parameters m0 and M0, the Dirac neutrino mass
connecting ν −N is found to be mD ≈ 70 MeV and the other mass term connecting ν − S is
mLS ≈ 3.5 keV.

5.7 Summary and Conclusions

Linear seesaw is a fruitful mechanism that generates tiny neutrino mass with prediction of
new particles which are light enough to be observed in future experiments. Realization of
linear seesaw requires to turn off some of the interactions which are allowed by SM symmetry
hence, SM symmetry has to be extended. Considering the success of A4 symmetry to explain
the observed lepton mixing, in this chapter we have considered A4 realization of linear seesaw
to explain the tiny mass of active neutrino as well as the lepton mixing.
The SM symmetry is extended with A4 × Z4 × Z3 and a global symmetry U(1)X which is
broken explicitly in Higgs potential. In addition to SM fermions, the model has six heavy
fermions, three right-handed neutrinos (Ni) and three sterile neutrinos (Si). We found that
each mass state of heavy neutrino is nearly doubly degenerate with a small mass splitting,
which can be neglected for the calculation of active neutrino mass and mixing parameters.
The mass of active neutrinos are found to be inversely proportional to that of heavy neutrinos.
The model predicts lepton mixing matrix i.e., the PMNS as UTBM ·U13 · P , where U13 is the
rotation in 13 plane and hence, explains well the results on mixing angles and δCP from
oscillation experiments. We obtained the parametric space and correlation plots between
various observables by fixing θ13 at its best-fit value and the ratio mass squared differences,
∆m2

21/ |∆m2
13| at 0.03 and varying δCP in its 3σ range.

We have demonstrated that pairs of nearly degenerate Majorana neutrinos in the model opens
up the scope to resonant leptogenesis to account for the baryon asymmetry of the universe.
We calculated the minimum value of vρ/vρ′ to generate observed baryon asymmetry by fixing
the mass of lightest heavy neutrino in TeV for the case where heavy neutrino mass are highly
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hierarchical so that the only contribution to baryon asymmetry is from the decay of two
lightest heavy neutrinos, the parameter space which satisfies this condition predicts normal
hierarchy in active neutrino sector with lightest one less than 0.005 eV. In this case the
maximum non-unitarity value, the model can accommodate in leptonic sector is very small
and is of the order of 10−11 and the mass parameters are found to be mD ≈ 70 MeV and
mLS ≈ 3.5 keV.
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Chapter 6

Summary and Conclusions

On account of many neutrino oscillation experiments, now we have clear idea about most
of the oscillation parameters and the future experiments may fix all unknowns. Hence, the
structure of neutrino mass matrix can be reconstructed and the mass matrix corresponds to
current oscillation parameters is nearly µ−τ symmetric. The deviation from µ−τ symmetry
is due to nonzero θ13 and deviation of θ23 from π/4. So the mass matrix can be µ−τ symmetric
at leading order with the symmetry breaking in higher order corrections to the mass matrix.
It is also possible that at high energy there exists a bigger symmetry which breaks to µ− τ
symmetry at lower energy. Hence, the observed form of lepton mixing matrix can be due
to the symmetry between the generations of fermions known as flavor symmetry that exists
at high energies. This thesis explores the scope of flavor symmetries to interpret the recent
results on neutrino mass and mixing.
The first chapter of this thesis discussed basic properties of neutrinos, standard model of
particle physics and neutrino oscillation. The discussions on Higgs mechanism and Weinberg-
Salam model explains why neutrino is massless in SM. The current best-fit values and 3σ
ranges of oscillation parameters are given in this chapter which show that atleast two of the
three active neutrinos are massive hence, hint towards physics beyond SM. An overview of
the thesis is given at the end of this chapter.
The second chapter presents various seesaw mechanisms which give the origin of tiny neutrino
mass in beyond SM framework. The seesaw mechanisms include Type-I, Type-II, Type-III,
linear and inverse seesaw mechanisms. A brief discussion of neutrinoless double beta decay
which is a prediction of all the above mentioned seesaw mechanisms, is included in this
chapter. The chapter ends with a discussion about some symmetry forms of neutrino mixing
patterns such as Tribimaximal mixing (TBM) , Bimaximal mixing (BM), Hexagonal Mixing
(HG), Golden ratio A (GRA), and Golden ratio B (GRB) etc, and corresponding mixing
matrices.
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Possible forms of perturbations to above mentioned standard forms of neutrino mixing pat-
terns and their phenomenological implications are discussed in third chapter. All these forms
correspond to µ− τ symmetric neutrino mass matrix in charged lepton mass diagonal basis
hence, predict vanishing reactor mixing angle (θ13 = 0) and maximal atmospheric mixing
angle (θ23 = π

4 ). But the recent experiments, Daya-Bay, RENO and T2K measured θ13 as
nonzero. Moreover data from MINOS experiment hints towards deviation of θ23 from π/4.
Hence, for being compatible with the experimental observations all these standard forms of
neutrino mixing matrices have to be modified by including appropriate perturbations.
The lepton mixing matrix can be represented as UPMNS = U †l Uν , where Ul and Uν are matrices
that diagonalize charged lepton and neutrino mass matrices. Therefore, the deviations in
lepton mixing matrix can be initiated from both charged lepton and neutrino sectors. In
this chapter, Ul is considered as identity and Uν as above mentioned symmetry forms at
leading order along with perturbations either to Ul or Uν . The forms of perturbations are
taken as rotations in various planes since, such forms have minimum number of independent
parameters, one rotation angle and one phase.
In charged lepton sector perturbations are taken as rotation in (12) and (13) planes and
similar results are obtained in both cases. The mixing angles obtained for all symmetry
forms of Uν are found to be in good agreement with the experimental results. In these cases
limits on Dirac δCP and Jarlskog invariant JCP are obtained and upper limit JCP is found to
be of the order of 10−2.
In neutrino sector perturbations in the form of rotation in (13) and (23) planes are considered.
For the case of deviation due to (13) rotation, the mixing angles obtained with TBM, GRA,
and GRB forms for Uν are found to be in good agreement with the experimental results.
While in the case of (23) rotation, predictions of TBM and GRB for Uν are in-line with the
experimental results. It is found that in both cases JCP of the order of 10−2 is possible.
Whether these findings can be tested in the currently running NOνA experiment with 3 years
of data taking in neutrino mode followed by 3 years with anti-neutrino mode is inspected in
this chapter and predicted value of δCP is expected to be supported by the data from the
experiment.
Chapter 4 of the thesis discusses a model based on A4 symmetry that gives Co-bimaximal
form for lepton mixing matrix at leading order. Co-bimaximal mixing is a modified form
of TBM and is given by TBM followed by a rotations in (23) plane. In this model SM
symmetry is accompanied by A4 and a global U(1)X symmetry. The U(1)X global symmetry
is broken explicitly in Higgs potential which avoids the Goldstone boson that would arise
if the symmetry broke spontaneously. Corrections to leading order mixing matrix due to
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effective five-dimensional operator in neutrino sector is considered and found that mixing
angles obtained are well within the experimental bound.
The model employs Type-I seesaw mechanism to generate tiny neutrino mass thus, one
expects neutrino to be of Majorana type. Majorana type neutrinos can mediate neutrino-less
double beta decay (0νββ), a process where two neutrons inside a nucleus convert into two
protons without emitting neutrinos, i.e., (A,Z)→ (A,Z+2)+2e. And the half-life of 0νββ is
proportional to square of (1, 1) element of neutrino mass matrix in flavor basis, i.e., (|Mee|2).
Hence, an upper bound on Mee is obtained from several experiments like KamLAND-Ze,
EXO, and GERDA which are searching for 0νββ decay. In this regard, the variation of |Mee|
with lightest neutrino mass m1 (m3) for normal (inverted) hierarchy is studied and found
that |Mee| is below the experimental upper limit for all allowed values of lightest neutrino
mass.
There are two types of Higgs doublets in the model, one is a singlet under A4 and gives mass
to neutrinos whereas the other one is a triplet under A4 and gives mass to charged leptons.
Hence, there are four Higgs doublets in this model and one of the four linear combinations
of Higgs doublets should behave as SM Higgs doublet. The mixing of A4 singlet Higgs with
triplet is found to be negligible. Therefore, the singlet Higgs is in definite mass state while
three linear combinations of Higgs triplet form three mass eigenstates. Out of the three mass
eigenstates of Higgs triplets one behaves as SM Higgs while the other two contributes to the
lepton flavor violating decay µ → eγ. Hence, the branching ratio of µ → eγ is obtained in
the context of the model and found that it is within the limit of the present experimental
bound [114].
Chapter 5 talks about A4 realization of linear seesaw. Linear seesaw mechanism generates
tiny neutrino mass without involving very heavy particles. The mass of new particles involved
can be of the order of TeV. Realization of linear seesaw requires inclusion of singlet fermions
known as sterile neutrinos in addition to right-handed neutrinos. The sterile neutrinos are
taken as right-handed hence, denoted by SR. In this context the neutrino mass matrix in the
basis (ν̂l, NR, SR)T is given by

Mν =


0 mD mLS

mT
D MR mRS

mT
LS mT

RS µS

 .

The active neutrinos receive mass through linear seesaw mechanism if mRS � mD,mLS with
all off-diagonal elements are vanishingly small. But SM symmetry allows all the elements
other than (1, 1) element of Mν . Hence, in this chapter, extension of SM symmetry with

89



Summary and Conclusions

A4 × Z4 × Z3 and a global symmetry U(1)X which is broken explicitly by Higgs potential is
considered. In addition to SM Higgs doublet the scalar sector of the model includes the flavons
denoted by φS, φT , ξ, ξ′, ρ and ρ′. Here mD and mLS arise through effective dimension-five
operators while mRS arises from dimension-four terms. Therefore, mLS and mD are naturally
small compared to mRS.
For the chosen representations of fields under A4 × Z4 × Z3 × U(1)X , mass of the active
neutrinos are found to be inversely proportional to that of heavy neutrinos and the lepton
mixing matrix i.e., UPMNS is obtained as UTBM ·U13 ·P , where UTBM is TBM mixing matrix,
U13 is the rotation in (13) plane and P is a diagonal phase matrix. The mixing matrix of the
form UTBM ·U13 ·P is known to be in good agreement with the results of neutrino oscillation
experiments. Further, the allowed parameter space and correlation plots between various
observables are obtained by fixing θ13 at its best-fit value and the ratio of mass squared
differences ∆m2

21/|∆m2
13| at 0.03 and varying δCP in its 3σ range.

In this context effective dimension-six operators generate tiny MR and µs which can be
neglected for the calculation of mixing angles and light neutrino masses. Due to non-zero
values of diagonal elements MR and µS, each mass eigenstates of heavy neutrinos are nearly
doubly degenerate with a small mass split which would otherwise be doubly degenerated.
Pairs of nearly degenerate Majorana neutrinos in the model opens up the scope to resonant
leptogenesis to account for the baryon asymmetry of the Universe. In this context, the
minimum value of ratio of vacuum expectation values of ρ and ρ′ (vρ/vρ′) to generate observed
baryon asymmetry is calculated by fixing the mass of lightest heavy neutrino in TeV range,
for the case where heavy neutrino mass are highly hierarchical so that the only contribution
to baryon asymmetry is from the decay of two lightest heavy neutrinos. The parameter
space which satisfies this condition, predicts normal hierarchy in active neutrino sector with
lightest one less than 0.005 eV. In this case the maximum non-unitarity value the model
can accommodate in leptonic sector is very small and is of the order of 10−11 and the mass
parameters mD and mLS are found to be of the order of 70 MeV and 3.5 KeV respectively.
This model has the potential to explain baryon asymmetry of the universe as well as neutrino
mass and mixing.
All these results strengthen the idea that the particular values of lepton mixing angles are
the outcome of flavor symmetries rather than mere coincidence.
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