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1 INTRODUCTIOf\ 

1 1 \otatlOl1 

Let F bc a n01 dzscrete locally compact totally dz'> ormprtpr/ topolog1,cal field (a on 

Arc.ht nedean local fieleI) of d UI aciell::.i1 te 0 Tl U~ F s a fimte extenSIOn of <Qp lpt 

o be the nr g of mtegers of F and Pp tl c un q e mdJamalIdeal of 0 Tl e g OUI 

of 1 n t'l of 0 hlCh 1S OF P IS denoted b OF Let r:v F be a gc (>r'ltor f P 

I ~ c '"!lIed a mform zer of F Let t be the valuatw of r S lch that t (w p) 1 

Tl e cari r al t) of 0FIPp s denoted b) qp vhere iF !:> a I 0 vcr of p Denotf'l 

tl p ( 0 na 7 d) absolute value of F c, 1 that la q fo E F \i\(' fi, 1 

11 (:' 1 ardct V of}< 1 r and to of 4J 1S 1 e IdlgC~ (fr '1ct lOnal ) f'rll P 

of 0 on I cl '4- s tr v '11 Tt en ('I.) S ca Ie 1 tl e u d 

E F e V sta 1 for tl E' '111 t ve c.haracter?; E'I b 

'l,Ua(r) - '1j (aT) 

l ~ I 0 ent of '1/ r or 

Tie (Va) - n(7f; ) +v (a) Thp Sduu tzB vlat space of]. ('onc;sts ot 1 

m; ant con: I ac. 1) <)upportrd funet ons on F a IE' 0 E'd 1 S (}<) If I belo ~s 

to S(F) U en 1 e Founer transform of <P h IE' f)f'ct to g n b 

I J-) IF I ) ( )! 



] I tr duct 0 8 

here d J IS an addItive Haar meas lIe on F The meas I €' dy said to 1 (> ')('tf d al 

(VI h respect to 1p) If <1>(x ) = <1>( ..c) The olum of 0 \\ tl rpc;pcct to the se f d 1<1. 

measure t rns 0 t t b f]p n 2 

Lpt F ienot(' the multlpl edt \c grouI of T Th 

form a lunda nental Sjstf'm of op n czgl bourl oods at d nt'lt!) for I If J.L S a cl ar 

acter of F then the conductor of I the la gE' t 1 + P F on Whld J.L s tr VIa TI IS 

~ IS called the conductoral exponent of J We denote It 1\ a(fl) 

r f>t (' J n (F) Of' lOtI? thE' grnrral lmear q oup of n x n matnces of non 7Cro de 

term ndnt ~e 0 Iblder rredu bIe.. 1 hi I (;f) tat 0 1 of G Ln (F) ror su I 

a representatIOn 7l" 7l" denotes the rf>I rt",(> tat r i aqred~ent to 7r and we let w 

denote the central character of 7l" A d '1 ('t C I-L of F gl cs fISC to done dl nE' <; onal 

I epl p<;t'ntat or I 0 det of G Ln (F) vherf' d f .,ta " for i ht' determ nant map V, c:; 

lJ denote thl<; one d men ona reple&e tat 0 b I '1od n Th r b a C 'U S surr 

c'l ta h rl t d r Pc! rtf' a I n ""II Ie 1 eprp<;01 t '1 on 7l" nd he cJ arac.ter 'I.P 11 h lb 

denoted by c( s 'i V) VI here 6 I., d. 0 II d. Male bCI elally we I a e ~ucl '1 

ep.s Zun factor fOl a pa r (T T2) of rfpre nt to 5 of GLn (F) '/, - 1 2 denoted 

c (s IT X 1r l 'If;) There IS <I. b m lar 'Y fa tor 1 ch s rcia ted to th C c factor Prpe se 

detaIls al e gl en n the next chapter 

No v Ipt E be a quadrat ext nSlOn of F .\ll E' prf'(,t' lmg cons deratlOnb dPII 

o er the f eld E \lIth thC' ob a '5 ch"ngr 

Gal(E / F ) t h(' Galo 'i group of E / r De oL 

( P t P hE' non t IV '11 c em of 

11 the nor T1 OJ '1 d 

1 eta e ap f am F to F Lr ~ lrn 1(> tl no tr v dl h r c..tr of r 'v r r( r ) 



1 I TO J n J 

by WI; The addlt ve cl a dLter of E deIloted by 'ijJ that I!,f' (' 0 se s sud that Ii 

has tr vIal restr chon to F Let t,J E be tl e character of E der I I y 

'ipF x) - V- {T h (.1')) 

ThE"n 'l/ IS of tl e fo m ('lb ) ~ iOI a character 1..- of F d d 6. E E " tl Tr E r(~) 

o A representat on of GLn(E) is tYI call) de loted bIT-\. soctated to S lCh c1 

representatlOn II we haVE" a t 1 c;tpd el s~lon fa tor Wllcl we de ote by t. (.> r(II) 'l/) 

and a tW'lsted L jundwn L(:, (II)) Other t1 d I the general linear groupe; VE" alc,o 

look at (m chapter 4) the umtar1j gro p n tvo vanables denoted by U(2 ElF) III 

general U(n E / F) IS defmed as the group of those elel ent& In G Ln (E) that 'lIr fb •. ed 

bv an lnvolut on 'r wlud s dehned III terms of (J (see 2 3) 

F nally ve ntroduce tl e man theme of th 5 disser at on 1 ct Jl be a. hd. acter of 

F A represe ltatlOn (TI \ ) of G r n (P ) <, saId to be J1 d stmgu sl cd WltJ e::,pect to 

GLn(F) If 11 e e l~ d non zero lInear form l on ~ the. ~pa('r of IT <> rh that 

(ltg)( ) 

for a 1 g E GLn(F) ail- E v \i\hen c om t the rete ence to a c,ubgroup of 

G Ln (.~) It S undu&tood that tl e s bgroup 5 G Ln (F) Tl c r<'I rf' entatlOn 1S sa d 

to be dzstmguzs! ed f t IS 1 dlstmgu shed Thu~ f H s a subgroup of C:rL (E) a 

representatlOn IT of GJ n(F) IS d stmgUlshed tl respect to H (or H dlstmg 1 sl ed) 

t tl e space of H Vdndnt lmedf forme:; on IT lenoted rHo n (n 1) " 0 P 0 

II tlIS thesIS H II us II) be GLn(r) except n cl a 4 I ere t IS U bj}<) 

The notlOI of a I a cI anqe I it IS mtroduced n? 3 



1 I r d ct on 1 

1 2 MotlvatlOn and some 1 emarks 

SUPPO'l(> oue WI ~lders an (llgcbra <- g oup G 0 E' a global field and o.n 'llgebra (' 

s bgrou~ H of G Then d tzr guts! pdne of an automorpf zc rep psentatwn of G 

defined 111 turns of the non van s1 mg of d Lert'un perwd r tegral ThIs notlOn a~ 

mt oduced in the "\\ork of Halder Langlands aId RapOIort 22] ,h(:,ff'the\ rro\e 

Tate s conjectures for certalll Hzlbert modula sur/aces In orclel to do thls tl ev nN'i 

to mVE>~t gate tl e poles of the Hasse We%l zeta junct'ton attached to the surtace 11 e 

zeta functIOn lS e:>..pressrd m terms of some mtegrals WhH::h have poles v.lth res due 

('qual to the alue of the perIod mtegral Thus dlstmgu shedness determmes the poler:. 

of tl creta f nctlon 

11 E F 1S d quadratIc extenslO of g abell nehl let A ar d As ipnote tl (' r ng of 

odele of F o.nd .b respect w]v 11 (" 1 it c;; proved n [22] that a l,utlpldal automoq I 

r f' entat on of GL2(Ar;) vlth trIVIal e t al charactel:' d <;t ngUlst ed f'l I or 1 

if t ~ tl e babe rl angt. 1 ft of a c <;Jldal r pu~<;f' tat 0 of G L2 (A,.,) whose c(> t al 

cl <lfd tel b nOl tnvlal 1\ tuna f' J roof of I g 01 al rcsu dppe'1red 1 1 1 i cl el 

[12] a d Ye (.36] rhcke u Cb tw~<;ted ten<;or r f net ons wI leas Y<.. 1'l~C;; rela 

t ac.e fo mulas [26] to 'lC 1 e\e 1 s Tl l,re ar<' sevel.al 0 r I?r Instances m the I tent Ie 

VI herE" a snmlal phenomcr on tl at dlst ngUlshed reple~entatlOn& havE" a fUl eto al 

charactenzatlOIl takes pla<.e To <-lte a fev. v. hlCh atc rele, ant to t.1t .., thec;l,) \e 1 ff' 

to [13] !21] {2'"'] [28] ar d [30} 

In Ll & thcsIs ve dral th tl rec bud mstar<.:es all n the ('0 teAt ot GL(2) 0 el '1 

1 a he. fold The&e ale tl e cqllvale 1('P of (1) a d (3) tl eorem 1 3 1 cq V\lC'l c(' of 

ar 1 (2 tl eo (?m 132 d, u tl ore 1 ] 3 Tl p firs the ioedl ar aiogue of th 



1 I tr duct on 11 

thE'orem in 22] cIted In the abo e parag aph a1 d m fact 0 T rf'C) It can be dedu J 

from Its global analog le 1115 was pomted out to us b} the refe ep of [1] Onp .. tarts 

vlth 'l local dl<)t ngu she 1 1epre<;entat 0 (assu t' t s 1percu~p dal 1 ch 1<) th 

r on tr v al c.ase a v \V) a 1 sho \, ') the\. can be rC'ahzfd as a 10 '1.1 c 1 pon('ut of 

global dlC)t ng llsl ed reI u, tatlOn D, tl e tl eo e r ill [22] thIS h obdl ~p ~E' t'l.t 0 

IS a ba~e J 'lnge 1 ft Th '3 its components are loc(l.l ba~E' d ange hf s } the or ed 

cen a1 characters The con ersc S slmllar usmg the fact that '1 10('a11 a~e cl1.nge I fI. 

mdY be lea lzcd as a component of a global base c1 angc 11ft 

The key mgred ents In our proof (of thporem 1 31) are tl (' 'Y factor cr ter on for 

dlstmgUlshednesc;; due to Ha~ m (Theorem 314) Tunnell s form la tor d at<1cte s 

of C L(2) (Tl porem 3 1 8) dJ (} a esult of 81. to vh cl a. co ol drv to 1 s )roo of 

Thnne 1 b fOII mia (Theo em 3 1 9) \A,e reproduGe Hal. In s t eo em a d h S 11 f 

(v.lth n nor changes) III 3 1 Then \ e denve t\ 0 ce I€'<; llts (colOllar ~ '3 16 31 ) 

'1bout t1 (' 1 d mf'nSlOn ~l cl1.ra ters of E out of Hakim rr trr 0 hlrl t' ly 0 e 

s '\ v 11 kno n esult lIt> to Frol Itch a I Q f' ut [18) dI d (1 C 0 f' les t s stdtrd 

n [3] Theorunt; 1 3 2 1 3 3 and 1 34 \c ded cc. frorr tl eo (' n 1 3 1 it} 0 t mud 

fiort 

Theon' n 1 3 5 d E' 0 FI cker It s the nam local tl f'Olern n [13J here' Ie 

Ie luces thiS from a Slm Iar global result VVe gne a purely Ioea proof of thiS result 

n ,haptef 4 1y[ore dctall& regard g the theorem and our proof '1 e gIven 1 ';)8('t 01 s 

41anl42 

I the' fina cl 'lpter e prove d 1 pI C Lv 0 e 1 5U t t r a c a 

of GI (E) d 11 tl s c; <; 1,ted a') theo ell 3 G It fo 10 v ('ssent 

of eprr e t t 0 

f I h 

ll?rn n:::l [11J \\ (' ~t' 1 1<; to 1:, e d l aJ. a trrlutlOn f r I st g Ish lr f'SS fIt} ""to 



1 inti oduct 0 

replesentatlOns (Theorem 1 3 "") We also try to uuderstand how dlS~ll gUlshednf> S 

rf>flf'('t~ or the local tW1sted tensor L functlOn (Theorem 1 3 8) Theorem 1 3 9 1S easv 

10 verlfv OI(.e ~e appeal to a result due to Bu!>hnell a d He mart 

Th(l e:>.. ')tmg proofs of the known thcOfen ~ n th s thesls (1.ddressed m cl aI tus 

3 and 4) Ube a mlXture of local a d gloLal rr etho b Wf' pro'vlde local plOofs n 

thoc:;e Instances whE're only global proofs currently €)"Ist ~e behe ethiC:; rfl':, Its III 

mderstand ng the sltuat on better It appealS that tl e results 11 the find chaptel 

are new 1\ evertheless the) are not comprehensr\ e 'tnd should be lmpro ed upon V\ e 

only lemar1.. on a few pIa I~ ble Improvement') here 

1 3 Summal y of results 

Theorems 1 3 1 1 3 4 are taken up n chapte 3 Chapter 4 1& devoted to theorE'In 

1 3 5 Tl e re..,t are addn:!<;sed m ('] dpter ~ 

Theorem 1 .) 1 Let f" be a charUl.te of r Let I1 ue '1n lllCclu('lbie admlc;c;il p ) 

re&enta.t n of GL2(E} \lth wn Jl 0 l\E/f 11 en the follo VI g ">ta.tenl('[ t,~ 41E.-

qu dlen 

(1) IT s a base' c! dnge 1ft of a rrprescntat on of GL2(F) wIth centrcLl character I u., F' 

(2) 'Y(rr ® A 1 W~)A( 1) 1 fo ctll (,haracters ).. of E wh ch satlsf) AIF fJ, 

(3) LI S jJ. d st ng 1 shed vlth respect to C'L2(F) 

1 heorem 1 3 2 Let /-L be a d araete! of r 'U d II 'tn lrrcdu(' lIe adm sslble repre 

scntat Ol of & L2 (IJ) w th ('cntral d a arter Wn f.1 0 N E F TI en thf' tollowlI b arf 

rq I clIent 



1 Introd Ll twn 

(1) II rv ITa- I e IT s a base cha.nge hft flOm GL2(F) 

(2) IT IS dIstmgUIshed WIth res} ect to u (2 ElF) 

(3) II ]S f,L-dlstmgl1l"hed 01 JJNJ E F d st ngUlshed 

1J 

TI eorE'm 1 3 3 I et 11 be an lrrE'd c ble admissIble tE'presentatlOn of G L2 (E) Ith 

Wn IF = 1 Th(,ll IT rv rrq 
I f rI rl only If IT IS dlstmgu shed or wI< d '3t ngUlshed tl 

le5pect 0 GL2 (F) 

Theo em 134 Let IT be d IrreduCIble admlss ble reprf''if'ntat On of C'L2(E) TI en 

IT IS both d st nr;Ulshed a d WE p dlstlngmshed Wlt} lesped to GL2 (F) exactly 1 en 

IT - IT( X X ) for some cl aracter X of E 

Theorem 1 3 5 An IlTcduc ble admlSSl bl~ representatIOn IT of G L2 (E) IS dlstmgUlsl ed 

th respect to GL (F) If and only If It IS an 1. nstab c base d ange hft of a H'l resen 

'1 on of L (2 Ej r) 

Th('orpm 1 36 Let II be a dlstmg 1 c;hed superc 8I ciaI l\-presentatIon of GLn(E) or 

IT J(n Ih) 1<) normallzedly III I E'd from the <:;tandard paraboh\- of type (nl n-l) 

and IT a e "':luperc lSp daIs of G Ln (E) <.ll~ II gu hed \ Ith respert 0 C' J n (F) 1 2-

'1 e l 

d~'mcr(Horr P". (rr 1)) - 1 

.... 1 ere Pn(F) IS the m rabolIC' 'i 11 group of r 

Ti f' rem 1 37 Let II I p rt'i PE'rcuspldal representatIOn of G Ln(E) or II J(IT II2) 

per u~plddl<:; of C'Ln (E) dnd rL (F) r(,c,p(lctl el tl 

n - n + n2 Suppose WIT 1 The! n 1'1 d st 19u sl ed f '1 1 1) If 

1-1 p)d p = f U (p)d p 
r p }< 



1 III oclu U 14 

for all n c }'V (Il ~ ) 

Theorem 1 3 8 Let n be as III theorem 1 3 6 Then s - 0 1S a pole of L( s (II)) 

Theorem 1 3 9 Let IT be a tempered leplesentatlOn of GJ n(E) Then 

Suppose IT IS tempered and dlstmgUlshed Then 

1 
f( 2 II x II 1) 1 



2 PRELI\lIN ARltS 

2 1 RepI r.,pntatlons of GL (F) 

rhe references for th S sectlO dre ma y [5] [6] [7] [10] ann [31) \\e have I a tlCU 

arly mad se of the excellcI t eJl.pOslt om 111 [10] and [31] 

I ct F 1 ~ a non -\.rC'h medean local field of charac enstlc 7ero The 0 P ~ 

q a e tl el usual mean ngs as mIl Let 'v.ln(F} denote the set of all x n 

n at L~~ ho')(' e tnes ,}fE' I rand C Ln(.f.) tl e general 1 ncar gro p of Invertlble 

I tn<-es \11 (F) It l~ d, locally comp'lrt t tally d swnnecte i topoiog cal glO I 

Its In que (upto COIlJUg'lCV) rna"l n 101 n ('ompact bg 0 pIS K - GJ >1. (01") For 

A. fundamental s stem of 01 111 nel$;ll rhoou t tl e de tIt) "c (,'In takc the> r1 a n 

f oren 01 pact UbglOUp g v n I)-

[( - {q E j{ I q - in E w m Ai (tJ )} 

fu m 2: 1 and ](0 = K Let B (F) Nn(F) A (F) denote the Borel subgroup 

of upper t angular matr ces Itc:; I I ot nt raciIca vh cl consIsts f upper tl aT gu a.r 

n I ot.c t latr ("; a. d tl 1 dbU dl tOrt1<l wIth en rIPs::Ill Z<'l0 e f'l t on t,l e I rl 0 al 

Tl ~ An Of no. zes \ d. del f> D = '\ An LSI e thp \\ t' 1 gr 0 f 11 

<:; m ~t C I at ::, \\ p II lccd tl (, folio Vll ~ decon 'OS 
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Theorem 2 1 1 (Bruhat decompos tlOll) 

GL (F) 

COlo)]ary 2 1 2 GL (T) IS generated by Bn(F) and It~ transpose 

TheOff'n 2 1 3 (I~asawa decomposlt on) 

Theorem 2 1 4 (I~ahon factonzat on) For m 2': 1 

Let (1r V) be a repiesenta lOU of GLn(F) it IS called smooth (or alqebra c) if fo 

e\.Ci Y 'I. C V tl e sta.blllzer of v ill G L'fl (F) gIven by 

StlbcL (F (v) = {g E GLn(F) 17T(g)V = v} 

s open 'II e reprE-'Sentcl.tlO 7T S sa d to be ad n sszbk If 7T is bffiooth al d the s1 a (' 

of vectors fixE' I b) any O} en compact subgroup of GLn(r) IS fin e dlmensIO::\,l -\n 

irreducible ddrmSSlblf' representatlon of GLI'I(F) 18 mfimte dlmenSlOnallf lL It:, not 1 

dimenslOnal If (1l' V) IS a smooth representatIOn of G Ln(F) let 1.- denote the bpact:' 

of bnear functlonal& on V \\e ha\ e GLn(F) actmg on V the act on 1[* IS g ven b 

V 7f (J)f > < 1[(g (v)) f> (g E GLn(F) v E V) 

LE't V delate tl e sul bpace of V t} at COllblsts of UlOS<- mear f m t onals 01 \ , 1 0 ~ 

::,tdb hzP!" dIe opel n GLn(r) under the alo\e actlOI Then ~ IS ~ ~l 1 zed b 



2 Pre1.11mna.ncs 17 

G Ln (F) ar d this reprf'~entatJon IS called the contragredtcnt representatzon of (IT 1 ) 

On an IrredUCIble adml~blble rcpn~"~ntatlOn 1f of GL (F) the centre of GLn(F) acts 

b} a chal actu called the centml cJ aracter of 1r denoted b) w 

On a loca.lly comp'lct gIOup G tl ere eXlsts d left Haar measure that lb U l1qU€' 

upto a pos tlve real num} er Let d x be a left Haa mea::, He on G 'Lmquene<; of 

Baal measure., g es r be to a cl aracter ~G of G given by d (xg) - 6.c (J)d 1. Th 'i S 

called the modular chararte'fofG Further d x ~G(x) d x sa r ght Haar mea ule 

on G A left IIaai 1 ea::;ure IS lIght 11 (If ant If and only If the modular chara ter " 

tn"\lal and n th s case G s called um wdular It can he ver fied that LlGL (F 1 

and 

Suppose B Ib a closed" Ibgroup of G Let (p W) be a smooth represel tat on of B 

v\c get '1 (smootl ) reple~elltd.tlOn of G out of thIS wh ch lS the (normahzcd) md ced 

represeniat'lOn JJ; (p) and th s act~ by nght transl(\. on on the space 

f(bg) - (~R :)} lp(b).f(g) for b E B q E G } 

1(1 u) ;; f(h) for U E UJ an open set III G 

\t\ e al '30 1 we the not on of a compactly mduced repre entat20n denoted b} B ( ) 

I osc '3I a e IS 

{f E Jg(p) I f has compact support modulo B} 

Lc>t U~ d~ ote tl e correspondmg DOl normal hM md lctlOns by I l,d al d. md e:,pK 

tl cl) 

1\ ow e ca lee. bl... hE' aorel of pa1abo/2(, mduct on fo GL (F) For po. 

t t on n - rJ + n2 + + ~k of r.d be the <;ta tdOTd pa b c 
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subqroup gl'\len by Llu<...k upper tn'1,r gular matncef> 

g * * )p; 

J2 * 

9 

A pambol c s'{ bgroup of tJpe (n "1,2 nk) IS d couJugatr of Pen ~2 

GLn(F) The u.mpotent rad'tcal of thl? abo,e standard paLdbohc wbg Ot P S Its sub 

group wIth g = In Tl e Levz subgroup of Pen n 

x GLn (F) embedded dIagonally n GLn{F) Let p be a smooth representatIOn of 

the LevI subgroup Lxtend t tnvlalh Itrross the un potent radIcal to get a represent1 

tlOn of the pambohc subgroup '1gall denoted by (> Now consIder l~: F n (p) TIllS 

r presentatlOn IS sa d to be parabohcally mduced [lorn the Le <; bgroup to GL ~}) 

Parabol C I duct on cO! btl lCt~ rcpresentatlOns of GLn(F) from rep p..,cntatlOnc; of 

t Lc..v sul groups Thele s an ddJo nt functOi to this called tJ e Jacquf'f f 17 to 

,h ch co lstruc.t& IE'prCof'nt c\t on~ of Lc\ 1 S Ibgro s f om rcprescntatlO 15 of C'Ln (F) 

Let P - kIN be the LeYl decompoc:; t on of a I tl.labo! c S IbBro Ip P of GL (F) If 

(p V) 1<:; d. represcntat on of a. pa dDohc subgroup of G L (F) let 

VC'v)={nv v\nEJ\ veV} 

The Jacquet junctor PN of P IS \, ;V(N) it can be see that PN 1~ ~ epresentatlol 

5PdC(l for /11 If p lS a sn ooth repreSf.ntatlOn of GLn(r} It~ Ja luet functor PA S 

JU5t that of p p 

ror '1 ::,mootl eprf'se It at or ("f V) of G Ln (f) a matr x oeffLc ent of 1r IS 

functIOn on GJ nCr) of the fo 11 <... r(g)v v> w lcre vEl 'V E V 9 c GLn{F) Vve 
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} a c 

Theorem 215 Let (n V) be <in Ineductble adrn bSlble lcpresentatlon of GLn(F) 

Then the followmg alE' eqUIvalent 

( ) A mat lX coeffic t.nt of 7r IS CO 1 pactlv ~upport(l 1 n dulo the (entre 

( ) Every matr x coeffic cnt of 7r I!> carr pactl) bUPlJO ted modulo the c<'ntre 

(Ill) The Jacquet functors of 1r (for all proper parabolIc <;UbglOup~) are z(>ro 

( v) The r<>pr(>':c'ntatlOn 7r doe~ not ocwr as L subquotter t of any repl esc tdt on 

parabol cally duced from any proper parabohc subgroup 

A repI(>'3entatlOn satlsf} mg any 0 1e of the condIt ons of theorem 2 1 5 IS called a 

supe cu:,p~dal reprpsentat on Later m thIS sectlOn we wIll state 'let another cha1.ac 

tenzat on of d, supercuspldal rcprec;(>ntatlOn due to Gclfar d and Kazhd Lll In tel ns 

of the Bern~fem Zelevzns!.uy derw t ves (Proposlt on 2 1 7) 

A rep esentatlOn 7r IS "aId to bt> ess('nt~ally s 1 are mtegwblf f thele q a. charae-tel 

X of F such tha.t I < r(g)v 'U > 12x(det g) 1':> a fur t on on 7(F)\GLn(F) for (3'~ y 

m').tnx copfficlent of 1f and th f met () 1 IS mtegrabk on GLn(F) IT odulo ts cc ( e 

L(F) If X can be trtken to be tnvial "T IS sald to I E' quarp mtegrzble or we say that 

It '.i 1 11 e d 5(.. de senes for cr (F) 

The next theore n sa) s ..... 1 en a fE'presentatlOn parabo lcally nduced from a super 

C lspldal rcpresentat on IS reducIble 

Theore n 2 1 G Let P P(ni 2 nk) :::: M N be a standard parabolic sul hro p 

of GL (F) Let p p ® P2 ® ® Pk be an lrrf'O h e r~p 'Se tat or of M tl 

E'''ery p a supcrcu!>pId').l leprc')entatlOn of ('L (F) The panl 0] call nduce 1 ep 

rCSE'ntat on 1 ~L 1- (p) S 1 cd ( b c f dnd 0 ly t tl cr<> e). sL 1 'I, 7 < f v H # 
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n n at d p '" p I IF 

ThE' supercuspldals a e the bUIld l~ bIneks of }l111ITeduClble admlSS bie lepresenta 

tons of GLn(F) \t\e do not ntend to state the PiCClse tl emems in thl1, regard smce 

m thls dlbC;f'rtatIOn ve dedI only wIth the superrusp dalll,pICc;entat OI ~ an I tl E' rep 

res<?ntat 01::' parabobrally nduced fro n a LeVI 8 bg oup of tie ( n2) vI f' e 11 e 

rcpleser tatIOn of tl e Lev subglO P IS gl'ren u tern'l of t \0 supcrcusT ldab S ffirE'~ 

to say for a feel of complete le&S that all e')sentlall squale mteorable rcprescntat QI S 

can be obtamed as (a umque) quotIent of c:t rei resentatlOIl parabolIcally mduced 

from the supercuspldaLs and any lreducilile admlss ble lepresentatlOn of GLn(F) <; 

obtamu:i the same Y\av out of essentmll) square mtegrable reple&entat om 

We say that th(l H.prebCntat on (11" V) of GLn(F) IS umtaT'lJ If V I a<; an nner 

pro iuct hich s GLn(F) mvar ant A dISCrete ser es represel tatlOn 1S un talY '\lso 

un tar} uperCU81 da s be 0 b to the dl'l<Tete ser es 

N 0\-\ h--c a non tn\ lal add tl e chaw{;ter 1/J of F Tl IS g cs r sc to a d anctf of 

Nn(F) agm denoted I J v hIve 1 y 

+n.". ) 

An Ifreduc hie adrn ~~111e repres(..ntatlOD. (11 \1) of GLn(F) s sald to be q(. enc f 

there eXIsts a non lew lInear f inctlOnal A on V such that 

(n) 1\( ) 

for all 'L E 1 'l.nd n E l\n(F) S I 1 a A.. l~ called a WI 'lUaker functwnal Ii is 

ge erIC t hCll t I (.. H'I c e tatlOn 81 'l(..e V rod} b<> lea ed OIl a (.er a m spa e of" 00 1 
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[unctIOns W( 7r 1/J) gIven by 

W(n <p):= {~ C'Ln(F) --+CU I M- (ng) V (n}W(g) n E l\ (F) J E C'Ln{F)} 

and the actIon of G Ln (F) on t h '3 <ipace IS b) r gl t tra lat one; S lch d rfaiI a. () 

IS calkd a Wh~ttaJ.er model fm 'if The not or of 'T bE' I g genf'l' C do~ not drpe 1 

on tl e addltn e chara.ctel that ve d oose Thr SP'l(,P of \\ h ttakE'r imctlOnal., 01 a 

lIr!'ouclble admlsSlble replescntat on of GL" (F) 1 db dl ncD'l on at most one Th., 

multlpl Clty on€' lesult IS due to ShaJ ha .<\.nother result due to Zelevlnsky states thai 

7r IS genenc If and only f It IS Irreduclbly nduced from cssent all) square llliegrable 

reprcsenta tl ons 

We say that 7r IS tempered If 1 ::. lfreduClll) nduccd from a dIscrete senes repr!' 

sent at IOn 

Jet Pn(F) be the mzrabol'tc subqroup of GLn(F) V\ll<-h cons <;tq of those 9 in 

G LnCF) w th fJg :::: 9 where "l (0 0 1) Let 

and let P (r) act on tllb bpace by r ght translatIOns 11 S IS a model tor 7f SII ce thE' 

map ~t -4- Vf P r 1') d.n n)ectlOIl ThiS real nt on s called the K nllov model for 7r 

The space of md~:rr)(1p) say Ko('4) s co tdmed in JC(7r 'l/. ) and lCo(1j;) - lC(r 'It ) 

preclsely wI en 71" IS supelCUSp dal (see proposItIOn 2 1 7 and the dlSrt SSlon prect'd 1 g 

1 at) 

\i\e el d thiS sectiOll th a bnef ove c"," of Be nstc n Zelc nsk:> cler vatlv 

Wr haH' &Lrr{F) t~ l1urabol <;u g oup P (F) and ve deno e by Un(F ) tl e 

U 1 potent radtcal of Pn.(F) A or n al arl i t p chara er ~ of F glve~ ad 8.ra C'r 



22 

of U (F) by V (( u ) ) 'I,J (u Let 4l<] G de lOte the cat€'gOlY of smuoll repl!? 

sentatlOI s of C' for an l group G \ Ve have fOUl 1 n pOI tar t functorb denoted b) q: 

W l' 'lnd q, fhc functor<=; \TJ 'lnd (f> are fl0ID Alg P (1:') to Alq GLn (F) 

and Aig P (F) lC"lp<'ctl ely 'JI I the Jacquet f II rtor dnd <1> tl e tv-Iste i (b l,.) 

Jdcquet f I tor Both a e 1 OlIDet} .led Thus If (T v) l~ d ~mooth leprr"lf'J tat n of 

11l(E) con If'r the SpdCC l(V) {(u)t - v It E ~ E Un L)} '\fO"J 1 e J t q Pt 

f netor s (\lI (r) VI J(\ )) vI me W ('i)(g)(v J') - de 9 (r(g)v + JC' )) 
To construct <I consider tl c space JT,f(\ ) = {r(u}v W(u)v I u E Vue un(E}} 

Tl eJ the?/J tWIsted Jacq l~t functor IS (¢ (r) J1/>(V)) and the actIon IS glven by 

<P {-r)(p)(v + J¢(V)) Idet pi 2(r(p)v + J1/>(V)) w+ and <1>+ are maps respec 
E 

tlVely frorr 4lq GLn (r and Alg P (F) tu Alg Pn(P) The functor \If '3 J t 

norma ed extcnslOn by the tr Vl<lJ reprCS<31 tat on Thus for et () E Alg GLn (F) 

\l (a) E Alq 1 n(1') ., gl (In bv W (o){g) = Ilrt 9 a(q) <l> c, the fm ctor of 10 

nali£f> I omI 'lctly C;uPPolted II du tlOn Ii (J \& a mooth tE'l re ntnt on of Pn F) 

C'xten i It to a lE'prf'spot1.t on of P (F)Un(F) by lettl g u (F) act b tl E:' 

aci,c Tl e q> (0") = 71d~ r [, r (1ft rr ® here t f> nd ct 0 I d 

o normal 7ed usmg "lD oot 1 fu rt 0 " of LOU Pdd ~UPI 0 t mod 0 Pn 1 (r)[ (F) 

fhese functors are us(' 1 to defu e th~ denvatwes f '1 SIr ooth rq resentat 0 

of Pn(F) Define the cllcscnbt on'3 r k) E Alg GLn k(F) (k 1 2 n) y 

I(k 'l (1) )k L(T) \\e call I k the f- th del vat"\c of T how tllele e:h. st<; a 

natUlal filtrat on by Pn(F) submodulEX> 0 C I C 'in C C 11 r such that 

'k/lk+ (q,+)k -W+(I(J"») He IJ.. (<f?)1. (<1» () It fo11o\ s that If r IS ct1 0 

rred c ble tIlt '3 equ al t to cl <'I re'S!"' tat 0 of the' form (T )k IJ (p) erE' 

1 < I < d p a ble 1 C'l ':>f' It dtlOll G Ln Ie r) Tl C I de). ". ar I 1 
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representatIOn P d.re ur Iquely determmed bJ T 

If r IS a "mooth lepresentatlOn of GLn(F) 1:>et T = 7r F Also "let 7r 0 'I and 

T k T k for k - 1 2 n Then r(k ar~ ailed the der 'ltl es of 7f We ha, e the 

follo ng lesuits The fhst IS due to Gclfa i and Kazl dan (Theolen 44 {G]) at d 

t1 e secor d due to Bern<;te nand L.elevmsh. (Le nmrt 1 J [6)) 

PrOposItIOn 2 1 7 The represelltat on IT s a SUl ercu<;'j) J I eIJIe~entdtlOn It and only 

f 'I k - 0 for 0 < k < nand 'T - 1 

Propos tlOn 2 1 8 Let 11" be c;;rnooth represent at ons of G Ln (F) z - 1 2 Let n -

n + n2 Let l(7fl 12) denote the representatLOn of GLn(F) obtamed b) normalIzed 

parabol c nductlOn from the standard parabol c of type (n n2) Then (1(11"1 2)) k 

tl e k th Of'l M ve of 1(11" '7r2) has a filtrat 0 "hose succeSSIve quat ents are 

J( 7f k for 0 < < k 

2 2 FunctlOnal equatlOns and tile local factors 

o Q>"pOC; t on here IS based on [9] [10] '1 i [20] Anothe general Iefe ence & [33] 

1< rst ve 1>t1.te U e rna n tl porem of [25] Tl c epszlon fact01 for pmrs (or tl c con 

voluted eps'tlon factor) appears} ere Let 7r and '12 be IrreduCIble adm ss ble genenc 

repre~entatlOns of GLn (F) and (' Ln (F) rpc;;ppctlvply For each paIr of Whittakel 

f KtlOns W E W( 7f1 ¢) dnd lV2 E W( r2 1) I) and m the case n1 = nJ = n each 

Sd art7 Uful at fund 01 ~ E S(Fn) define the locall teglals as foll VIE, If T 2 < T 

for an) 0 J < n n2 1 vc c;;ct 
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J 

HI 1, 1 

!1 J f n set 

Vlelef"j (00 1) 

Theorem 2 2 1 Lft 'IT and 11"2 be rrf'du(' ble ",dm ss ble gener c rcpresentatIOI s of 

C'L (F) 8.n I cr n (F) rE' If' t wI T f't 11 E:: W(1f 

1 

( ) The mtegrals w(s ~~ H 2 I) 'It (s 11 n) con elge absolutely fOl Re( ) la cC! 

(\ ) The a (' '1 OJ'Ll f I (' 0 of M r (' '3rlv f - 712 - n the mteO-l al 

'1 (s 11 1 V2 I) Sp'tn '1. fractIOnal deal of (' rIg <D[ \ A 1 h 1 

gcn ntcd b a factor L(s 'IT x '1"2) U a has 1 e forn 1 (.>.) 1 e ~ P E Q'[ \ J and 

1 t elf "l a !:> lar fa tor L( 'IT X 11"2 I depend nt of J 

gencr'lt ng the deal spanned bv thr mtegl'1 ') \{I (s W l lV2 ) The same esults are 

tr e for the palf of repre!:lentatlOl1fl ( 1f2) 

(11) Suppose 

~ d In. 

- n2 - ~ TI en there IS a facto ds T x 1ft. 'ljJ) of the form q m 

1Jr ( n IT-; <I) 
L(1 11" X ) 

x 
)'l1 n H2 <I) 

L T X ) 
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SimIlarly if n2 < n 1 set k n - n2 - 1 - J TI en 

a d the el s Ion fetor 5 n iepen lent of J Hert 

denote the longe&L V\ e) 1 elemf'nt n C' L( '/,) w t h 1 on the an 1 d agonal tI> 15 the Fa e 

transform taken wit} respect to the t/J <;~It rtual Haar measure }lor W E W(- u) 

v.lth 1f a representatIOn of GL('l) 14 ( ) = [..1, (w 'g ) and then W E l'V(1f VI) p 

denotes the operator of nght transhtlon Also q q F 

Remark Maklllg, ut,e of the (Langlands) claSSIficatIon of all IrreduCIble admlsslbl~ 

reprcsentat ons of GLn(F) (alluded to m thf' prpvlOUS seetlOn) one can de-hne tl e 

L funct on and the ( factor tor a I the rredue lIe ddmlSS1blc re-pr€'sentat ons 

V\ e- cons ler a degree 2 eAtcns on of F sa') [J L<>t '4 be U e dddltlve rharactel of 

r; g f'n l;} 

when' 6. 1<) dIl element of E of trace zero Then l;) 1 as tr v al restnctlon to F dnd a 

character of E VI Ith tl vIal restnct on to F IS at thIS form Let < (7 >- Gal(E / F) Let 

TIl and 112 be ureduc ble adm ss ble gemmc representat ons of GLn (E) and GL (l:!) 

respectlvely We lIst a set of propertle~ of the epsIlon faLtor for paIrS c(s ITl X il2 u.) 

n the follov.. ng proposItIOn 

P opoc;, t on 222 (1) €(" n"" x II~ I, ) = £( 11 X ill '1/;) 

(1 ) f(S n x TI2 y)t:(I s II x II V ) = 1 
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(m) Let a E E Let 1/Ja be the additive chalacter gIven by lj;(l(l.) - '4J(ax) Then 

(tv) ror e f'ry character X of ~* wIth S Ifficlcntly large conductoral exponent W{ ha e 

Defne 

VVf> have 

ProposltIOn 22 3 (Multlplrcatlvlty of I' factors) II J(III II2) be the representat on 

ofGL (E) n - n +n2 "hlch IS paraboh<..all) nduced (normalized) fron GLn (E) x 

C'L (E) The I 

(s II x II '1/;) /,(<; IT X n 1/)')'(s II2 x II 1/J) 

and 81m larly fOI IT MOleover L(s II x IT) 1 dlV Ie [L(8 IT x II )£(" [h x n 

Now Ie u& mtroduce the twzstf'd fpr:;~lon factor ~ (. have E / F a quadratlc e tE'n 

s on of local fields of chalactenstll- zero Let II be an IIfPcit c ble admISSIble gt'TIE'llC 

representatIOn of GLn(E) "'lth a umtary central charactel W(II~) IS Its 'I/J \\ 1 t 

taker model For WE W(IT 'if;) and a Schwart7 Bruhat functIOn ~ E S(Fn} coIlMdel 

the mtegral 

-W(s 1¥~) = { H (9)<1. (1' g)ldct gl~dq 
IN(F ('/ (r 

\1 ere (0 0 o 1) and dg ~ til 19ht GJ (F) n aT ant mE'asure on tl E' q a 

tlent <;1 tL The we ha e (1 a 1 theorrm [15]) 
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Theorem 224 (1) For each W c Wen V) and q, E S(FTI) the ntegral \J!(s W <p) IS 

absol utel) convergent for a large Re( 8) to a 1 atlOnal f ncbon of ..\ q 

(ll) ThE'rp e:usts a pol nomIaI P(X) E Q;[,,\} v th P(O) - 1 <)uch that 1 e lntegral~ 

w(s lV <1» ~pan the fra('tlOna\ldeal L(s r(I1))<D['\ A ] of the r ng <t[X \ 1] "(hpn' 

L(s 1'([1») P(X) 

(1 ) Thel c eXIsts an mtegcr m([1 <J;) and a. r on zero co n 1 lex number c(Il 'lj ) ucl 

tl at 

\lJ(1 - {) n Qi) _ w ( l)n 1':(8 (IT) '1/1) W(s vv <lJ) 
L(l - {) r(n)) n L(s r(n») 

for all W E W(ll'l/;) <P E S(r) Here wrr IS the eel t aJ. character of IT n the 

contragredlent of 11 and e put e(S r(n) 1/;) - c(I1 'I/;)Xm(llv) n (g) lV(w g ) 

q (.L) ::: IF <I (y)1j (E x y)dy w E GL (.f) l~ the longest \\ eyl clement who~e no 

zelO entnes ale 1 \o('d.ted on the ant dIagonal The Founer transfOlm of <r> 18 t1.~E'n 

Vvlth respect to tl c self dual Haal rnC'l')ure for 

Remarh. In fact thel€ e\. sts some ~mall wnstant (. (. > 0 ud tl dt til(> ! teg '11 

I (~ V; <1» con f'rges abo;oiute y un forml) n compact., 1 )set'l for ne(~) > 1 -

(P OpOSIt 01 [17]) 

Vlfe lecord some useful propertles of the tWISted epsIlon fa<:;tor l ere 

PIOPOSlt on 2 25 (1) c(s renO") 1/J 1) - Wn( 1)t{5 r(ll) '1/;) whe e (J IS the non 

tr val elemE'nt n Gal(E/F) and II (g) - D(gO") 

(1) E(S (IT) '1/ )(;(1 - " r(n) 'It 1) 1 

(11) Let a E r Let V;a be thL charactrI of E g e 1 bv 'II (x) = v (ur) Tl rn 

((8 r(D) 1/ a, u.. ( ) a n 2 ( D), ) 
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It \\>lll bf' n C'p to ha"e an ana ague of propos tlOn 223 But thIS IS con]ectuldl 

(&ee [Iv]) 

Propo ton 2 2 6 (Con ectural relatlons) Let II J(II Ih) as m propos tlO11 2 23 

Tl E'n () £(s r(D)) Lts r(IT ))£(s r(TI2))L(s IT x rr~J 

( ) €( r(II) l/J) = t(s r(II ) 'l/J)€(s r(I1'2) 'I/J)e($ IT x n~ 1./-d 

2 3 FunGtoTlallty 

Vve have [4) [11] and [23] as the references 

Let n be an lITCd lClble admlS&lble representatlOn of GLn(E) such that II '" ITU 

wl ere IT (9) 11(90") v\ e also assume that IT IS generiC Then II IS saId to be d base 

rl ange l ft of a rep esentatlOn 7r of &L (F) If for 9 E GLn(E) such that Vr F(g) IS 

rrb 1.l.T 

t ace(I1 (g)1 01) = trace( 7r( 1\ E r (9))) 

v. here lu <; dehuE'd on )I\; (II 'If' ) by 101 (TV) = M (l Here 'IjJ (x) - 'lp (T E F (J )) 

RC'marl Lsmg the La glands classrncatIon tl E' 1 af.:lC ch'lnge hft s defi c fOl 

dl the lrr(>d Ie' ble admlS<; ble represeJ tatlons of GLn (1') (though not 11 trr n~ of a 

charac el dentl y as abo e) 

The mam propertIes of the ba::,e change hft are summarl7ed n the next prOposItIOn 

Proposlt on '23 1 (1) Am 7r has a lift IT and If n s a. 11ft then II '" n'" 

(11) Suppose IT '" ncr Then thelc eXists 'If such that 'If 1 fts to IT 

(11) LLn W 1r 0 NL r If II sa hft of 11 

( ) If 7r Ifts to II hr \ ~ 7r fts to (X 0 '" L r) ® n 
(v) If T 1 fts to IT tl en lIfts to I1 



2 Prp) mmar e~ 29 

\\e al&o have thE" followmg proposluon with local factor dent tIes 

PlOPOb t on 2 3 2 Let 'T and 1[2 he IrreduCible admlssible repr('-sentat ons of G L (F) 

and GLn (F) respecL vel} Let these base change to III and Ilz lcpresentat on of 

G Ln. (E) 1. = 1 2 Then .. e I ave the IdentItw<; 

(11) ((8 IT x II2 V.e) - >..(EjF V
E

) n n ((s 11"1 x T2 'l/- )e( 7fl x 12 X Wr; F' 1/. ) 

} err )"(E I F 7jJ ,) lS the Langlands factor gIven by 

{(s 1 .1. )€(~ W 1, 1 ) 

>..(E I F 1/J ) _ F 'P 1:; F 't' 

E f(S 1 'l,JE) 

under the local Langlands correspondence tl e base change map from GL (F) 

to G Ln (E) COlrcsponds to the re.;,tnctlOn map 01 the C alOls group s de The e 15 

a fun('tonal I fL th1.t cor esponds to mductlOll 0 the GalOl<; <; de \ hlCh l~ callE'd 

uta norp} c ductwn Thus automorphIc mductIon talcf> d lcprescntFltlon n of 

G Ln{b) to a repl€<>entatlOn of GL2n,(F) V\e do not get nto the ele df t d aractPf 

dent ty but w(> ~ I '5t. tl e na n propertIes of thIS hft As 1 [23J e assume IT tv I e 

tem~ eled 

Pro po" tlOn /, 3 3 () An,,:! II hfts to a 1l' vlth 11" '" IT Q9 we F' 

(n) Suppose 1(' (V 1(' Q9 WE F then there s a IT such hat 11" S a 11ft of IT 

(1 ) If n hfts to 1l' then W']I' = we pWn F 

(1 ) Let X be a character of F S Ipp058 1r IS a 1ft of n Then (X 0 l\E F) ® I1 f 

to A. 0 'If 

(,,) If IT hfts to '1l' tlwn n 1 fts to IT 

(VI) If II I fts to r U en IIO' a so 1 fts to IT 
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Th(' I ext propOfntlOn S Slm tdr to propos tJOn ') 3 ') 

PrOpO&ltlOn 2 34 Let IT and IIz be Irreduciulc Lempered rE'prcSE'ntatlons of G Ln (£) 

'tno t 7rl and 7r}. be the r hfts mder automOT} hiC nduct on Th0n 

( ) L(~ x 7r2) :;:; L(s IT x Ih)L(.., n x II ) 

(1)€(51[" X1["21/)=).,(b/F'l/JE) €(~ II x II2 'I, )c( II xIIq ~b) 

Let I n bE' the n x n matn},. whose ( J) c t, ') ( l)n 16 n 

1Il olut on of GLn(E) g vel by q - Jrt 9 (! I n Let 

U(n ElF) - {g E GLn(E) I 9 g} 

Let r denote tl e 

No v e take n -? Call J :;:; J2 ~ e deser be the base change map flOn 

U (2 [J / F) to G L2 (E) as II [11] The ImagE' of the base change map from tl e dass of 

ad IbSlbl(> lepr('<)entatlO b of U (2 ElF) to the das') of adm <) bie leprcsentatlOns of 

GL2(.6) (,Q c:; r,ts of r mvar a t II The entral chara e of an) Irreducible "dlmc;s ble 

1 epr bentat on 11 of G Ld E) .. h h IS the Image of the b). e eha l/:,E:' map 16 tuv al 

on r If II IS 'r mvana d.nd l.vn 1 t} ('n II S obta ned db th" babe d ange of a 

UI lq Ie L p'lrkf't of U(2 E / F) ThIs L pac.ket cons., s of one or t\ 0 lrreduoble ad 

mlS ble q re~entatlOns of [ (2 F I F ) If II IS an admIsslble representation of G L2 (b) 

sueh that Il "'" IT then tal e a mtert\'lmng open or between the spaces of IT and 11 

and usc tlIS operator to e'(tend IT to the sell dIrect product G { 2(E) x Gal(E I F) 

vher(> Gal (E I F) act'> on G L2 ( E) by (J" 9 9 Let ~[l denote t! e <..harartf of 

tll<:) exte dcd reI resent at on There arc prce <>el} two 1 ase cha ,.,B map<; ~ta11c 

1 ')tablr f (m tl €' da,>s of a 1m ss bIE' r 1 reSf'ntatlOns of U(2 E / F) to the class of 

1. n S'i e replec;entatto c; of G L2 (E) Let WE F be an PAt ns 011 ot w,.. to E " c 
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say that IT s a stable ba'if' change of a l('prc"lent1.t on 7T of lJ (2 E/ F) If 

Xrr (g) = X 1r} (yg ) 

vhf' e er 9 IS such that gg 1<) regular In U (2 E / F) Here {T} IS teL I ad.et of 

and X{ = X + Xli" The eh1r;t pr \ } dcpc d only on the con ugac) class of 

99 In r L2 (E) Furt! er II I~ ~d,1 I to 1 C' a unstalle bd&e cl ange I f of T If 

Arr (g) - w~ (det g))..{ }(gg ) 

for.:11 9 E GL2 (E) wIth 99 regular In up ElF) 

We "Ill need the follo vmg result (see p 161 [13] p 717 [11]) 

PropositIOn 235 (1) The pn 1 IpaJ SCI es repLese tatlOn rr(X X 0') of GL2 (E) IS In 

the lInage of both the stable and tl E' nstable base change naps 

(11) The pnnc pal ser e& representation TI(X X2) th X f. >-.2 and X IF - 1 (2 - 1 ') 

IS In the Image of the unstable base change n ap and t IS not obta ned b) the stab (' 

1 it I g 

( 1) Tl e speclal represent1.t 0 1"'(.:\ X E 2) 'l 01 t'l pd thro 19} I (l n<;ta f' 

htt ng pre sely hen A f ...u 

2 4 QW1S1 lnvanant measures 

\\.oe recall the folloWIng from [35} (append:x: pp 4 4 477) \ote that we take tl e 

left cos(>ts and consider U e nght mea u e wI ereas It IS the other .:1y ound m ou 

eff'TeI Cf' 

Let C' b(l 1. locally WI I d. bI. ulJ ar u Ii a cJo~ed bbro p Let p be a str eLl 

po t ... e BOr(~ f mctlOn 0 G Ion i('d abo e a d be \ on compact sui sets sud t a 
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for wry I E H t. I dve 

~('(1) 
p(7 g) - ElH(l )p(g) (J E G) 

, here Llc. aod!::. arf' modular fu ct 01 s fo G clnd H E'spect <'lv A fu t lth 

tl es(' I ()P rtles ~ dBc 1 a I /uncttO 11 p fl.:x a h funet on p assoc '1te 1 to 

v.e r we d. q1 a t 'in? aT' f mfaS1 T(' ! (J kfil f' { by 

where f s contmuo l'> 1\ 1 th compact SUPPOl t 

SUppObC HI and Hz a.re closed subgroups of G and HI C H2 \\ e have the lCllIna 

(Len ma AI) .35)) 

Le nma 2 4 1 SUP! 05l' H \H2 ddm tc:; a pO~lt V~ H2 r g t tnva ant mea u e 2 L t 

P2 b arlo fU1 (' a 1. on G for II (dod 1 e (> abo for Hl SIr Cl ~H2 H ~H) Let 

/1 l.nd I be U f' ~')oe '1trd qua'\ 0 allel t easUlC 0 H \G a d H2 \G Tl 1 fOl 

a S ItabIE' I or nal 7 at on of H J.r n E' ures 1 ave 

H 
f(hx)dllzU) 

\-\here f Ie:; cant nuo I'> v th 01 pa(,t suppo t modulo H 



3 DISTINGUISHEDNESS FOR GL(2) 

3 1 DlstlngUlshedncss tor quadratlc eAtenslOns 

Fust we ntend to summar ze certam results that we ,'ull need m the sequel Thus let 

II be an IrreducIble admIssIble representat on of GLn (F) We start "lth the fo} m ng 

muilipliuty one result due to Flicker (ProposItIOn 11 [13]) 

TheOlem 3 1 1 Hom L F (n 1) the space of GL (F) Imal ant Imea forms on tl e 

&pace of II 1 ~ d mcnSlOn at most onr 

Recall that II IS S31d to be dIstmgUlsl ed Ith lespect to GLn(l<) or sImply d bt n 

gu shed \..1 en HomGLn. F){TI 1) IS not ~r() \lote> that f II IS dlstmgmshcd then the 

c.entral d aractel w of IT h~ tr lal ~tll tlOn to F .l\.r other np{,p<;;<:;:lY} condIt OI 

for dlstmgu shedness l~ the content of the ne>.t tl ('orem (Provo') lUI 12 l13]) 

Theorem 3 1 2 Suppose II 1"; dist llgUlshed Ith respect to GLn(F) TI PI n == n 

Conjecturally tl e necet=.sdlY condItIOns ment oIled above are almost suffiCIent too 

Tl e preCIse conjecture due to Jacquet 18 as follow., 

ConJc ture 313 LrL IT be d. leprC'iC'ntatloll of GLn(E) lw 1 It e en 

then II rv II If a l d only t II IS dlSt nbUl::.hcd 01 We d l I gUl:::.l ed If n Ie; odd tl e I 

1 :::::: IT If an I 1 If n s d st nb "hed 
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Theorem 1 3 3 says that tl e con J (. ure IS tl u he 2 It S {" If c 1 lJ more 

general ('aqe~ too [3~) There IS a. strO g r COIl ectur d e to FI chel 'l.nd Rail <, [13) 

wh ch sa) s that cl dl.,t ngUlshpd rcplesent at 0 orre J OJ de: to tl e m tabl resp 

stablc) b'lc;c ch,mg'" I [t from U (n ElF) '\\ hC:'l1 eVCI r{" p odd) Theor 11 1 3 5 

v r hes 1m. 1 e = 2 

l\e:>.t we state Hale m s 'Y fd<-tO (' t on fOl d c; ngUlsl h e.:.~ fa CI (2) (TI co e r 

41 [2)]) 

Tl <'oren 3 1 4 Let fI be an IrreducIble adrn ., )le reI e ntatlOIl of GL2 {E) hose 

central character febtr cts tr v all to F The1'J. n lS d sting 1 fil pel If and 0 If 

1'(; IT ®). 1 if,) - 1 tor '111 characters A of E ') 1 1 that AIF 1 

Lrt us gIve a <1 l('k P oof at Hak n s re'> I The f ct onal eq Id.tlOl ('11 E'orem 

2 2 1 (11)) at ~ ::. g en by 

Th<- eforE> 'Y( 2 n 0 ). v) 1 

: ) A(g)d 9 - 10 H (~ ~) A 

(9~ :) A(q/)d hd J 

( J~ ~) \ d Ii 9 
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~------------------~ 

C} Jc IF \(9) (IF IT (~ ~) W (: ~) dXh) dXq = 

I, r \ '(g) (Ir IT (~ ~) W (: ~) dXh) d q 

C} fr F \(9) (IF (II ( go~~ ) IV )( ~ :) d I) dXg ; 

IE F \ ' (g) (Ir II (: ~) \I (: ~) d h) dXg 

'* J, W (: ~) d X 

h - IF W (: :) d h 

{=} IT IS dlstmgUlS} ed (by I heorem 1 3 7) 

Note tha theorem 13 71 aIds t.rue for S) cc al repreSCI tdtlOns of GL2(E) also tl ough 

the stat ~ n nt doe<) I ot a er that case 

TI ~ n At res lit (..xpl c tl"\ g '\ cs all the ion superc l&lldal dl'lt ngUlsl (>0 €'I leseI 

t,dt on") 01 G Li b) (Pro! ()'i tlOn B17 [16]) 

Theorem 3 1 5 The pnnc pal senes reI re5entat on IT A X "") uf G L2 (E) IS dlstl 

gu shed(and wI!' r dlstmg shed) Tl e pr nClpal senes representatIOn fI(Xl X2) \ =I-

X2 1<) dlstmgUlshed prec selv when A. Ir 1 (t = 1 2) The speclal representatlOt 

~(X E 2 X IF' 2) 19 dlst ngu shed p e sely w} en X f WE F 

Let us deduce ~wo co ollanes I ~re Tl (' fir toe::. '\\dl known re:3ult d ~ 0 

Froll hand Q1.l yrut ('11 E'or m 3 18) and th(' <;0 and ') from [3] 

COlOI y 3 1 6 L('t X I e a Ch1.f'l E'r f h w th X F 1 Tl en (2 A 1jJ) - 1 
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Corollary 3 1 7 Let Xl and X2 be two ChalaL.Cel.f:) of E <; )ch tl at X F - \21F =I=- 1 

and ,( ~ Xl A 1f') - ')'(:2 \2 A 1/J) fm '"111 A sud that A I f' 1 Then \ X 

To pro p the fIrst cOlOllarv let A be a character of.6 :,ud tl at xl 1 If 

X-I the re~ult folIo b 1 "l) If A =/:- 1 cons df'r the I nc pal ber (> reI se t tlO 

IT TI(X 1) Thl,) ~ dlstll bU bhrd bv th001fTn 31.) So b theo t'm 3 1 1 1'C~ n 0 

X 'ljJ) - 1 But /(2 II0X V) - '(2 X 0) (2 1 '1/)) = (2 A '4) SmcE' X 

X - XrT and th~reforc ((2 X V) - 1'(2 X t.-) and 1 e 1ce tll. lebult One only has to 

notlce that the proof of theorem 315 (as n [161) doe-, not make use of the esult Qf 

Frohhch and Q leyrut 

To deduce tIle becond corollary we are gl\ en that ,( 2 X A 1j;) ,( 2 X2). 1p) for 

all ). such tl at A 1 Co & uel the }>unclpal senf'> rE'presentat on n = n(X X2 IT ) 

"Jo 

'1(~ II ®). '1/) = ')'(; X A w)ry( X2 IT). 1/J) 

'Y(~ X A 'W)ry(2 A2 A l) ) 

1 

fo all A sud that A 1 "n(> the gan ma facto IS (J n d.r ant ). A '\ d 

'0 - 1/;(7 (see I ropos or 2 2 2) Therefore by t} eo em 3 1 4 IT c; dlstmgu shed 

Sn ce X =I=- 1 on F b OUI ass ImptlOn we get X :\.2 by tl eorem 3 1 I) 

\\e end thls section w th two more statements The first LS a fa mula for characterh 

of GL(2) due to lunnell [34] prm.cd by Saito m (ompletc genelal ty [32} and the 

second b a cOrOllal} to SaIto S ploof of l'unnf'1l h for n la (Corollary 24 (32) 

Tl eorpm 318 r A '11 (' beddl g of E m G12(r) Lrt 7r be at reduCl e a I s 

s ble r~p cse t a on of (L F) 1,1 d X7r Its charfU'ter Le 11 be he lase char be I t f 
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to E Then 

E F L 
I 

e e the su 1 I at 0 0 tie 1 bht !, b partlal c:; Ims 0 e1 all rl .1 1 C1 S of} of 

01 d eto ~ e"\.ponel t < n 

Theorem 3 1 9 Let IT be a supprcusl daJ reI csentdtlOn of G L2 (f<) Htl er r 1 

<.hala ter '"""'7r and let n be tl e base change ft of 7r to G Ll,(E) Then fo eha deter::. 

A of E cl <;atlsfv A F W7rWE 
F E(l1 ® A 1 'lfJE) .. ( 1) ~ mdeper de t of A 

3 2 Proof of theorem 1 3 1 

\, e pro clE'o em 1 3 1 tl10ugl a se es of plOp os o r :::.tdl t I g po nt 1'1 theOlE:' n 

'3 1 9 

Fist c cia tl'l.t the alu of dI1C3l A V r) .. ( 1) In tl (,Ol(>rn 3 1 9 s prC' <)('1 

1 To I thIS r te u- n I 2 V, ere I do d I 2 arc Characlf'rC; of r sud I 'l 

we F (~ 1 » Ther lor d al a E' '> ), of 1 \> tl very sr dll ducto s 

lcl at sf A u- w plat' 

c(Il ® >. )>.(-1) f(, 1 >. t/-E)c(J-l2 A '4Jr)>'( 1) 

by a rer:; It of Jacquet a Id Langhnds (PropOSlt on 38 p 116 [24J 0 ee p opo 

81 tlOn 2 2 ') ( \)) 1\ ote t} at I ). 1 for 1 2 Tl 1) cOlOlla 1 1 6 

f ( .A ~ d I). (~) vl Cle .6. sal J t aGe Zt'T mcnt of b 1 
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3 Dl,>t n<>u 'lhednoss for GL(2) 

€(I1<8lA '1/ ).( 1) f-LI).. 1 (6 )P2A (.6. ).( 1) 

I J.L2(~).. ( ~) 

w (n). ( ~ F 6)) 

...vn(L1 )...v7T (\ r{~)) 

1 

1f'W F a 1 tl ~ 0 ductor of A IS suffi c tl "mall Th q p 0 e~ 0 

38 

HIT bprmcpa 0 peLla} tlC f(IT®A 'lf1E),,\.(-l)-l .. here\CrA p =w LvE 

can be proved by a d lect epsllol fador comp tat on and the condItion that It be 

mdE'pende It ot). s not neede 1 For then eltl ez IT rr(X A2) vheH3 X and X2 a E' 

rha act~rl:> of F <; cl that X - A (1, - 1 2) or II I:(X X2) ,her€' '( A2 I E 

'lld fA A IlL /2 }(211/2 tl E'n A - f oNF Ffor 'l.chara('ter Jl ofF Nm\ cono;; ler 

((II 0"\' ud).( 1) fOl d af&tcrs A of ~ w tl Alp w"we F' The co d ~ 0 1 Ul ) 

ne l.n~ Ll nt ),,,\. Wfl If IT <; tl J r nClpa l ., res 1 I re E'ntat on co IBid red 1 0 

tl e '3pftwl r prr E'ntat on th .A.), 1 am fird tl en thp G £(2) (. fa tor factOrI7C'S 0 

t} G L( 1) fa tors tS follo ~ 

X AU an 11 e c 

e x A.. rr r Ie fu e 
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t(X A Wr)f(>... ). Vd>-(-l) 

Xv\ l( 1)>'(-1) 

X ( 1) 

1 

If n L::(X ;\.2) tt AA Ullamficd ther Elr s lec('b~d.rly nrarufled Sl C 

11 eleforc 

n tl Sl uat on So w(> can tak tv E to ~ e W F it elf "\jott-' tl .:It 

1 '\Jo v ¥.E' ha f' the factOl Zat OJ (see p 109 (24]) 

€(II ® ). 

{(Xl). i t/Jr;)C(X2>' 

X>' ( 1)'\( 1) 

1 

tfJr )),( 1) 

x(-l) 

If 11 S d htl eha 1ge 11ft of a leprebGI tatlOll 'If of GL2 (F) then IT ~ 11 dll I tl C'lPfo (' 

Thu~ t follo 'ill:> tl at 1Il 01 r S tuat on 

1\0" f II 1'5 om Ii edutlble adm ~~ \ le I"t>p es~ntat OI of GL2 (E) <,1 tl uJn I 0 \ p r 

a i f IT f"'V 11 U n n a u e <-hang I f of 1. PI rcse at or ". 01 &L2(F) a i ..... 

ca 1 bf' tl f' I 0 ..Jr Tl Ub [rom tl eire CdlI g dJ''l blOll bf't 
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ProposltlOn 3 2 1 Let 11. be a character of F and let IT be dn IrreducIble adm 'Ie:; hle.' 

representatlOn of GL2(E) \ Ith wn - Jt 0 NJ< F such that II c;:,! ITIT TI en (IT ® 

A 1 V tJ),( -1) - 1 for all cl aracters Aof E wIth A F - I or ,(IT®A 1 ;r)A( 1) 1 

for all characters). of E Ith )'I
F 

- Il...J
E 

F 

l\ext WI:' poe 

Propos tlOn 3 2 2 Let I-l be a character of rand et IT be an IrreducIble admlss bi 

representatIOn of C L2(E) \ th Wn = p,o NEfF TI en II IS f.L d st ngUlshed w tl re'3pect 

to GL2 (F) If alU OIl) If,(IT®>. 1 rPE)A(-l) 1 for all characters A of E th 

AF -fl. 

Tl s s mmedlate fron theorem 314 Suppose II IS an rreduc ble adm lss lIe 

representatIOn of GL2 (E) \\lth wn J 0 NE r I et I be a character of r ~uch 

that fl.1 p = J..L "\J ow IT l~ P, dlbtmgUl~l ed If dnd only If IT ® J.l 1 IS dl<;tmg <:;} ed 

Note that """ 
® 

1 Thus by theorem 3 1 4 0 s dIstmgu shed f cl c.l 0 I If 

,(fl ® p, A (V F) il) - 1 for all cl aracters ), of E 'h h ch satlsfv A lIe II IS 

Ii dIstmgUlshed If and onh If -y(II ® A ('l/JFb) - 1 for all characters A of E Ith 

A F I Also 

W n® (.6.) (II ®), 'l/JE) 

(WnA 2)(~h(II ~), 1 'lPE) 

J..L( 7VE F(6.))A( 1)A (Nr r(~))f(rr ® A 'lrJf) 

'Y(II ~ A '1,1 E)'\ 1) 

al d the propos t 0 fo lo s 



J Dlstmgr Jshed.ness for GL(2) 41 

ProposltIon 32-3 Let JJ be a chc;Lracter of F and let II be an rreduc ble adm 58 ble 

representatIon of GL2(E) w1th Wn - II. 0 Ne/f Suppose II IS f-L dlstmgu shed Then 

II IS a base change 11ft of a lepresentatIOn of GL2(F) WIll <...entraJ character /WJe F 

Tl at IT s a base' 1 c;Lngr 1 ft folloW<) from thcoren 3 1 2 Le IT be t d s g s e 1 

The n ® JJ :::, d st ngu <>1 ed here f,t IS an p}..tp '5LOn of to J d d I ('I 

(TI @ J-L ) t"V (rI :8l f-t )0' I e n ~ DO' ® (/1p/r) Bu IT '" IT ® Wn ar d "-' 

I o.A r r = f-lJl 11 us followb that n IV ITO' 

What 1 E'mams to be pIoved 1S the assertLOn on the central eha acter To tl IS er I 

e \\ ill n ake use of thrOff'mS 3 1 5 and 3 1 8 

In order to poe our ds~ertlOn on thf' cE'ntral character for t1 e pnnclpal senE'S and 

1 eClal reprc>sentat ons of GL2 (E) we need to show th(l folio ng 

( ) 1 1 e pllne pd.l serlrs representat on I1(X XC) (X =J:. XlT)of G £2(E) IS .A I 1 stu g s1 ed 

a d 10 Xlr L4J e F d tmgu shed (Th S lS beca lse I1(X xu) 1S the base <...hange hft of 

a SUl ~r('usp dal repr~entatlo 1 '11th centr a.l charaGt<...r Xlr WE) 

~ ) Tl e prmclpal senp<; rrp csentat on TI(A.l A ) of GL2 (A) .. th Xl - z..L oAF /,. \.2 

20Np F ( vhme J.-L J 2 all::! Lhc;Lracters of F ) )e; fJ,2 d e;t ngmsl ed as en as 11 /k2-» 

d st ngu 51 ed 

(11) The reprcs(' tatlOll l:(X I.e 2 xl 1//2) \\lth X = flO Nr; F (\hcr~ I "a cha acter 

of F ) IS Jl2 WE F d t ngmsh('d and not /12 dlstmgmshed 

rreX XU) ® X IT(l X XO') IS dIstmbulshcd by theorem 3 1 5 1\0 \ tak all 

:AtLnslOn w-; of u." 0 E aI d consider II(X XU) ® X...... Th s <; 

IT (w7' X X w ) and <;lllrp thl' restl ctlOn to r of the~c 0 Lha 1, t s a 

ot Lr "\ 1al fo 10 by tl co err 3 1 5 that n(X X<T) ® X W-;;-F Ie; ot d c;tmg .;;1 pd 
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or eqUl alentl) I1(X Xa ) 1S not xlF WE p rustmgu bhed 

If II IT(X Xz) \\lth A - p. 0 NEfF Xz = J1rl. 0 vrfF (f.1-1 J-L2 are ('haractcls of 

F ) thE'n for characters .\. of E* wIth ),!F - j-Llf-t2 

,I10'\ YE)'\'( 1) = ,(Xl). J;) (A2A 'l/dA(-l) 

,(Xl).. 4 E) (\ ).. If v).-\( -1) 

X).. (-1),,( 1) 

X ( 1) 

1 

SInce X2}. 1 = Xl )..0' dnd A = A10" The same argument ",orks If we take}. such that 

Alp - J1.1J1.2WE F Thus n IS bott P,1Ji.2 dlstmglll')hed and f..llf..lzWI') F dlst ngUlshed bv 

PlOposltlOn 3 2 2 

For a charaGter ~i of E the specIal epresentatlOn I:(X IE 2 xl IF 2) ® fJ, " d s 

t ngUlshed precl~elv vhcn AI F wp F by tl eorem 3 1 5 e I:(xll.c. 2 \ 11 2) (S<) 

fJ, 1') dIstIl g ~hed pRe selv when J.Llp xlr WE r - , 2vJe p Thus :L(xll 2 \ II /) 
<) fl,2W

E 
dl~tmgUJ5hcd at cl not J.L2 d stmgmshed 

I\o v ~uppose tl dot II 1':> d, <;upercu<;pldal repn:!sentatlOl of GL2(E) \- H wn 

11 0 NE }< Vh1Ch s J.L dl~ 11 gUl')hed \\e I u~t .,how that IT s a base change 11ft of ..1. 

represent'1.tlOn of GL2(F) \ Ith centla charactE'r t/'we By what hab al ~~d beel 

c:;hown II IS a base change 1 it of a replcscntdtlOn of GL2(F) (say 7r) Smce w 

fJ 0 N E- F W 7r can. be either J.1. or J-Lw E F What .. e need to sl 0 v IS that W7I' - I W 

d ld lot j.J, Th 8 Wlll foUo from Sa to s proof of T nnell s formula [32] 'Ls 1/.:) tl (' 

r~latlOn W = JoN r J:I Sa. to s proof Vf> final get the dcntlty 
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,,\ here Xl'!" IS the character of 'T and a E E· F Smce 'Y factor and t fdetor ar{' 

the same for superr Ispidals and smce II IS gIven to be J.l dl<ltmgu shed c(ll 0 

A 'ljIE)"\( -1) = 1 for all characters ..\ of E v. th .\IF - J.1, by prOlosItlOn 3 2 ~ 

Tl us the fir5t bum n the above IdentIty vamshp<; and v.e ge 

X I(F P 
1 + {(II 0..\ 1 IPE)..\( 1).\ 

2 

Companng wIth Tunnell s formula (Theorem 318) ve have W1!' Ths 

fimshes the proof ot Prol oSItlOn 323 Theorem 1 3 1 follows from the above lJ10pO 

stone; 

3 3 Proofs of tbeOlems 132 1 3 '3 dnd 1 3 4 

\". e no\\- pro e that statements (2) and (3) m theorem 1 3 2 ale equ valent Recall that 

U (2 F I F) {g - ( : :) E G L, (E) I w t 9 " '" g} vi Cl e w = ( ~ ~) 

and gO _ ( a : ) TI , 

U(2 ElF) {J E GL2 (E) I (J(d~t q)gU g} 

and the centre of U(2 ElF) IS {(: ~) E &L,(E) I NE pea) - I} Therefore 

If a representatlOn II of GL2(E) IS dIstmgUlshed WIt} respect to U(2 E/ F) Wn fae 

tors thro gh the 10m map Vr; r Define GL!(F) to be the subgroup of GL2 (F) 

co Sl"tIlg of dtnccb vl o<)e determmant 11('<:; n NJ. f ~ We obsene that 

Z (GL2 (F))GL2 (F) Z(C'J 2(F) U(2 ElF 
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wI ere Z(GL2(E)) IS tho centrE:' of GL2(E) He ce f (II , ) IS I ch:::.t ng-Ulsr <.,d and l ., 

a non zero III ear funct. ond.l on V such that l(IT(g)v) = p(drt q)!(t.) for 9 E GL2 (F) 

then l(TI(g)'1-) = l( v) for g E U(2 E J F) The Lase Y1then 11 "Itw dlst g llS} f' I s 

Slm lar Con ersf'l" f 11 dlstn g I ~hed for [; (2 r; / F) a ] I 1::' a 1 or ZCIO 1 nl"U 

I nct ona or tl (' spate of 11 ') 1ch U at l(II (g)) l() f q E Ul2 E/ r) 

l(II(g)v) fi,(drf J)l(v) for q E GLz (F) \VE' if'fil e and fu ('tlOn!11l 11 the .,pa r 

of IT ) 

where a E F - Nr }< EThel i 1:::' ed!:> to cl echo tl dt 

I (ll(q) ) (d t g) (v) 

fa q E G L2 (F) 11 ~ f l #- 0 tl u II'll d & t I gu ,,1 ed If lOt h en 

a d so II .." fJ,vJ dn:>tmgUl<;l ed Tl e above tooethE'f tl tl c 1 vuf of throrem 1 .3 1 

COl plttes 1 ~ I roof 01 theore n 1 3 2 

\Vf! now Iruve thwrem 133 Le II bE' tin rredu lIe admlss lIe r('preSE'I tnt on 

of GL2 (E) wlth wn r 1 Smcc tL n p = 1 'e have Wrr Tf 11 for a charact r 7) of 

E (b Hl bert 90) Note tl at 
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Hence 

I11bdst orwEFd:,t {:} 1107 s(1]ir)d t or (7r)...("c IsL 

Tl <; 0 (''3 theore n 1 3 3 

{;;} IT 0 7 a b'lsC cl '1nge hi for G I 2(F) 

{:} (n 0 1) rv 11 0 1] 

<:::} IT rv n ~ 
n 

If d ~upelcuspldal IT IS a base rh'1ng€' of 7r dnd r then 7r = r 0 WE I 

partIcular WTr -...(,,'11" The efore from the abo e a gurnent we conclude that II l~ Clthp 

dlstmgu shed (when IT ® T] IS a base change of a representatlOn of centlal cl arac.ter 

1] r WE F) or w distmgulshed ( 1 en IT 0 fJ IS a base change of a representat on of 

centr1.1 lh'tracter 17lr) but not both Th., diSCUSS OI togE' her \\ Ith tl corcm 3 1 0 

pro e theOlen 134 



4 FLICKER S THEOREM A LOCAL PROOF 

4 1 Pron1ptmg the theorem 

Let ElF be a <>epat able quaciI abc atenslOn of global fields I 1 [13) Fhcker deduces 

thf'orem 1 35 from a s mllar global theorem V.hlCh lOughly says that the cuspldal 

GL2(AF ) dlstmgmc;;} pc) l€'presel tatlOns of GL2 (AE ) are those In the Image of the 

un<;tal le base chaJ ge map flOm the set of (' p dal non degenel ate representatlOlls of 

U(2 E / F)(A) V, hDse mage UI d(> the base d cLuge map IS C lSI dal 

1 he heuIlstlcs behmd th ') theoren s the tollo v ng Bj the llau heorem of [1 ?] 

a usp dal reI re&<..ntatlOI IT of GL (AI;) & dlstmgu s1 cd 1 y GLn(Ar} J ree.. sel 

the t., stcd te lsor L fu 1ct 01 of 11 has a 1 €' a.t s - 1 Tl (, t ogether w th t e 

Langla d fllnrtorHl.l t pnne I le ould 1 ill Y that d stmg <;1 ed II cOlre"lond to 

those lC! le&entdtlOll& of the 'Ael gro 11 of r (to the L group of GLn(E)) WInd v,l c 

compoc,ed wlth the tw sted tensor ICl.>Ie::,eItdt on of the L-g Oup of GLn(F) ( nt1. n 

the tr v al representat on (see p 141 [13]) There t IS also PIO ed tha~ when n III e en 

(le<;p odd) the unstable (lCSp St'lble) base chID ge mJ,p from the L group of lJ ( b) 

to the L group of GLn{.h) composed WIth the tv. sted tensor lcprcscntat on ('onta 1 S 

1hp t ;tJ Icplesentat 0 So 01 e would cJ..pect tl at GJ (F) dlstmg llshed C\ slldal 

c\.U to n J lue rel reser tat onc;; of r J n ( r) Ie pH' c;;~l tl e mage of thE> unb table (reI 
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stable) base change map om U(n) fOl e en (rep odd) 

Let us sWItch back to local notatIOns Ob<;el c tl d.t theofPm 1 3 J cal ~.(. .,. (' ed 

ac;; .q dual to the eqUlvalence of (1) an 1 (2) 1 theorem 132 ThlR d\ '1hty ('rin ea II 

be c,een III the mmplcst pxample of E &/ (E))< GL (r) U(1 E/r) {q t-­

E Nn p(q) = I} - {q/J I 9 E: I } ff 1 rae er X of F ll<,tlIlb 1 <>1 cd tl 

1 espect to F then xl F 1 By HI bert 90 hE" e ('\. S d cl aractE'r 17 of l.. 1 E I r) 
such that 

or X IS a lIft of a character of U (1 E / F) Dually If a character X of E IS trn·ldl on 

U(l E/ F) thpn \\e have X = XU '}lch Impl es 

.. her(> 17 IS a character of F In 0 her words X '3 a 1 ft of a cl arac. tel of F 

1h s d lahty can be observed 1 tl e fI e fie d ca e too I fit F be the filllte field 

of q elements and E the fIeld of q e10rne s Let (j d(>l ate U e Frobrntus mOl [ } c; n 

Then t s known that an Irre iucible rE'prcsc d.tIOn 1 of GLnCC) ha<; d GLn(F) fi:\.cd 

vector If at d only lfII ...,., ITO" and II as a U (n) hxed e tor f d.nd only If II ~ 11'" [19] 

4 2 MotlVdtJng the local proof 

If IT IS an Irreduc bIe a.dm sSlbie repI~entatlOn of GLz(F) v th tv :; 1 tl CI 

t.heor~m 1 3 3 sa.) s that IT ~ ITa If and 0 h If II IS dlStl oli .,hed 01 \.V 1" d c;t g 81 ed 

1< hcker s theOlem IS a t'hneme t of th 1) theOl(> n b nce t speclficc.. hen e>"cH.,th ~ h 

d. IT c:; d s mg lshed 
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To mot vate our proof kt us hrc;t cons dE't" the Iual SItuatIOn ReC'dll tl e eq v 

alp C'f' of (1) and (3) n theorem 1 32Th IS If 11- q a character of F and IT al 

I eduuble ddml<JS ble repreSC'1 tat 0 fGL2(E) v tl wn = 11- 0 1\t. r then II IS a base 

chaI ge 1ft f om GL2(F) f al d 0 ly If IT 19 I <3t ngu <;h<>d or W d 1St ngu 51 ed 

Bu III chapter 3 of th s tl e h1.H:> €fined h ~ tatellC lId e co lId speclf" 

pIPe selv vh eh II arp Jl dlst g m,hcd fhese arc tl e ales tl at ba~e d a 1ge f II d 

representat on of GL2(F) Ith cel tral character Jlw£ (')ee TI eorer 1 11) -\ he 

II g edlent mvo 'vpd IT dell ng th S IE'fincment \\~ tl eorem 3 1 9 rather Smto b proof 

of t 

ThIS tens us that we mIght be al>le to usc Salta s method to deducE:' Fhc1.eI S 

theorem as v.ell That IS what e do I tl e ne)..t sectIOn BefDle II dt let uc; '3ummanz(> 

the mam Ided!:> In 01 e 1 here 

Note that for I I nt pal ser l.h leplE'SGntat or S dnd sp<'c al representatlOns of GL (E) 

theorem 1 11 W 11 follov. from tor sultq due to 1- 1 ch.er and Hak m (Propo') tlOn 2 3 5 

a d The len 3 1 5) For SUP(>f(' 'l J dais Vd? d.dopc 11 e method du~ to SaIto r r ItlO ed 

abo ~ to f1:et the deSIred e:, It C rtSpOndl g to tl r q a irat r cxter <) on E of r (:' 
fix an embeddmg 2 of E / F n U (2 hi F) glV I uy 

(aF ) _ ( .E J) ( (/ 0) where a = .L + 6..y E E 
6,2 j X 0 a 

If g then o~ c:;er e that qq (where T S the mvolitlon 

9 ----+ w g O'w ) and 'l(aJ< ) an, cor J g tc I (' L (E) By II edns of tl e base cha.nge 

tl eory of r (2 r / F) "If' get tva fOlmula(:' 0 e tl e stable basp th'mgc case dnd the 

oti el it e unstable ba <;(' ~ ngl. cac,E' fOI X { } (~( aF )) vhe e {7r} S tIe pd. hct of 
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rf'prE'')entat on~ of [; ('J A/F) that base changes to IT and X } IS the sum of characters 

uf the repl e~entatlOn~ 1Il the packet of If These formula.e mmt b~ ')€'en as the analogues 

of Tmnell s fOlmula fOl chalacters of GL(2) Fhcker s theorem ('dfl be derIved as a 

corollar to the proof of these formulae Just as Sa to deduces theorem 3 1 9 from h s 

plOof of Tunnell s formula (Theorem 3 1 8) 

4 3 Proof of Fllckel s theorem 

As mentIoned III the preVIOUb sectlOn theorem 1 3 J IS ver tied for prmclpalsenes and 

spec a1 representatlons once "\ e appeal to proposItlon 2 3 5 and theorem '3 1 5 So let 

IT be a supcrcuspldal representatIon of GL2(E) 

Suppose n IS a base change lift of a representatIOn of U(2 E / F) Then II ::: IT 

and WnlF =: lIe IT""" wrr @IIu andwrr F 

model 

1 ~o by the umqueness of thf' K r Hov 

lC(IT 'l/Jd 1C(Wfl ® IY ~E) 

I\ote that 1(1 defined 0 Ll e K ulIoy model K(II VE) of II b} 

g ves an mtcrtwmmg operator from (n K(ll 1/JE)) to (w
o 

@ TIlT K(IT V;E)) Also 12_ 

ldentIty smce wn IF' = 1 and IT(O" h) - l q IT(h)lq "e e:>..tend II to GL2(E) x Gal(E/ F) 

b) 

I1(g 0") II(g )I 
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No Vp compute the l Je of the tw sted characte X at 

( 0 o~)-(::)( u ~)( 0 ~ ) 9 
L} 0 

I ~r a E L 6. E D c; lCh tl at TrE r(~) 0 

S1I CC 11 t> a bupelcuspl hi [PJ eel atlOn K(TI c""E) <..It'::' th th<.> SI a e of 

Sci '1.rtr 13 Ihat funct 0 c:; S(r ) on E and a b'l c:; of tl ~ bpace IS b "en L tIc e 

of fo 1o"",, ng funct OJ <; 

{
A(X) if ~r(:r) 

~A (7)-
o othr ~ 

Hele n vanes over all mtegels and ,\ var es 0 eI d uIIlplete set of representatlVC'c; of 

'1.11 (.haracter <; of E modulo.-..- v I el e'\ ""'\2 If and or I) f A A2 s um an r e<..l \\ e 

havE' n c \eInn a (Lemma 2 1 [32]) 

e(II0 A lee n 

Here f(IT i& A ) and (LJ E ) lenute tl e wndu 0 d ('"\. 0 ents of I10 A a I 

('b\ cct c U n~ tl S ('J nd v..e co npute I1(j)J 

IT (: :) IT (: 0) IT(w)I.~ 

IT (: :) IT ( : 1 0) IT(w)<wnA 

(rr0wn A'~F)IT(~ :)rr( a 

o 
( 1 e f - f(IT (8) 2 \ T! ) 

(6.) (n 0 wn A 'i,. r;)A (u ~>. 
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But 

Ther~f [C 

Thu'l 

E (I 

vhere m = f(IT ® A 1) + 2n('l/ J.) - n \i\e ha (," thus pro\ed 

Len rna 4 J 2 r or a E E F 

luerr f(IT®,). )+21.(vd n 

\\e Vl. t to (. r I utL An (g) vl E'r!' 

Tl ere IS a standar 1 method to do th sand e refer 0 (p 102 103 [32]) for the 

del alb Set r = ( 1 + PE Pp ) n GL2 (Od Let K(D 'VE)n be the subspace 
p~ l+'PZ 

of lC(II '1/ E) Wll'll<;t ng of elements I all ant nrie r n Let 

due f A < 

n( r)+r } 
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Then En gl\eS a basts of lC(fI tpE)n for n suffir ('ntly large and Un En give" a bas1s 

of K(D 'l/Je) Let P", be the proJectlOn of JC(rr 4JE) onto JC(I11/JE)n defined by 

f I1(g)dg 

j dg 

where dg 1~ a Haar measure on GL2(E) Then the value ot X (g) can be calculated 

as t ace(n 19 ) IqPn ) w th respect to th '} basis for a sufficlently la ge n 

Suppose {in) contnbute to Xn (( ~ :) ( : ~) W) Then we ha e 

(1) n n(WF) + ~(J(I1 ® A 1) VE(a)) 

(11) AlOE - A 0-101; 

Fast assume that b IF IS unramified Thf'n from (ll) we 1 ave AloF 1 As a 

representatIve of the class of A ta kP A such tlidi A( tV F) - 1 Then \\ e have A (J - ,\ 

Thus the COl tr but 0 to 

((::)( o 1 ~) W) Xn 
0 

of ~), for the above .A IS eq al t.o 

{ ;n (L'.)«IT @ A ~e).A<1( n.) If l;.(a) = J(TI®.A ) (mod 2) 

atl er lse 
Smce E / F IS unramlfied we have an eAtenslOn w -; F of WE F to E 'Vh1ch 1S unramlfied 

Tl en 

Therefotc the contnbut on of dn
) to An ((: :) ( 

a 
°1 ) w) 1S equal to 

o 

1 
2wn (.~)«((fI ® A t F) .. U( a) + fen ® A .A,!-
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TJ1U~ 

((: :)( o 

Pl ( L c(ll <9~ ~~JAO"( )-L. I: 
(IT ® A 1. ) A 

a l) ...v 
2 .\ w 

L t(lT ® A 2 (t L).Q.) XT(a) + " 
c(D ,g, ). (1, .u A a) 0 2 A c 

L 
1 + f(TI ® A (?j L)A) XT(a) 1 L 

l-L. E(ll®). ( r)~) ). a) 
2 ). ---JF 

5 <..e I.: ). = 0 a <i N' o 
>'1 ). ""E F 

~o If sur pose ElF ~ a !'lID fled eAten<;lOn ret w be a mlform zmg el nel t ot 

F tl '1t ~ co tao I ed r t l e norn of J Tl (' <.. I dlt 00 (n ) mph€',,). NJ:, 0 1 

lhel€'toT(. AloJ" 1 0 oNE J"lc II the class of). satlsf g ( I) tI re dlC (>}..actIv t 0 

al act r1:. S'l 'lfv g A ('W F) - 1 (z - 1 2) a.nd H y sat sf ). - A IJ S n c). a I 1).2 

r !! to 1 t''' e c.la ). A2 'I un a.m i e 1 IIrI ce A A2 \'WF) A A (ror) 1 

:f-l But). A (w) 1 nplle th t A - A2 w} } s t 

rea d so \ ('L-)b) == .A2(WE) Tlm A2 - ). 'TJ \\1 f'le lJ{l-) (1) E 1\0 t J e 

ontr u to oW to Xn (( ~ : )( : ~) ~) s 

d l I A I B It A I 1.0 bf 1 or c..... So 1 e tota 01 t 1 ut 01 IS 

L F 



4 Fl eke! s t} oren 4. local proof 
--~------------------

54 

Tl U5 db ill (} f' amlhed (~ \ e gP 

r x aI el br Id I g of Fir 11 to [) (? L F) 0 vrn 1 

(~:J :) L 0 
) ,I ere a ~(al< ) x + ~y E IJ 

a 

jfg-(: :)( a ~ ) w tl. ( a 0 
alY 

~) bse f' t at J J - <; conJu 
0 

gale to the mage of F U de 

It II CJ '1 !'tablr l>dt>e cl a b(' of a rei e~ent r of 0(2 ElF) thf'n 

dnd fDa ~Ldble 1 e char ?,e of r t} f'n 

Xn ((: :)( 

a 

o 

Tl u<; e get the follo" mg vo dent t e') tht first obta ned vI en II IS a btable ba')e 

cl dnge a d tl e S (, d hen n s a un<;tal f' 1 (' cl ar gf' 

x ( (af )) _+~(II_~_A ___ .:-b_xr ) 
2 

+ 1 IT ® A (r).c.),A,(o) 
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Let rEF Iv F F(E ) and cha lYe (] 0 a I botl theSE' IdcntItIe~ tt e left ~ Ie 

rCmdH'3 Ul d angld hered." d 1 ct g of s g 1 0 (,.. S I the S('cond sum of tl e hr t 

Hier L tV'll 1 the first <; m ot the '3eGO d dentlty Tl u') t follows tt dt th 8("COI 1 

sum an "3hc>s 1 the first dentlt) and tl c first m an shes in the ')eeo d Idel tIt 

1 for all cha d.eters ).. of E w th )..IF 

(respectIVE' J AIF 1) If II IS a stable (resp 1 c::table) base change hft. of a lep e 

sent at on of U(2 E/ F) ('\otE' that the 'Y factor Ih the same as the c factor SInce IT 

c:: <:; pprr Ispldal) Hc>nce If n 1& a <; able base change then It IS WE F dIstmgUlbhed 

and If n b '11 Ul &ta r 1 ase change hen t s d stmg Ishcd (by Theorer 1 3 1 4) 

Vv hdt rmam,> to sho In 0 del to pop tl corem 1 3 5 1S that a rei Iesc Itat 0 

II of GL (E) dist ng s1 ed vitl re'>I ect to &L2 (F) IS obta. ned bv U r m<:;tal1e 

ase ch'lnge map No bv tl core r 1 33 ve lnm tl;:l II s a base CheLl ge I [t of d 

epl C'5C tat on of U (2 ElF) \\ r n <:;t sho'\ that II 1~ the Image of tl c Ul stdb 

base change mal 'lnd not In the I r dge of t.he table base chanp;e map Suppose n 
a stabl bd.~e d a ge I ft of a representatIOn of L (2 ElF) Then by what has beel 

prov€'d already II 18 u., E dIstmgUIshed WIth respect to G L2 (F) Thus II IS bod 

dIstmgUIshed and W r d st ngu shed ,,1 Jeh contraOlct~ theorem 1 34Th c:; pro e~ 

tl co {' n 1 3 L> 



5 DISTINGUISHEDNESS ['OR GL(l\ ) 

5 1 A mulhpilcltv one 1 esult and appllcatwn'J 

We kno f om theorem 3 11 tt at the space of GL (F) m"\ar ant 1 near forms on tl e 

"pace of a rr due ble admlsslb e representat10n II of GLn(E) 1 a" dIme lSlOn at Jot 

one In th s sectlOn we look at a lmger space \\!lch IS the space of Pn F) mv'l nt 

I near forms on n \\ f' 1 TO e that } en n '3 d. dlst I gmshed supe CUS} dal 01 \\} E'n t 

IS paral I raIl u d f 0 1 tv-a d t gu she 1 supercu~p cla!" hE'n t lattt"r Sf ace 

I '1.<:; 1 mel '3 on 0 E' (TheolC' n 1 3 G) A.s ment u c I U e I t rodu t 01 the loaf 

f } 0 vs (' se t '1.11 t om tl em'). lemma of [loJ 

Let 'T 11 P E The l db t h BClllSLcm Zc c k filtratlO b P (1 ) 

mod les ("pp c:; to 2 1) 

o C C'Tn C C 

Thm 

If II ') ~upel('uspld'1.1 l} P 01 OSlt on 7 we () lude tl a 

"'-' (I) :v (1 
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If n l(II IIz) v.lth IT dlstmg llshed SUpelCUSp d'tl'3 (mcIdentally such a IT IS d ., 

t ngu shed I y P 'oposltlOn 26 of [14J) use propos t or 2 1 7 and PlOposltlOn 2 18 to 

COl cl Ie l hdt 

Let 10\ S "Itch to F lekel S I otat on {15] Put H (E) G L (1:- )l\n(E) } ert' 

GL (F) embeds m GL (£') Via 

1 he! H (E) GO SlSts of 

( go IU) J E GI (E u E '\ ( E) 

If P IS a. reprE",E'ntatlOn of GLJ(l!..) tl f'n p ® 't delotes 1 e rt-prcscntal,lOr of HJ (£) 

on tI e ,p.tc of p on vllch (~ :) acts b !(q)V U ) Then 

(if..)n ,T () dP f ( --L ) 
'K 'i P = tn !{ E QSl f> QSl 

wI erc nd IS non normalIzed compact IlductlOll :t\u Flicker proveh that the dm el 

<; on of H orr F « q,+)n l\l+(p) 1) l')C]Ua tothedne <;on ofHon F( I--L ® 
E 

pI) I p't t (, 13.1 

Hom « tI> ) w ( ) I - {~ f 1 t 0 ar 1 f & d t oli sl cd 

1J O<uip 1 

TJ ::, I ro <; t 1 <"oren 1 3 6 
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1\ ow consIder the lmear form l defit ed Ot t.l e Whtttaker modpl W(ll 7f') of IT by 

l(W) - r \tl (p)drp I N (r)\P (I' 

Whf'Te d P IS a Pn{F) r gl t 1 rauunt measure on N n(r)\P71(F) 

TI e Integral In the defin t IOn of the hnear form d1spla) ed above (.onverge':> (see 

Iemn a 01 p 306 In [12]) Moreover thiS hnear form s non 7Pro A vector on hleh 

l IS non zero can be chosen us 1 g the I v. aho factOllzat Ol If II l~ a cilstmgUlshpci 

representatlOn of GLn(E) as In theorem 1 36 va claIm that the I near form l defn ed 

above IS the distIngUIshed (1 e non zero &Ln(F) InvarIant) functlOnal upto a scalar 

on the Whittaker model of II 

Propo'; t on 5 1 1 Let IT be as m theorem 1 3 6 Let l be a dlstmgu shed fu c 

tIona 01 the \i\ hlttaher rna leI of 11 Then 1 C'1n ~ e normahzed so that I (H ) 

r ~l(P)dp 
JNn(f< Pn(r 

PlOof If lIS a dIStmgUIshed fu lct ond} on );\r(TI '1;) t1 et I partlLuldr 

l E Homp r)(II 1) On the otllel } and r I¥(p)drp IS also a Pn{T) mvanant 
J,.., (F' ).> ( ) 

functIOnal on W(IJ 1/1) Thus both d ffer J st J v a scalar by theorem 1 3 6 

:t\ 0 \ we p ove theorem 1 3 7 Call 

l(l-t ) r W(p)d P 
iN r Pro r) 

d.nd 

l(Vi ) { W(p d p 
J" I' P r 

Tl (>n l If:, a non zc a P (F) n d lant fOl m 01 )Iv (n 'IJ) and l IS a non zc a P (F) 

1I va a t forn on W(l lr' ) ~ Ippo~e l(W) = l(Vl ) for '1 T1 
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TI en for any p E Pn(F) 

l(IT( p I)W) = l(IT(tp)~ ) l(II(p)~V) l(W) = l(T¥) 

Tl ue; I s an ant under the tnnsposc of Pn(F) as vell Smce wnl F 
1 ve 

on ude tl at lIS mvanar t under the standa d ma>"lmal parabol c and Its tranc;pose 

SIte thC'')e togethrr gflnfl at!:' C Ln (F) qee Corollar~ 2 1 2) l saG L (F) Im-ar al t 

f nctIOnal and her ce II 1::' dl::,tmgt lshed 

Comersely '5uppose IT s d stmgUlshed Then IT IS al50 d ::,tmgUlshed By propo 

s tlOn 5 III and l are dIstmgUlshed functlOna s on W(II V;) and W(II ~ ) respec 

tIvelv Therefore If we define l on W(IT 1p) by 

l (TV) = l (tV) 

t hen bot! I dnd l define Baar mtegr'11Q on }\n(F)\Pn(F) Thus l(11t) and l(W) d fier 

by a POSl e constant say c No v ~mce H 1IV ve 'lPP that (2 1 T <, mpi es 

c 1 8 nee C 18 poc; tIVe Hence l (VV) l('{!l; ) for all TV 

5 2 The poles of the local tWisted tensor L functlOn 

Tn thIS sectIOn we prove theorem 1 3 8 In fact we prove the followmg prOpOSItIOn and 

theorem 1 3 8 follow,) from lt by proposlt on 5 1 1 

Propos tIOn 5 2 1 Let IT be an lTreduc ble admISSIble genenc lepresentatlOn of G L (b) 

WhICh IS 1st ngUlshed ... tl rebpcct to GLn{F) Suppose leW) - { 11} (p)d I 
iN F P F 

I') fl C' Ln (F) I van ant III eal funct 0 ell 0 II Tl el b 0 ~ d. pole of L( b (11) 
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PlOof C'1l1 G = r Ln(F) H2 = Pn(r) HI - Nn(}) \I\e apply lemm'l 241 to 

th <; tnllet So let V2 d p be the Pn(F) nght mval ant measure on IVn(F)\Pn(F) 

Let P1.(q) - ldet q!p Then f2 s a rho fun(,tlon for Pn(F) ~ nee 6. a rIa l 

6. p F (p) - Idet p \s n lemma 241 If't fJ, a l d I 2 be Ll e assOC' ate I q s 

n anan n eaSUTCC:; 0 fYnU )\GLn(F) and Pn(F)\GJ n(F) It can be el fled tl dt f 

dq s the q lOt ent measure on VnCJi )\OL (F) then dfJ. (g) - Idet 9 dg 

Let II he a dlstmgUlshed 'iUpt' cusptda representat on of GL (E) 01 II l(II IT) 

with n dlstm.gwshed supercuspldal& of GLn (E) n = nl + '1-2 % 1 2 vVe need to 

prove that s = 0 IS a pole for £(5 r(Il)) \OW conslder 

'1(111 <I) r vV(g)q (ryg)ldet ql dg iN r GL (F F 

vl fOr 

H E:: W(II v) <I E S(F ) and 17 (0 0 1) 

By ell a. 2 4 1 and theorem 1 1 

W(l Vl <1» = Jp GL (F INTI r) Pn F ~ (pg)<l?(rypg)d P dJL2(g) 

Ip {F GL (F <I (19) (IN (r) P F W(pq )drp) dp,dg) 

Jp F GT F <D(T]g)d/12(g) X JJ\n(F \P r VV (p)d p 

c -1>(0) l(H) 

\J, here c s a non zero CQnsta \, 

Next c..s n (ProDosltlOn 4 [121) 'Ie chooS<' ~v 11 W(n 'If;) a.nd <l? In S(Fn) <) l<:>.h 

that w(s W' <D) IS ldentlcally OlC ThiS IS done a~ foHm,s (<;{'c p 30Q [I?}) 

F A a congruence S Ibgro I J( of J( 13 I ahor hctonzat on we grt d @ lId 

SUPI ort('d 0 TV (E)(I (Pn(E)) fud ugl t !Ova Id.nt under J n P (E) n B (},,) 
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where Bn,(E) s the group of upper tnangulal natnces FIX W III W(IJ 'I/J) th 

H Ip F - dJ Tl en 

( H (p) ki II d 1 IN F P F F 

d I on z ro constant Let Am denote tl g OUp of k n J\ ltl 

vhprE' T arc all in the rmg 0 E Choo'5P m "() th::l HI <; r ght nvar ant no 
Km n Un(F) ~here Un(F) 1., tl e u upoter t a.d ca of he lJalabol c subgIOul of 

type (n - 1 1) Let <I> be the charactenstlc function of the last 10 v of J( m n G Ln (F) 

Then <I les In S(Fn) and 

w(s Iv ct») W(pk) det pI 
F l' F 

d p { <I (7]ak) det an dXa JF F 

d. non zero ('Oll::>tdnt 

'\JOVv let us v. nte do,," n the functlOna equa Ion at s - 0 

~(l H q)/L(1 (ll)) -E(O r(fl) 1ft)'l'(O n <1»/£(0 r(ll)) 

Choo:,e W til d ~ ~ above Tl en SIl ce <1>(0) 0 Ll e lefL hand side of the fUllctlOl al 

equatIOn vamshes Smce W a Id <I> are such that w(O W <I>} #- 0 It follows tl at s - 0 

s a pole fOl L(s r(ll)) 

ThiS proves propOSitIOn 5 2 1 and hence theorem 1 3 8 

5 3 Remarks on the local factors of dlstmgmshed reprpc;ent rtt ( n., 

Fu:,t let U~ pro\(, theorem 139 Tl ~ re:,ult folIo ., frOI cl. re:,ult <lue to Bu I 

and He 'lrt [8] I cl <; stated belo\-\. 
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Tl corem 0 3 1 L<-t 1f be dn rrp<ilc bll? adlDlsblble ~presentat on of GLn(F) tl 

eel ral chalacter w Let 'lY Le d charaGttr or F T en 

1 
f( 1f Xit/)=w,.(-l) 

1\ 0 v let II be a lfl e 11(,1 b e fro! ere I lOp ('c;entatIO of G J b) and let I E" b fr 

u d 1 au omo r c mciuctlO (sec se ton 2 3) The nO" 1 0 1 ft to dnd n hft 0 

7r (PlOposlt 23 3) Thub b} I pas twn 2.3 4 ,'\(, have 

8) theorem J 3 1 vC get 

a i 

E (] ,. x r 'lY ) = (..1f ( 1) 2n 1 
2 

(~w F 1,.1)2 =WJ:. (-1 

13 It by prOposltlO 233 e kI 0 v that 

Therefor~ 

w 1 

1;(1 

It 

2"" ( 

n 
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S r ce 

w w~ (~) - w ( 1 ) 

\\(> g t 

(~ (1 x nn 1 

OJ prol 0<: tlOn 2 2 (1) '10 f 11 1<, 1..1 0 d st ngm<;hed tt en by tl n '3 1 2 

n "-' IIO' and therefore from ",1 'I.t 1 a 1 E'E' 0 Ie l 0 alread It f 1 tl ..... t 

1 
~(2 n x IT ) 1 

No\,. suppose III and il2 are two dlstmgUlshed ureduclble <tdml~~lble repre enta 

tlO s of G Ln (E) ar d G Ln (E) rr')pcctl cl By p opos t on ') 2 2 al d thcorcn 3 1 2 

f' ~f' tl a.t 

\~nArr ...,-1 

It 15 hkdv that \\ h<.>n 11 aIL' d t ng ':ihe 1 th" f'I <; lor factor '=i 3('t alh 0 ~ fn 

oom partlrulm Colo" hd. olen thcit tt 1 :::, true (Tl eore 3 1 4 Gu ul1.:i. 3 6 

Tl eorem 1 39) If one l el eves 1 the co lJectUl..-t p op ton 2 2 6 1 e ill'll e Ii 

IS \orth analyz n):!; the t'V sted ep~ 1 fa 1 ( T(II) 7/) for a dIstmgUIshed IT By 

plOpOS t on 2 2 5 we 1010 \ tha.t tor a. d stu g 'll ed 11 

1 
E(') r(TI) 'Ip) ±l 

Tl E' qu ,~t on l~ \ h<..ther or not t> Cd. fIx tl t> sign n the abo e eq at on fl (-> 

531 dOe5}leC sely tlls \le E F ED F Tl P I roof of theorem J 3 1 (~ee f8]) 

::,t'el to be tell ng- u tl dt d 1 ette u cler') a. I b tl (' t ~ cd t.e lsor L t 1 

ne essa 1 0 del to atteml t 1 q (l to 
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A morc specuJutl e q e~tlOn (see 1 heoren 3 1 4) VQU d be to ask for a con er-;e 

1 LOLem for dlstmgUlshfld r~plesentatlons of Gf n(E) Let 11 bE' d..I nred IClbl<" adm '9 

& b1e rer resentat on of GLTl(E) \\lth w 11' 1 it rl. <; lJ po~<.. It IS g "CI U tt 

for all dlst ngUlshed rr of GL E) \. 1 (lre 1 5 J < - 1 Can 

d c;tmgu <)hed? 

tond de 0 t II IS 
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