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1 INTRODUCTION

11 Notation

Let F bc a nor discrete locally compact totally dis onnected topological field (a  on
Archy nedean local field) of ¢l aractenstt ce o Ttus F' s a finite extension of @, Let
O be the rir g of integers of ' and P, tle un q e maximal 1ideal of @ Tle g ouj
ofintsof O hichis O, P 1sdenoted b O, Let @, beage erator 7P

I scalled a niform zer of F Let ¢ be the valuatio of I' sich that v (w,) 1
Tlecariralty of O./P, sdenoted by ¢, vhere ;. sajoverof p Denotet

tle ( o na 7 d) absolute value of F s '} that |a q fo € F Wefina

11 e laract v of ¥ T ¢ ond to of 15 lelages (fractional) eal P
of @ on tc ey strval Tten (v ) scaleltle o d ¢ lejo entofy For

€F e v sta lfortle 211t ve characterg et b

wo(r) — 9 (a7)

Tte {v,) — n(¥)+v (a) The Sctua tz B ulat space of # cons sts of 1
ns ant con yac ly supported funct ons on F a le oedl S{F) If I belo gs

to S(F) tten le Fourer transformof @  h e pect to g nb

I2) /FI Y ()1
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here d; 1s an additive Haar meas ire on /' The meas1 e dy  said to te self d ol
(v1 h respect to w ) f ®(z) = ®( z) The olum of @ w tt respect to thesef dia
measure t rnso tt b ¢" ?

Let ¥ lenote thce multipl cat ve group of I° Th
O.D1+P,21+P. 5 3I1+FP_. 5

form a funda nental system of op n cagl bourl vods at d ntiiyfor ! If ¢ sactar
acter of /' then the conductorof; thelaget 1+ P_on whiet g strvia Tlis
118 called the conductoral exponent of ;1 We denote 1t tv a(u)

Tet CT,(F) dete the general linear g oup of n x n matrices of non zcro de
term nant We oasider rredu ble ! bl s es tator of GL,(F) Torsul
a representation 7 7 denotes the represe tat 1 i agredient to 7 and we let w
denote the central characterof # Acla cte pot F g csnse to a one dime s onal
representat ot ¢ odet of GL,(F) where d tsta stor the determ nant map W s

Il denote this one d men ona repiese tato b z a.an Thr sa O ussun
atahdt a red clealnssitlerepreseita on 7 nd he characteryy 11 has
denoted by e(s 7 ¢ ) wheresisa 0o 1« | Motegeretally wela esucl 1
eps lon factor for a par {7 79) of repre nt t o s of GL, (F) 2 — 1 2 denoted
e(s m xmy, ¥} Thereisasmlary fa tor 1} ch s related to the € factor Prec se
details ate g1 en n the next chaptcr

Nov let E be a quadrat ext nsion of ¥ All e prece ling cons derations apj 1
o er the feld £ with the cb o s change c e te henontivailcem  of
Gal(E/F) the Galo s groupot E/I" De ot V' Np g 11 the nor nay 2 d

letae aptomFtoF Le silenietl no trval hrete of 7 Np (1)
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by w,  The addit ve cl a acter of E denoted by % that xe ¢ 0 se ssucl that it

has tr vial restr ction to ' Let ¢/ be tl e character of £ del" 11y

v, 2) = ¢ (T (7))

Then ¢ 1s ol tle fo m (¢ ), for a character v of Fa d A € Ewtl Trp p(A)
0 A representat on of GL,(E) 1s tyj cally dewoted b Il A sociated to sich a
representation II we have a f 1sted e silon fa tor whict we de otc by e{s r(II) #)
and a tussted L function L(s (II)) Other tla1 the general hinear groups we also
look at (in chapter 4) the unitary gro p n tvo vanables denoted by U(2 E/F) Iu
general U(n E/F)1s deined as the group of those eler ents in GL,(E) that are fixed
by an mnvolut on 7 whiet s defined 1 terms of o (see 2 3)

F nally ve ntroduce tle mair theme of ths disser at on lct 2 be a ha acter of
F A represetation (IT V) of GT,,(F) ssaid to be p d stingu sl ed untl  espect to

GL,(F) 1 {le e 15 a non zero hinear form ¢ on 3 the space of IT s ¢h that

I )e)  (ttg) ()

for alg e GLy(F)a 1v €V When ¢ omt the refe ence to a  subgroup of
GLn(£) 1t s understood that the s bgroup s GL,(F) Tic refre entation 1s sa d
to be distinguisted f t1s 1 distingushed Thus f H s a subgroup ot GL (£} a
representation IT of G7,,(F) 18 d stinguished  tl respect to H (or H disting 1 st ed)
f tle space of H  variant linear forms on IT lenoted vt Hon (I11) s o eo
Ir this thesis H  llus 1y be GL(I") except ncta 4 lere t1sU L/F)

The notior of a ta ¢ ange { ft 15 introduced n 2 3
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12 Motivation and some 1emarks

Suppose one corsiders an algebrac¢ g oup G o e a global field and an algebra ¢
s bgrouy H of G Then d {wr guisl edne of an automorptic rep esentation of G
defined 1 terms of the non van sting of a certun period rtegral This notion  as
mt oduced 1n the work of Haider Langlands aid Rapojort 22] vhere thev prove
Tate s congectures for cervamn Hulbert modula surfaces In order to do this tlev neel
to 1nvest gate tt e poles of the Hasse Wesl zeta function attached to the surtace T1le
zeta function 1s expressed m terms of some mtegrals which have poles with res due
equal to the alue of the pcriod integral Thus distingu shedness determines the poles
of tl ¢ zeta f nction

It ' F 15 a quadratic extensio of g obal field let A ard Ag lenote tle r ng of
adele of F' and & respect velv Tle11l s proved n [22] that a cuspidal automory |
r e entat on of GL;(Ap) with tnivial e t al characte 15 d st ngumsted f2 1orl
if t o tle base change 11t of a ¢ sjidal r prese tat o of GLy(Ay) whose ce t al
clara ter & not trivial A torna e jroof of I golal resu  appeared 11 1lcler
[12] a d Ye [36] Ilhicke wu es tunsted tensor T f nect ons wl 1cas Yo 1ses rela
t ace fo mulas [26] to ac1eve I s Tlore are several o ter mstances in the | terat 1e
where a similat phenomeron that dist nguished representations have a furcto al
characterization takes place To cite a few which are relesant to th s thesis et fe
to [13] [21] [27) [28] axd [30]

In Ul s thusis ve deal  th threc suct nstarces all n the co teat of GL(2) o e1 2
7 alic feld These ate the cquivalerwe of (1) a d (3)  tleorem 131 eq vilerce of

( arl1(2 tleoem132a dtl orer 13 Tlefirs  the local aralogue of th
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theorem tn 22] cited 1 the abo e parag aph ard in fact o t res It can be dedu d
from 1ts global analogie '111s was pownted out to us by the refe ee of {1] One starts
vith ~ local dist ngu shel 1epresentat o (assu e { s ipercuspdal 1t chis th
rontrvalcasca viv)a lshoisstha  can bercalized asalo nlc 1ponent of
global dist ng nsted re ¢» tation DBy tletleo exr mn]22] thisg obal ep se tato
15 a base langelft Th sits components are local base ¢l ange if s 1 the de ed
cen al characters The con c¢rse s similar using the fact that « Jocal tase ¢l ange 1 {1
may be reaized as a component of a global base ¢l ange hift

The key mgred ents 1n our proof {of theorem 13 1) are t} ¢ « factor cr ter on for
distinguishedness due to Hak m (Theorem 3 14) Tunnell s formn la tor ¢l atacte s
of C'L(2) (Tteorem 318) ard a esult of Sato vhel  acoolarvtol s sroo of
Tunne ls forrwla (Theo em 319) We reproduce Hakms t ecem a d hs jn f
(with n nor changes) n 31 Thenedenveiio ceresilts (cowollare 316 31 )
about tte 1 d mensional ¢l ara ters of E out of Hakim crtero furl ¢ ly O e
g1 v1llkno n esult fietoFrollicha 1Q e ut(18 ardilco e tes t sstated
n[3] Theorcms 132 133 and 134 weded cc from tleoen 131 1tlo t mucl
ftort

Theoren 135 d e o Flcker It sthe nain local tteorem n [13] here le
le luces this from a sum lar global result We give a purelv loca proof of this result
n chapter 4 More details regard g the theorem and our proof 2 e given 1 sect o1 s
41lanl 42

I thefina clapter eprovea | pleivo ersutfraca of epree t to
of GI (E) a1ltl s asated astheoe 1136 Tt folov cssent f 1 h

lemmna [15] We se listoy ea taia tenzation f v 1st g ish fressf 1 th «e
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repiesentations (Theorem 137) We also try to understand how distiz gmishedne ¢
reflects or the local twisted tcnsor L function (Theorem 13 8) Theorem 13 9 1s easv
to venlv or ce we appeal to a result due to Bushnell a d He mart

The ex sting proofs of the known theoren s n th s thesis (nddressed n ¢l af turs
3 and 4) use a mixture of local a d global wethols We provide local pioofs n
those mstances where only global proofs currently exsist We belie e this res lts in
inderstand ng the situat on better I{ appeais that tle results n the fina chapter
are new Nevertheless they are not comprehensive and should be impro ed upon We

only 1emark on a few pla 15 ble improvements here

13 Summarv of results

Theorems 131 134 are taken up n chapte 3 Chapter 4 1s devoted to theorem

135 Tle rest are addressed 1n ¢ apter b

Theorem 131 Let u be a characte of I” Let II be an nieducible admissit e >
resentat n of GLy(E) with wy o Mg lien the follovig statemer ts ate
qu alen

(1) IT s a base ¢t ange 1ft of a representat on of G'Ly(F') with central character yw
(2) v(MMex ' ¢ IA( 1) 1fo all characters A of E whchsatisfy Alp g

{(3) IT s p d st ng1shed vith respect to C'Lo(F)

Lheorem 132 Let g be a claracter of I' ard II an wrredue tle adm ssible repre
sentat o1 of GLo(L) wth central cla acter w, o Ng p Tlen the follown g are

cq o alent
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(1) T~ 117 1e II sa base change hft fiom GLy(F)
(2) 11 1s distinguished with resj ect to U (2 E/F)
(3) 11 18 p-distingmshed o1 pw, . d st ngushed

Tleorem 133 Tet II be an wrred ¢ ble admssible representation of GL,(L) 1th
whlp =1 Then IT ~ T171f a d only if IT1s distsngu shed or w,  d st nguished  ti
1espect 0 GLa(F)

Theo em 134 Let IT be a wrreducible admiss ble representat on of C'Ly(E) Tien
IT1s both d st ngmshed a d w, , distingwished witl respect to GL2(F) exactly len

IT —II{x x ) for some cl aracter x of £

Theorem 135 An irreduc ble admissible representation IT of G Ly () 1s distinguisl ed

th respect to GL (F) 1f and only 1f 1t 1s an 1 nstab ¢ basc ct ange Lift of a rej resen

1 onof L(2 E/T)

Theorem 136 Let II be a disting 1 shed superc sp dal representation of GL,(E) or
[I  I{II TI,) 1s normahzedly m1 ed from the standard parabohc of tvpe (n; ny)
and Il a esupercisp dals of GL,, (F) dis wgu hed v ith respeet o CT, (F) 12
1 er

dwm,(Horr , (7 1)) =1
wlere P,(F) 1s the m rabolic s 1t group of I
Tre rem 137 Let [11eas percuspidal repregentation of GL,(E) or IT  I{IT TIi,)

here Tl ard I, = per uspidals of "Ly, (E) and 'L (F) respecta el tl
n-—n +mny Suppose wy 1 Ther ITisdst wgusted £ 1 Iyaf

[, waenef ., Wi
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forall W « W(II &)
Theorem 138 Let Il be as in theorem 136 Then s — 015 a pole of L{s (IT))
Theorem 139 Let IT be a tempered 1epiesentation of Gf ,(E) Then
1
e(, I 3)~1
Suppose II 1s tempered and distinguished Then

F(;HXH’I) 1



2 PRELIMINARIES

21 Rep: sentations of GL (F)

I'he refcrences for th s sectio are ma y [5] [6] [7] [10] and [31] We have ja ticu
arly mad  sc of the excellert exposit ons in [10] and [31]

Fet F'teanon Arch medean local ficld of charac enstic zero The O P w
q a e tlter usual mean ngs as in 11 Let W,(F) denote the set of all X n
nat ces hose e tries are 1 I and CL,(F) the general I near gro p of nvertible
r trices M (F) 1t 1s a locally compact t tally d sconnecte i topolog cal gio
Its 1n que (uptc comjugacy) maxin 1 of ncompact bgo pis & — GF,(0,) For
a fundamental s stem of of en neigll  rhood tile de ity we can take the clan

foren o1pact ubgioup gvunly
K —{geKlg-1l,ew™M (O )}

fo m > 1and Ky = K Let B (F) Nu(F) A (F) denote the Borel subgronp
of upper t angular matr ces 1ts 1 jot nt radica vhcl consists f upper t1 ar gu ar
njole t 1att es a dil  1ago altoruawithen riesallzeioe eptontle 1a o al
Tle A, ornazes\N ad ¢l DB =NA, L S lethe Ve lgo f il

sm et c1at s We 1l wced th¢ tollovu , decon | o S
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Theorem 211 (Bruhat decompos tion)

GL (F) | Bua(FYwBn(F)= {J Bu(F)wN,(F)

wgS wES

Corollary 212 GL (I') 1s generated by B,(F) and 1ts transpose
Theoren 213 (Iwnasawa decomposit on)

GL,.(F) = N,(FYA,(F)K
Theorem 2 14 (Iwahomn factorizat on) For m > 1

Em=(Am(\Na(F)) (KN Ax(F)) (Kn) ‘MalF))

Let {7 V) be a repiesenta 1on of GL,{F) 1t 1s called smooth (or algebra c) if fo

evety © € V tle stabilizer of v in GL,(F) gwven by
St }bCL (F (’U) == {y € GL«,,(F) I'ﬂ'(g)?} = 'U}

s open 1le representatic 7 s 8ad to be ad n sseblc 1if 7 18 smooth ard the sja e
of vectors fixe 1 by anv o} en compact subgioup of GL,(I") 1s fin e dimensio al An
irreducible admissible representation of GL,(F') 15 infinite dimensional 1f 1t 1 not 1
dimensional If (# V') is a smooth representation of GL,(F) let ¥ denote the space

of inear functionals on V' We have GL,(F) actingon V' the act on 7* 1s g ven b

v (N)f> <=wlg (0) f> (9€GL(F) veV)

Let V der ote th e sut space of V' th at consists of those mmear fin tonalsor b xlo e

stab lizets are opet n GL,(I'} under the alove actior Then b 15 s at 1zed b



2 Prelimmparics 17

GL,(F) ard this representation 1s called the contragredient representation of {w 1)
On an wreducible admssible representation 7 of GL (#) the centre of GL,(F') acts
by a chaiacter called the central of aracter of ¥ denoted by w

On a locally compact gioup G tlere exists a left Haar measure that 1s unque
upto a pos tive real numl er Let dz be a left Haa measue on ¢ Umiquenes of
Haa) measures g es rse to a cl aracter Ag of G given by d (zg9) ~ Ag(y)da Ths s
called the modular character of G Furtherd z  Ag(z) dz sar ght Haar mea ue
on & A left ITaa1 1easure 15 1ight 11 or ant 1f and only 1f the modular chara ter s
trivial and n th s case G s called unt wdular It can be ver fied that Agr (¢ 1

and
Agp (F)(dzag(a &2 Gn)) = |al|,.- “‘agii T aaf" !
Suppose B 15 a closud s1bgroup of G Let {p W) be a smooth represer tat on of B

We get 1 (smootl ) representation of G out of thus wh ch 1s the (normaelized) wnd ced

representation I (p) and th s acls by right transla on on the space

—f2 by 2
f C—=T f(bg) iy b)) pb)f(glforbe B ¢ G
f(1w) = f(h) for v € Uy an open set in G

We also l we the not on of a compactly induced repre entation denoted by g )

lose sja es
{f € T§(p) | f has compact support modulo B}

Let us de ote tt e corresponding not normal zed imd ictions by [:d ard wnd espec
tL cly
Now eca les be he oncey of parabolic wnduct on fo GL (F) For pa

ttonn —n +ny+ + woof let P(ny ny rz) be the starderd pa b ¢
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subgroup given by block upper triar gular matrices

g ¥ % x ]
Jr ¥
Pn ny  m) lg € GLy (F) ¢
L g )
A parabol ¢ stbgroup of type (n =2 i) 18 a conmjugate of P(n Ng) N

GL,(F) The unipotent radrcal of the above standard parabolic subg otp s 1ts sub
group with ¢ = 1,, Tle Lev: subgroupof P(n n ng)1s GL, (F) x GL, (F) %

x GL, {F) embedded diagonally n GL,{(F) Let p be a smooth representation of
the Levi subgroup Dxtend ttrivially across the un potent radical to get a representn
tion of the parabolic subgroup 2gai1 denoted by p Now consider Igl; F n () Tlos
r presentation 1s sa d to be parabolically induced ltom the Le s bgroup to GL (#)

Parabol ¢ 1duct on cor st1 1¢ts representations of G L, (F) from rep escntations of
i Lev sulgroups There s an adjo nt functor to this called tle Jacguet f n to
1h ch coastructs representat ons of Levi sibgro s f om representatioas of 'Ly, (F)
Let P — MN be the Levi decompos t on of a paxabol ¢ sibgroip P ot GL (F) If
{p V) 15 a representat on of a pa abolic subgroup of GL (F) let

Vivy={nv uvlneh »cV}

The Jacquet functor py of p1s V JV(N} It can be see that py 18 2 epresentation
space for M If p 1s a sn ooth representation of GL,{I") 1ts Ja et functor pp s
Just that of p .

Tor 2 smootl epreseitat or (7 V) ot GL,(F) a matrz oeffic ent of 7 1s

function on GJ7 (I of thefo i < 7(g)s v> wierev €1 vEV g GL,(F) We
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lac

Theorem 215 Let {x V) be an meducible adm ssible 1epresentation of GL,(F)
Then the following aie equivalent

() A mat 1x coeffic ent of 7 18 co1 pactly supporte 1 n dulo the centre

( ) Every matr x coeffic ent of 7 15 con pactly suppo ted modulo the centre

(1) The Jacquet functors of = (for all proper parabolic subgioups) are zero

( v) The representation 7 does not occur as i subquotiert of any repiesc tat on

parabol cally duced from any proper parabolic subgroup

A repiesentation satisfying any ote of the condit ons of theorem 215 1s called a
supe cusprdal representat on Later 1n this section we wiil state yet another charac
terizat on of a supercuspidal representation due to Gelfard and Kazhdin 1n ter ns
of the Bernstein Zelevinshy derww  ves (Proposit on 217)

A rep esentation 7 1s said to be essentially s ure integrable { theie s a character
x of F such that | < 7{g)v v > [*x(det ¢) 15 a fur ton on Z{FN\GL,(F) for exe~
matrix coefficient of o and th finct 01 15 integrable on GL,(F) nodulo tsce t e
Z(F) 1 x can be taken to be trivial 715 said to | e quare integrible or we sav that
it s 1 1le dsc ete series for C'7 (F)

The next theore n says wl en a representation parabo 1cally nduced from a super

c 1spidal representat on 1s reducible

Theoren 216 Let P  P(n, » ng) = MN be a standard parabolic sut gro p
of GL (F) Letp p @p® &pebeanured berep se tator of M tl

every p a supcrcuspidal 1epresentation of GL (F) The paratol call nducel ep

GL £

resentat on /g (p) sted ¢cbe fando ly ttlereexst 1 23 <} wilt 3
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n noadp~pll

The supercuspidals a e the build 1g blocks of all irreducible admiss ble 1epresenta
t ons of GL,{F) We do not ntend to state the piccise t} eorems in this regard since
1n this dissertation ve deal only with the supercusp dal 1epresentat ors anl tle rep
resentat o1 s parabolically nduced fron alLevis bgoupoft e ( ng) viee tle
represet tation of tle Lev subgio p s given 1 tern s of t so supcrcusyidals S flices
to say for a feel of complete1ess that allessentiall square inte rable representat o1 s
can be obtaned as (a umque) quotient of a rej resentation parabolically induced
from the supercuspidals and any 1reduable admiss ble 1epresentation of GL,{(F) s
obtaincd the same wav out of essentially square integrable representat ons

We say that the rcpresentat on (m VY of GL,(F) 15 unitery if V las an nner
pro luct hich s GL,(F) invar ant A dscrete ser es represel tation 1s un tary Also
un tary upercus] das beo g to the disarete ser es

Now hx a non trivial add t1 e chaiacter v» of F Tlis g esrse to aclarncte of

N.(F) agar decnoted 1y v give ly

Y{(n))—vinging -~ +n, )

An rreduc ble adm ssi1l le representation (7 V) of GL,(F) s said to be g¢ erc f

there exasts a non zeio hinear finctional A on V such that

Alr(r)e)  (R)A()

forallv € 1 and n € N (F) S11aA s called a Wheittaker functional If s

ge eric then tle rep ¢ e tation s) e V may beiea ed on acer amspa eofs ool
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functions W{z 1 ) given by

Wir v)={ll CL(F) 5C|V(ng) v (n)W(g) ne (F) y& CL(F)}

and the action of GL,(F) on ths space 1s by rgtt tra latons Sich a reali a o
15 called a Whitteher model for @ The not ot of 7 be1g gener ¢ doe not depe 1
on ti e additive character that ve cl oose The space of Wh ttaker {inctionals o1 a
irreducible admissible representat on of GL,(F) tas dinens on at most one Ths
multipl city one 1esult 1s due to Shal ka Another result due to Zelevinsky states that
7 15 generic If and only fit 1s irreducibly nduced from essent ally square mtegrable
representations

We say that 7 is tempered1if 1 s irreducit Iy nduced from a discrete series repre
sentation

Tet P,(F) be the murabolic subgroup of GL,(F) which cons sts of those ¢ n
GL.(F)wthng=gwheren (00 1) Let

Kityd) {W], ., |¥ ecWxm o)}

and let P (I") act on tl1s space by r ght translations 1! s1s a model tor w sir ce the
map W —+ W , . 15an njection This real 7at on s called the K rillov model for m
The space of mdf:';(?) (@) say Ko(y ) sco tamed in K(r ¢ ) and Kp(vp ) — K(r 2 )
precisely wl en 7 18 supeircusp dal (see proposition 2 1 7 and the disey ssion preced 1 g
I at)
We erd this section  th a brief ove ew of Be nste n Zele nsky der vativ
We have GLn{(F) ts murabol <u goup P (F) and ve deno e by U,(F) tle

u1 potent radical of P (F) A o1 1 aladlt echara ery of F gives aclara eor
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of U (F)by w{{u }) wi(u ) Let Alg G derote the categmy of smootl repre
sentatior s of (" for an { group G We have four 1nportart functors denoted by ¥
v @& and @  The functors ¥ and & are from Alg P (¥) to Alg GL,, (F)
and Alg P (F) 1espect1 ely ¥ 1 the Jacguet fuctor and @ tle twistel (b 2 )
Jacquet { 1 tor Both a e 1oimal zed Thus if {7 V) 15 a smooth 1epreser tat n of
I1n(E) con lerthespace J(V) { (w)r—v|tel €U, L)} Nowv leJaiq et
t nctor s (W (r) V/J(1)) vlee ¥ (r)(g)(v JV) — de g (r(g)v + J{1))
To construct ¢  consider tlc space J,(} ) = {r(u)p )y |2 € V u C Up(E}}
Tler the % twnsted Jacgiet functor 15 {@ (1) Jy(V)) and the action 1s given by
& (M) + (V) |det p|_ *7{p)v + Jy(V)) ¥* and &F are maps respec
tively fron Alg GL, (I" and Alg P (F) tv Alg P.(F) The functor & sj ¢t
norma ed extension by the tr vial represer tat on Thus for a ¢ € Alg GL, (F)
U (o) € Alg I1,(F) sgoenbv ¥ (o){g)=1{letg o(g) ® thefurctorofio
nalize 1 omjy nctly supported it du tion I ¢ 16 a mooth tejre ntat on of B, F)
cxteni 1t to a representat on of P (F)Uy(F) by letih g U (F) act b tle 1
acte Tle @ (o) = ndgr , p(let o® ) herete nd cto 1d
o normal 7ed using st oot1fu ct o v of Lo pact supjo t mod o P, (7))L (F)
T'hese functors are usel to defir e the derwatives [ 1 sirooth rey resentat o
of Po(I") Define the ejircsentat ons 7% € Alg GL, (F) (b 12 n) y
7k T (@ ) Yr) Ve call 7% the Fth det vatic of 7 Now thete easts a
natmal filtrat on by 2,(F) submodules 0 C 7 C 7, C C 7y 7 such that
Te/Tey  (®FY THEP) He 7 (@) (@) () Itfollosthatifrisalo
rred cble t1 1 t sequ al ttoa ejrese tat o of the form (T )* T (p) ere

1< < dpa i bleiep seatation GL, ¢ I') The 1dex Farl 1
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representation p are uriquely determined by 7

If 7 15 a smooth 1epresentation of GL,(F)set 7=7 , Alsoset 7® 7 and

h 7k fork—12 n Then 7* are alled the der 1t1 es of 7 We have the
follo ng 1esults The fist 15 duc to Gelfa 1 and Kazldan (Theoren 44 {G]) a1 d

tl e secord due to Bernste n and Zelevinsk (Le nma 4o [6])

Proposition 217 The representat on 7 s a suj ercusp d 1 epiesentation 1f and onlv

fr* _0forO<k<nandt =1

Propos tion 218 Let 7 be smooth representat ons of GL, (F} 2 — 12 Let n —
n +ny Let {{m ) dunote the representation of GL,(F') obtamned by normalized
parabol ¢ nduction from the standard parabol c of type (n np) Then (I{m; »))*
the k th det at ve of I{m m;) has a filtrat 0 vhose successive quot ents are

I =% foro< <k

2 2 Functional equations and the local factors

O expos t on here 1s based on {9] {1a] 2 1[20] Anothe general tefe ence s [33]
F rst ve state tl e ma n th eorem of [25] Tle epsilon factor for pawrs (or tlc con
voluted epsilon factor) appears tere Let 7 and 73 be 1rreducible adm ss ble generic
representations of GL,, (F) and ("L, (F) respectively For each pair of Whittaker
f wtions W € W(m ¢ ) and Wy € W(rs v ') and 1 the case n; = n, = n each
Sct  artz Brul at funct o1 @ € S(F") define the local 1 tegals as foll ws Ifro <7

forany 0 j3<n n; 1 vesct
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J
Us W M) /VPGLF/A Wl . 1

Walq) det g didg

alf 7 set

Us W W @)~ [ W @) Wala)2(mg)ld t g| dg

N F GL F

vietenn (00 1)

Theorem 221 Let # and mp be rreduc ble adm ss ble gener ¢ representatior s of
CL (F)anl CT, (F)rejetvel TetW € W(r )ad W, € W(m )
1

() The integrals ¥(s W W, I) ¥ (s W 11 ) con eige absolutely for Re{ ) la e
(1) The ae a oralfre o of Mr e selv f —mn;—n thentemal
U{s W 1V, 1) span n fractional deal of ecrigC[y A | A , h |
gen rated b a factor L{s m X 75) t1a has lte forn I (A) tee P eQ[}] and
Py 1 I <7 I tete sas larfator L{ # X @ 1depend nt of 7
generat ng the deal spanned bv the mtegias ¥ (s W, W,) The same esults are
tr e for the pair of representations { s}

(11) Suppose  —n; — 1 Tlen there1s a facto e(s 7 x m, ¥ ) of the form ¢ ™

s ¢ ta

U ( W, 9) T W M, D)
L(1l T X ) ( g )L T X )
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Sumilarly if np <n 1 sctk n —nyg—1~7 Tlen

Ti(1 s plwn o )F Wa)

T (s W W)
RLETS Wyg (8T X Ty )———=

I{sm x7)

1 0
a d the e;slon f ctor s nlepenlent of 3 Herc ( ) and w
0 vp »

denote the longest Wey! element n C'L(z) w th 1 on the an 1 d agonal ®1stheFo e
transform tahen witl respect to the 3 seif dual Haar measure kor W € W(~ v )
with 7 a representation of GL(z) W{ ) =W (w ‘¢ ) and then W € Wiz «' 1) p

denoctes the operator of night translation Also g ¢,

Remark Making use of the (Langlands) classification of all irreducible admuissible
representat ons of GLn(F) (alluded to in the previous section) one can define tle
L funct on and the ¢ factor for al the rreduc i le admissible representat ons

We cons lcr a degree 2 extens on of F' say I Let 3 be th e additive character of
Lg enly

y(x) ¥ (Try p(S7))

where A 1s an element of F of trace zero Then w1 as tr v al restriction to F' and a

character of 7 with t1 vial restrict on to F'1s of this form Let < o >— Geal(E/F) Let
II; and I1y be irreduc ble adm ss ble generic representat ons of GL, (E) and GL (k)
respectively We list a set of properties of the epsilon factor for pairs e(s Iy x I, ¢)

n the follow ng proposition

Poposton222 {(e(s I°xIIg « )=¢( T xII, )
(1) e{s T xIlp )e(l s It xII ¢ )=1
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(m) Let a € E  Let 9, be the additive chaiacter given by ,(2) — w(az) Then

e(s T xTy ) whwh (@)|27"  2e(s T x Ty ¢)

g

(rv) For e ery character x of £* with sifficiently large conductoral exponent we ha e
(s xIT x Iz ) (s x §)" ™ e(s awTwr 2)

Defne .
(1 -s Il x ]..[2)

L
¥(s My x I 9) — e{s IT; X IT, ¢) L(s I} x IIy)

We have

Proposition 2 23 (Multiphcativity of  factors) IT  7(II; I15) be the representat on
of GL (E) n—n +mny which is parabohcally nduced (normahzed) fron GL, (£E) x
C'L (E) Ther

(s IxIT 7)) ~{sTT xII ¢)}y(s I xII o)

and sim larly for [1 Moreover L(s I x II) ' div le [L(s I xII)L(s [z x Il ]

Now l¢ us introduce the tunsted epsilon factor We have E/F a quadratic e ten
s on of local fields of chaiacteristic zero Let II be an irredu ¢ ble admissible geneiic
representation of GL,(E) with a umtary central character W(II ¢) 1s1ts ¢ W1 t
taher model For W € W(II ¢) and a Schwart7 Bruhat function @ € S{#*} consider
the integral

T(s W @) =/

N (o) (r 9)|det gl°d
— (9)4 (7 g)|det g|5dg

1} ere (00 0 1) and dg stlc ight GI' (F) n ar ant measure on tle q o

tient st ¢« The we ha e {t a 1theorem [15])
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Theorem 2 24 (1) For each W ¢ W(II v) and & € S(F™) the ntegral U(s W &) 1s
absolutely convergent for a large Re(s) to a1ational f nction of A g

(1) There exists a pol nomial P(X) € U[A] v th P(0) — 1 such that le integrals
T(s W &) span the fractional ideal L{s r(II))T[A A ]oftherng C[X A '] vhere
L(s r()) P(X)

(1 ) Thetc cxists an nteger m(Il ) and a 1ron zero conylex number (Il y) ucl

tl at
U(l—s 11 P) U(s W &)
L(1—s r(i)) L{s r(IT))

for all W € W{ll ¢} ® € S(I' } Here w, 15 the cert al character of IT II the
contragredient of IT and e put e(s r(IT) %) — (I HIX™EN) T (g) W(w g )}

we( 1) te(s () )

d(e) = fr d{y)y (T 2y )dy w € GL (F) 1s the longest Weyl clement whose no
zero entries aie 1 lovated on the ant diagonal The Fourner transfoim of ¢ 1s taken

with respect to ti ¢ self dual Haar mensure for

Rematk In fact theie e\ sts some small constant e € > 0 ucl that the rteg al
I{s W ®) con erges absolute y un formly n compact s13sets for RRe(s) > 1 —
(I oposit o1 {17])

We 1ecord some useful properties of the twisted epsilon factor tere

Propositon 225 (2} e(s r{I1%) ¢ 1) — wy{ 1)e(s r(II) ¥) whe e o 15 the non
tr v al element n Gal(E/F) and II (¢g) — II{¢")

() els () v)e(l—s r(T) ¢ 1) L

(11) Let a € I Let 3, be the character of E g e1bvy (z) = wiar) Tlen

(s M v« () a™ 2 ( My
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It will be n ce to have an ana ogue of propos tion 223 Baut this 1s conjectuial

(see [10])

Propo ton 226 (Con ectural relations) Let [T ~ I(Il II,) as in propos tion 2 2 3
Tten () L(s v(I1)) Lis r{I1 )} L(s »(Ilg))L(s IT xII3)
() el r(0) v)=e(s r(I1 ) ¢)e(s r(Il) Ple(s TT x 115 yp)

2 3 Functoriahty

We have [4] [11] and [23] as the references

Let II be an 1rred rable admissible representation of G L, (E) such that TI ~ II°
where IT (g) 1I(g”) We also assume that IT 1s generic Then II 1s said to be a base
clange 1 fi of a rep esentation 7 of GL (F) if for g € GL,(E) such that Vi g(g) 1s
reg, lar

t ace(ll(g)I,) = trace(m(Ng r(g)))

where I, s dehned on W(IIl 3 ) by L,(W)=W? Herey (z) — v (T g pl4))

Remarl Using the La glands clasmfication tle tase change hift s defi ¢ fo
al the irred 1c ble admiss ble represer tations of GL,(#) (though not 1 terns of a
charac et dent1 y as abo e)

The main properties of the base change lift are summanrized n the next proposition

Propositon 231 (1) Anv o has a hft IT and 1if [T s a hift then IF ~ II°
(1) Suppose II ~ I[1° Then theie cxists # such that 7 1 fts to I1
(n)w, wyoWNy pulIl sabftofn

( YIfmaftstoll he \o7 ftsto(xoN, p) @11

(VY {7 1ftsto Il tten hfisto Il
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We also have the tollowing proposition with local factor dent ties

Piopos ton 232 Let 7 and m, be nreducible admissible representat ons of GL  (F)
and GL, {F) respect vely Let these base change to 11; and Il 1epresentat on of
GL, (E) 1=12 Then xelave the 1dentities
(1) L(s 1y xTI) = L(s  xm)L{s ® XM Xw, )
M e(s T xIp v )~ AME/Fy,) ""elsmxro ¢ )e( m XTaXw, ,¥)

Yere A(E/F t_) 18 the Langlands factor given by

€(s 1, ¥ )e(s wy o ¥)
s 1 v,)

ME[F 1) ~

Under the local Langlands correspondence tle base change map from GL (F)
to GL,(F) coiresponds to the restriction map o1 the Calois group sde The e 1s
a functorial | ft that cor esponds to mmduction o the Galois sde v hich 15 called

uto norpl ¢ ductron Thus automorphic mmduction tahes a 1cepresentation IT of
GLn(E) 10 a representation  of GLon(F) ¥ee do not get nto the ele art claracter
dent ty but we e 1st the nan properties of this hft As1 23] eassumelltole

temy ered

Propostion 233 () Any I hftstoan vithw ~ 7 ®w, ,

(1) Suppose 7 ~ T @ w, . then there sa Il such hat 7 s a hft of 1

(1 ) If T hfts to m then wy =w, wy |

(1 ) Let ¥ be a character of I Sippose 7 1sa 1ft of [I Then (yoNpp)®I f
tox @

(v) It 1T hfts to 7 then II 1 fts to «

(vi) If IT 1 fts to 7 tten 119 asolftstow
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The 1 ext proposition s sim lar to propos tion 2 3 2

Proposition 234 Let II and II; be wrreducible tempered representations of G L, {F)
and t 7, and 7, be the r hfts inder automor; hic nduct on Then

(YL(s Xmp)=L{(s II xIL)L{s T xII)

(e(sm xmp o/ )=ME/F ) (s xIp ¢ Je{ I xTI° ¢,)

Let J,; be the n x n matriy whose ( 3)e tyv s 1)" 6, Let 7 denote tle

in olut on of GLp(E) gver by ¢ —J, ¢ °J, Let

Uln E/Fy—{geGL,(E) g g}

Nov e taken — 2 Call J = J, We descr be the base change map fion
U(2 D/F) to GLy(E) as n {11] The image of the base change map from tt e class of
ad 1ssible 1epresentatio s of U(2 E/F) Lo the class of adm s ble 1epresentations of
GLy(£) co sstsof 7 invara t [I The entral chara e of any 1rreducible admiss ble
tepr sentat on IT of GLy(£) sh his  the image of the b1 e chaige map 18ty al
on I' It IT1s rnvarna and wg 1 tlen II s obta ned as the base cl ange of a
ur1q ie L packet of U(2 L/F) This L packet cons s s of one or tv 0 wrreducible ad
mis ble ¢ resentations of { (2 F/F) It I11s an admissible representation of G Ly (&)
such that [T ~ I then tale a ntertwining opera or between the spaces of IT and 11
and usc tl1s operator to extend I to the ser1 direct product G72(E) x Gal(E/F)
vhere Gal(E/F) acts on Gio(E) by og ¢ Let x, denote the characte of
th1s exte ded rej resentat on There are pree sely two tase cha e maps stable 1

1stable  fcm tle class of alm ss ble 1 | resentations of U(2 E/F) to the class of

1 nss e repiesentatio s of GLy(E) Let w, . beanext nsonotw, toE \e
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say that Il s a stable base change of a 1epresentat on @ of U(2 E/F)f

Xa @) =xx09)

vhe e er g 1s such that gg 15 regular m U(2 E/F) Here {7} 1st e L i achet of
and =X +Xxx Thechara ery jdepe d only on the con ugacy class of
g9 1 C'Ly(E) Furtler IT1ssarltolca unstalle base ctangelf of 7af

xp (9) =@ (det g)xg 3(99 )

for al g € GLy(F) with gg regularin U(? E/F)
We will need the follo ving result (see p 161 [13] p 717 [11])

Proposition 235 (1) The pri1 1pal set es reptese tation II(x x 7) of GLy(E) 1s
the unage of both the stable and tl e nstable base change maps

(1) The princ pal ser es representation [T{x x2) thx #yxsandyx|r —1(z—1°?
15 1n the 1mage of the unstable base change n ap and t 1s not obta ned by the stab e
lttrg

( 1) Tle special representat o ¥'{x X , ) soltr ed throig: le nsta e

hft ug pre sely hen ) . ",

2 4 (Quasi invariant measures

We recall the following from [35] (append x pp 4 4 477) Note that we take tle
left cosets and consider tl e right mea u e wl ereas 1t 1s the other ay ound 1n ou
eferer ce

Let C be alocally co1 & & up ard H aclosed bgro p Let p be a str ctl

po tie Bore finctiono G lo nled abo ea d be » on compact sul sets sucl t a
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for very! € H <clave

oll g) = ﬁ—;%—;p(g) UEQ)

vhere Ay, and A are modular fu ctor1sfo G and H espect elv Afu 1th
ttese | op rties s alleta 7 funcfio U efixa h functon p assocatel to

weltwea qra tmiar fmeasire [, lcfiiel by

/cj( Vo(r)d 1 = /H p[ F(h)d b dpy(2)

where f s continuo 15 with compact suppott
Suppose H; and H; are closed subgroups of & and &, C H, We have the le1ima
(Lenma A 12 35))

Lenma 241 Supjose  \Hy admtsapostve Hyrg tinva ant meaue o Lt
p2b artotme ovon G for II {and le e alvo for Hy sirec Ay, u Ag) Let
f1d ; beile ssocated quas n ana t easwic o H\Ga d H\G Tl 1 for

as 1tablerornalzaton ot H arne ures I ave

j (_f(l)i (x /1 (‘d )/H Hf(h:c)dug(})

where f 1s cont nuo1s v th o1 pact suppo t modulo A
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31 Distinguishedncss for quadratic extensions

First we ntend o summar ze certain results that we will nced 1n the sequel Thus let
IT be an irreducible admissible representat on of GL,(F') We start with the fol ov ng

multipliaty one result due to Flicker (Proposition 11 [13])

Theotem 311 Hom , , (I1 1) the space of GL (F) imar ant hinea forms on tie

space of IT I as d mension at most one

Recall that IT 1s said to be distinguist ed  1th respect to GLy(#) orsumply d st n

gushed wlen Hom {If 1) 1s not ero Note that fII1s distingusshed then the

GLn F)
central cl aracter w of IT has t1 1al sti1 tion to F Arother necessary condit o1

for distingu shedness 1s the content of the next tl corem (Propost 0112 {13])
Theorem 3 12 Suppose IT 1s dist nguished ith respect to GL,(F) Tler TT =TI

Conjecturally tl e necessaiy conditions ment oned above are almost sufficient too

Tt e precise conjecture due to Jacquet 1s as follows

Conje ture 313 Let IT be a1epresentation of GL.(E) 1 w 1 It e en
then [T~ II 1f ard only fI11s dist nguished ot w, d trgusted Ifnisodd tler
I =ZII »fanl | fI1 sdstng shed
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Theorem I 3 3 says that the cony ¢ ure 1s ftu  he 2 It s efeln more
general cases too [30] Thete 1s a stro g rcon ectur  d e to Fl cher and Rall ¢ [13]
wh ch says that a dist nguished repiesentat 0 orre yorde to tle i tabl resp
stable) base change | [t from U(n E/F) when evet rep odd) Theor 17135
vrfies his le =2

Next we state Hak m sy facto ¢ t onfords ngusl hessfo C7(2)(Tlco erx

41 [20)

Tleoren 314 Let II be an irreducible adm s sle rep e ntation of GLy(E) hose
central character restrcts trvall to ¥ Then I1 15 dstingisted if and o f

4(3 I® A ' ¢} —1for all characters A of L' s11 that A|, 1

Let us give a 1wk p oof of Hakn sres 1 The f ct onal eqiatior (11eorem

221 (n))al 5 5g onby

/m(’ 0)/\(91)1; 1@ Lf n(q 0)A (9)d |
L 0 1 ot 01

The efore v{, I@A ) 1

0 0
o an(g )A@dgwnft(’ )A(wwg
0 1 g 1

F (
& &PJ;W(Q Agt)d hd
0 1

i j,_.w(ﬂo)x di1g

D1
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0
o e e N9 (JF H(“’

fz r’\l(g)(fr H(
g 0 i 0
& Jr r M9 | Jr (H( )W)( )d/ d*g =
0 1 0 1
g 0 h 0
fEF)‘l(g)(fFH( )H( )d h\)d"g
0 1 01
N(h 0) (h 0)
& i W d*h— [ W d h
01 0 1

& [11s distingwst ed (by lheorem 1 3 7)

Note tha theorem 1 3 71 olds true for s) cc al represe: tations of GLo(E) also t} ough
the state n nt does rot o er that casce

Tle n at resialt ¢xpl e tly g ves all the 1on supercisy 1dal dist nguist ed e teser

tat ons of GL,( &) (Proj os tion B17 [16])

Theorem 3 15 The princ pal series rejresentat on I1 3 x ) of GLy(E) 15 dist
gu shed(and w, . disting shed) Tl e prncipal series representation I1(x1 x2) \ #
x2 18 distingwished prec selv when ) [ 1 (¢ =1 2) The special representatior

(x 2 x e ?)1s dist ngushed p e sely wten x 5w, ..
Let us deduce two co ollaries lere Tlefirt o e s well known result d e o
Froll h and Qu yrut (11eor m 3 18) and the se ond s from (3]

Cowol y316 Letxteachwn er £ wthy, 1 Then (, 3 ¢¥)—1
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Corollary 317 Let x) and x2 be two chaiacters of £ sich ttat x , — Az2ly #1
and (3 x1A v) —¥(, a2A ¥) for all Asuct that A, 1 Then x ¥

To pro e the first coiollary let ) be a character of £ suct tlat x| 1 If
x — 1 theresult follo s 1 all Ify # 1 consderthe; ncpalscre rej se t tio
I I{x 1) This s distirgushed by theotem31a Sob theoem31 1 o(, [I®
x¥)—1 Buty(, I®x v) —7(, xv) (1 9)= (, xt) Smcey
x — x° and therefore ¢(, x v) — 7(, x ) and lexce tl¢ tesult One only has to
notice that the proof of theorem 315 {as n (18]} does not make use of the esult of
Frohhck and ( 1eyrnt

To deduce the second corollary we are ginen that v(, x A ¥}  7(, x2A w) for

all A such tlat A 1 Co s der the puincipal series representat on IT = Ti(xy x,7)
No
G IRAY) = 7Gx AU XA )
= 1 xAv; e A v )
1
fo all A suct that A 1 snce the gan ma facto 1S ¢ n arant A A ad

¥ — 197 (see yropos or 222) Therefore by tteo em 314 II s distingu shed
Sucexy #1lon F b our ass umption we get Y X2 by tleorem 315

We end this section w th two more statements The first 1s a fo mula for characters
of GL(2) due tc lumnell [34] proved by Saito in complete geneiral ty [32] and the
sccond s a corollary to Saito s proof of lunnell s for n la (Corollary 24 {32)

Tleorem 318 T'x 1 ¢ beddi gof £ i GLy{I") Let w bear redua eal s
sblerep ese ta onof C L F) wd x,its character Le 1T be heltase chargelft
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to £ Then
I+e(TI®\  ©p)A 1),\

>\EF_Z 9

eethesunt1ato o tlerght sb partial sims o er all ela a c1s of J  of

o1d cto a exponert < n

Theorem 3 19 Let 7 be a supercus; dal rej esentation of GLo(F) sttt er r
chaia ter w, and let II be tl e base change ft of # to GL,(E) Then fo cha acters
Aof E c satisfv A, wew, , €@ T Yg)A( 1) sindeperde t of A

32 Proofoftheorem131

Wepro e leo em131tliougl ase esof propos O rstait 1 g po ntistheoie n
319
Fist ccla that the alu of e(lI®A ¢ p)A( 1) mtlcorem 319 spre sel

1 To this rtew, ¢ f2 w ere; a dj,arc characters of 7" suct Ia
w, (¢ 1 72) Ther for ctara es Aof I st} very sr all ducto s
L c atsf A « W elae

(lT® A JA(C1) e(pid dpde(md  wr)A( 1)

by a res lt of Jacquet axd Langlands (Propositon 38 p 116 [24] o ee p opo
sition 222 (v)) DNotc that y A | lfor —12 T 1y coolla 316

e A tg) 1A (A) viee A sary t ace zer ment of £ 1
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e ¢ A1) md (B (A 1)

- (B (A

- w(A)A (A F i)

~ wnB)or (v F(A))

3
v} eve A v pa 1tle o ductorof Asssuffi ¢ tl swinall Thspo eso
clan
IfIl s princ pa 0 peual tie eTI®X  Pg)A(—=1) — 1 sherever A | =w «,

can be proved by a d rect epsilot factor comp tat on and the condition that 1t be
independeat of A s not needel For then eitter [T TI(x 12) vheie x and x, a ¢
cha acters of F/ s ¢l that x —x {(¢—12) or Il  ¥(x x2) shere x s [ -
ad £ a2 xo||/? tlen) — 1 oNp pfor acharacter pof F Now cons er
e(IT® X wg)A( 1) for characters Aof & wtl A, wmw, . Theco dtoror J
newns hat AA w, HII stt jrnapals resi jre entat on coisid redl o
tle special r pre entat on th A ' amfied then the GL(2) ¢ fa tor factonzes o

tt GL(1) ta tors 1s follo s
(Mt yr) elx X Puglelx A ¥p)
We have yoA x Manlle ¢
(xeA ') ex A 1) elx A p)—elx  Adg)

Y A7 e foe
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MM@A  weA( 1) ex A ¥rle(h X wgA(-1)
- x1x '( DA(-1)
x (1)
1
Il Y{x ae) tb xA  wiamfied ther E/I" s 1ecessarly nram fied s1 ¢
A | " n tk st uaton So we can tak w, to te w, 1t elf Note tlat

w  (w,) 1 Nov we ha e the factor zat or (see p 109 [24])

L(; x A

elT@A  vy) e(x 2 dple(xar wﬂ)m
2

1t erefore
(MeA " ypA 1) elud? dp)ebnt | vp)—E T\
Gar L ¥p)bar v 1)

= xA ( DAC 1) x(=1)
1
If1I saba chaaige bt of a1epreser tation 7 of GLo(F) then TI = 11 anltlcrefo e

OIx (II®A ) herl wyt,  Hence

E
1 1
L(Q Iex= L(2 MM )
Thus { folloss that in 01 v s tuat on
(MdX eI 1) —=v(lT@ X  v)A( 1)

Nox f1II1san 1 edunible adm ss tle rep esentat o1 of GL{E) vl w, o \p p
a 1 fIT=IT t+ nIl ab echang If of 2 ejrese ator 1ol GL(F)a 1w

carbe tle y o o, Tlusftomtlejre cdugdis sion et
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Proposition 3 2 1 Let u be a character of 7 and let IT be an 1rreducible adm ss ble
representation of GLy(E) vith w, — po N g such that [ & 17 Tlen (I ®
ALy IM-1) — tforallclaracters \of £ with A | — 1 ory(II@A 1 JR)A( 1) 1
for all characters A of L' 1th Al — pw

EF

Next wepo e

Propos tion 3 22 Let p be a character of I” and et I be an 1irreducible admiss bl
representation of C'Ly(E) v thw, = po Ngsrp Then I1as g d st nguished w t respect
to GLa(F)f ard oily if 4(IT® A ! 9g)A(=1} 1 for all characters A of E  th
A, —u

F

Tl s s mmediate fron theorem 314 Suppose Il is an rreduc ble admiss | le
representation of GLo(E) with w, f o Ngr let ; be a character of I such

that p|. = p Now II 15 g distingussted if and only if T ® o !

18 disting  sled
Note that w 1 Thus by theorem 314 Il s distingushed fa do 1l if
YII®u A (vg)a) — 1 for all ct aracters A of £ wh ch satisfv A| 1 e Ilis
i distinguished 1t and onlv of Y(IE® A {9p)a) — 1 for all characters A of L 1th

A i Also

F

YII@ A ' (¢g)a) — Yie (a) MeAr ¥g)
= (wpA (AN @ A ! )
p(Vp p(ANAC DA (Nr p(A)y(ITQ A wy)
- y(I®Ar yg)A 1)

a1 d the proposto folo s
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Proposition 323 Let u be a character of # and let II be an rreduc ble adm ss ble
representation of GLy(E) with w, — o Ngye Suppose I 1s g distingu shed Then

H 15 a base change hift of a 1epresentation of GLy(F) witl central character pw, |

Tlat Il s abasc 1ange |l ft follows from thecoren 312 Le IIbe; ds g s el
The I1®p s dstngusled here g 15 an exte sion of to / a d le
Mg )~ {I{lou ) 1e NXN°@(up") Bu D~IM®w, ardw
t oNp p=pu  Tlus follows that I = [17

What remains to be proved 1s the assertion on the central cha acter To this er 1

e will n ake use of thcorrms 315and 318

In order to p o e our assertion on the central character for tl e principal series and
1 ccial representat ons of GLo(E) we need to show the follo ng
() 1te prnc pal series representat on IL(x x9) (x # x7)of GLy(E)1s x| 1stug sled
adi1o X|rw, . d tingushed (Ths s becaise [I(x x“) 1s the base change hff of
a suy ercusp dal representatio1 with central character x|r w, )

\ ) The principal series rep esentat on II{(x; ) ) of GLa(&) 3 thxs — 4 ofryr 22
20Np g (vhae y joaiecharactersof F )15 pp d st ngmstedas cllas g ppw

d st ngu st ed

(11) The represe tation 3(x |, 2 x| |,'/%) with x = po Np p (shere ; s a cha acter

of F ) 1s p’w, , d tnguished and not p* distinguished

M(x x°) ® x I1(1 ¥ x°) 1s distinguished by theorem 315 Nos takh an
atension W, of w o E ardconsider IT(x x7)®@x « Ths s
M, X X W ) and since the restr ction to I” of these o chaat sa

ottryvial folo bytleoen 315thatI{x x°)®x ., 15 otdsting sled



J Dist gu shedness for GL(2) 42

or equt alently IT{x x?) 1s not x|r w, . distingu shed
IFII T{x x2) withx — g oNgme x2 = g0 Vryp (1 @2 are charactars of
F') then for characters X of E* with A, — uy0
YA ve)A( 1) = v0ar P ) (ed ¥p)A(-1)
YoaA  wg) (0 A yp)A(-1)

x A (1A 1)
x (1)
-1

since xaA ' =x1 A% and x =2 The same argument works 1f we take A such that
A, — mipsw, , Thus IT 1s bott pyps distingmshed and gy pow,, . dist nguished by
proposition 3 2 2

For a character 4 of E the special epresentation 3> (x |, 2 x1H - Hou sds
t nguished preciselv vhenyy  p w,  bytleorem315 e (x|, ? al] H)®
g isdistug shed precsely when gl Xlr wp » — 1%, . Thus S(xf| 20l /)

2

s wrw, <istinguished ar d not g d stingmshed

£
Nov suppose tlat II 15 a supercuspidal representatior of GLo(L)  th w
poNg . vhich s g dis n gmshed We rust show that IT s a base change hift of a
representation of GLy(F') vith centia character yw, By what has al ead beer
shown II 1s a base change 1 it of a repiesentation of GLo(F) (say ) Swmce w =
tto Ny p wy can be either g or pw_ . What 1e need to stovis that wy — fw
awd 1ot g Ths will follo from Sa tos proof of T nnell s formula [32] Us 1, the

relation w =4 o Npp  Satos proof ve final get the dentity

NETHED SR LY UL PV

A M ity

N T+eM@\  wpA( 1)
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where x, 1s the character of T and ¢ € E* F  Since 7 factor and ¢ factor are
the same for supercispidals and since II 1s given to be p distingu shed (Il &
A Ye)A(—=1) = 1 for all characters A of E w th A|, — p by proj osition 32 ?
Tt us the first sum n the above 1dentity vanishes and we ge

T+e(lf®@ A ! pp)A( 1)

x kr r > ; A
Ap By g
Comparing with Tunnell s formula (Theorem 318) ve have w,  juw, Ths

finishes the proof of proj ositton 323 Theorem 1 3 1 follows from the above propo

st ons

33 Proofsof theotems 132 133and 134

We now pro e that statements (2) and (3) in theorem 1 3 2 a1e equ valent Recall that

(a b) ( 0 1)
U2 F/F) {g9- € GLy(E)|lwlg “uw g} vleie w =
c d

1 0
T b
andg"—( )qu
d
1

UQ2 E/F) {j€GLy(E) | mg” g}

a 0

0 a
if a representation I1 of GL,(E) 1s distingmshed witl respect to U{2 E/F) w, fac

and the centre of U(2 E/F) 1s {( ) € GLy(E) | Ng p(a) — 1} Therefore

tors thro gh the 1orm map Vi Define GLT(F) to be the subgroup of GL,(F)

co sist11g of  atrices vl ose determinant hes n Ny ; £ We observe that

Z(GL(F)GL, (F) Z(CTo(F) U(2 E/F
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wlere Z(GLy(E)) 18 the centre of GLy(E) He ce £(IT 1 )1s; dist nguisted and !
a non zero lit ear funct onal on V such that i(T1{g)v) = p(det g)iiv) for g € GL,(F)
then {(II{g)r) = i{(v) for g € U(2 E/F) Thecase when 11 s uw  dist guslel s
sim lar Con erselv fII  distugished for {2 Z/F) a 1715 a101 zcio 1 neu
f nctona or tle space of 11 such tlat /{Tl{g) } )t g e U2 /) 1

(II{g)v) wl(det j}(v) forg€ GL,(F) We lefiea na fu ctional!{ nthespa ¢

of IT 3
[(v) I(v)+u (a)l(ﬂ((a 0))0)
0 1

wherea € F' — Np B Thet t1seas tocheck that

I(Ig) ) {ditg) (v)

fo ge GLy(F) Ll s {1 #0 tla IT sy dstigusted If{ O then

(G2 = oo

adsoll s uw  distingmsted Tle above toether tl tle | oof of theorem 131
cor plctes 1e yroof of theorem 13 2

We now [1ove thcorem 133 Le II be an rredu tle admass tle represer tat on
of GLy(E) withwy, , 1 Sincew, ., =1 vehavew, n 7 fora charact r 7 of
L (b Hibert 90) Note tl at
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Henee

Midst orw, ,dst & U@ 7s(plpr)d t or{(pr)e, Ist
< Il® ;7 abascclange it for GIo(F)
& (o) ~IIen
& I ~TMy |
& I ~10
Tt s o estheoren133
If a supercuspidal IT 1s a base change of # and 7 then 7 = 7 Q@ w, i

particular w, — w, The efore from the abo e a gument we conclude that 1 1s cithe

distingu shed (when IT ® 7 1s a base change of a representation of cential cl aracter
Nrw,,)orw distingmshed ( ten IT®n1s a base change of a representat on of
central character {p ) but not both Ths discuss ox toge her with tl corem 31 o

pro e theoren 134



4 FLICKER S THEOREM A LOCAL PROOF

41 Prompting the theorem

Let E/F be a sepatable quadiatic extension of global fields 11 [13] Flicker deduces
theorem 1395 from a s nular global theorem which 10ughly says that the cuspidal
GLa(Ar) distingmsl ed 1epreses tations of GLy(Ag) are those in the mmage of the
unstal le base char ge map fiom the set of ¢ p dal non degeneiate representations of
U(2 E/F){A) whose mage w1 de the base ¢l ange map 1s c1sy dal

The heunstics behind th s theoren s the follov ng By the nair  heorem of [1?]
a usp dal rej resentation IT ot GL (Arp) sdistingusledly GL,(Ar) rrec sel |
the t sted tewsor L fuixctor of Il hasa e at s — 1 Tt s together wth t e
Langla d functonalt princjle ould 1np v that d sting sted I1 corres;ond to
those 1¢} teseutations of the Wer groy of F (to the L group of GL,(F)) whicl wle
composed with the tw sted tensor 1cpieser tat on of the L-g oup of GL,(F) ¢ ntan
the tr v al representat on (see p 141 {13]) There t1salso pio ed that whennise en
{(1tesp odd) the unstable {1csp stable) base cha: ge map from the L group of U(2)
to the L group of GL,(k) composed with the tw sted tensor 1cpresentat on conta s
thet aliepresentat 0 So o1e would expect that GI (F) disting nshed c1sp1dal

auton J hic rej resertat ons of ('7,(I") rec pre sel tle mage of the unstable (re;
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stable) base change map om U(n) for e en (rep odd)

Let us switch back to local notations Obser e tlat theorem 130 ca1 t v e ed
as a dual to the equivalence of (1) ani (2) 1 theorem 132 This di ahity can ea 1l
be seen 1n the simplest example of E G7 (E) ¥ GL () U(1 E/I")  {g¢
E Nprlg)=1}—{¢/y |ge? } If I racer y of F lsting 1sted  tl
1espect to F' then x|, 1 By Hibert 90 he ecvs actaracternotl 1 E/I)

such that

x(g) =le/g”)

or x 1s a lift of a character of U{1 E/F) Dually 1if a character x of £ 1s trivial on
U{1 E/F) then we have x = x 1l1ch impl es

X nolNpg

vhere 715 a character of ' In o her words y s alft of a cl aracter of F

Th s diahty can be observed 1 tle f1 efied ca e too Iet F be the fimte field
of ¢ elements and E the ficld of ¢ eleme s Let o derote il e Frobenius motpt sn
Then t s known that an irre tucible represe  ation Tof GL, (L) has a GL,(F) fixed
vector if ard only tf IL ~ II° and I1 as a U(n) fixed e tor fand onlyif [T & I17 [19]

4 2 Motivating the local proof

If T 1s an wrreduc ble adm ssible representation of GLo(F) vthe | =1 tler
theorem 1 3 3saysthat I =117 fand o h dilisdisti jushedoiw . dst g sled
klicker s theoiem 1s a efineme t of th s theoie n s nce t specifies  hen exactly s h

all sdsing 1shed
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To mot vate our proof lct us first cons der the lual situation Recall the eq v
ale ce of (1) and (3) n thecorem [32 This f g s a character of F and Il a1
1 eduuble admiss ble represer tat o f GLy(L) v tl w, = poNp p then 1l 1s a base
charge | ft t om GLy(F) fard o lyf [l 15 1istngushed or w  dist ngu sled
Bu 1n chapter 3 of th s tl e have efined hs taterie L 1d e coild speafy
prec selv vh ch Il are y dist gushed TIhese arc tte oies tlat base ctaige { 1 a
representat on of GLy(F) 1th cettral character uw, (see Tleorer 131) A ke
i g edient invo ved nder1 ng th s refincment was tt eorem 3 19 rather Saito s proof
of t

This tells us that we might be able to usc Saito s method to deduce Fhcher s
theorem as well Thatis what edo1 tlenextsection Before il at let us summarize
the main 1deas 1n ol el here

Note that for | r nc pal ser ¢s represcntat or s and spec al representations of GL (L)
theorem 1 3 5 w 1l follow from t o r sults duc to b1 cher and Hak m (Propos tion 2 3 5
a d The 1en315) Forsupere s dals we adopt tt e method due to Saitor e1tio ed
abo e to get the desired es It C respondr gtotle q alrat cexterson Eof I' e
fix an cmbedding 2 of L /F' nU(2 £/F) gav 1 by

& 4 a 0
(aF ) — where a=1+Ayc E
Ay o 0 a

6 A 0
g—wg °w )andi{aF )arccor) g te1 CL (D) By means of il e base change

A0 —a 0
If ¢ then ol ser ¢ that g¢ (where 7 s the mvol 1ion
1

theory of 7 (2 I'/F) we gct tvo formulae o e the stable base change case and the

otter il e unstable base angc case for x; y{(2(aF )) vhe e {m} stle pa ket of
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representat ons of U (? K /F) that base changes to [T and x } 1s the sum of characters
of the repiresentations in the packet of # These formulae must be seen as the analogues
of Tinnell s formula for chaxacters of GE{2] Fhcher s theorem can be derived as a
corollar to the proof of these formulae just as Sa to deduces theorem 3 19 from h s

proof of Tunnell s formula (Theorem 3 1 8)

4 3 Proofof Flicke: s theorem

As mentioned m the previous section theorem 1 3 7 1s ver fied for principal senes and
spec al representations once »e appeal to proposition 2 3 5 and theorem 315 So let
IT be a supercuspidal representation of GLy(F)

Suppose IT 1s a base change 1ift of a representation of U(2 E/F) Then I1 = II
andw_ |, =11e HI™w ®I%andw_ . 1 5o by the umqueness of the K r llov
model

K ¢p) Kw, @I vg)

Note that {, defined o ile K nllov model X(II vg) of 11 by

Lf(z)  w,(2)f(x%)

g ves an mtertwining operator from (fI K(IT ) to (w_ @ TI° K(IT ) Also I°—
1dentity since w | = 1and II{o k) — I II{(k}I, Ve extend Il to GLy(F) X Gal(E/F)
by

(g o) Il(g)!



4 Flcke s theorem A lo 4 p oof )

No ve compute the 1 1e of the tw sted characte y  at

0 Ay (A0 a 0 01
SN RO O
ler a€ L A€ Esiwchtlat Tre p(2) 0
Suce 1l s a supercusptial ref e eration K(II vp) des  th the sja e of
Scl artz B 1hat funct 0 s S(J7 )on E and a by softl sspaceisy ven b ile e
of fo low ng funct o1
Mz) fop(r)

0 othe s
Here n varies over all integeis and A vares o er a omplete set of representatives of

6 (0~

all characters of £ modulo~ viete A ~Xifandorly fA A, suman [ed Ve

have tt ¢ lemn a (Lemma 2 1 {32])

L11a431 T{w)é, e(I®X yp)e™ teen  fII®N }+2 (¢F)

wnA
Here f(II@ A ) and {wg) lencte tlecondu oa ox oents of @A a |

espect ¢ U ngtl s o1 nawe conpute I1( )7

A0
M(g)l,&" = 1 ( ) I8 (
0 A
( . ) ( - )
II I1 I(w)éna

0 A
A D a 0
J A 0

( lee - fI® ) 2 { ) n)
(A) (H@wn Aorp)d (e &

[owe]

0 )
IT{w) 1€

=]

[}
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But
Iew, A7IORAT~IP@l " =IIdx )
Theref 1c
eMMew, AYe)—ell®r Yg)adfieoc A°)-fIO®Ar )
Thus

N(g)l&  w (Ao )N( )¢ *°

vhere m= f(IT®A ')+ 2n(y, )} —n We ha e thus proved

Lenmad4d2 boraceE F

11((A 0 )( “ 0)“’)% w8 A v AT (=a)e" =
0 A 0 1

taen  fIQA )+2:yg) n

Ve v1 t toC rpute )y, (g) viere

)

Tl ere 15 a standar i method to do ths and e refer o (p 102 103 ([32]) for the
( 1+P; P

P 1+P¢
of K(II ¥ 5) consist ng of elements 1 anant nde [, Let

duc tA<
B = 5,\‘" }
{ SAI@X ) +nlvr) < n{ )+

details Set [ = ) N GLy(Ofp) Let K{IT vg)" be the subspace
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Then B, gnes a basis of X(IT yg)" for n suffic ently large and (J, B, gives a basis
of K(I1 ) Let P, be the projection of X(IT ) onto K(IT z)" defined by

[ no)dg
/ @
where dg 15 a Haar measure on GLy(E) Then the value of ¥  (g) can be calculated

as ¢ ace(ll(g)I,;) w th respect to th s basis for a sufficiently la ge n

() A0 a 0
Suppose £’ contribute to X w | Then we ha e
0 A 0 1

M n alyp)+3(fI@A 1Y) vp(a)
() Ao, — A %lo,

First assume that £/F 1s unramified Then from (u) we tave Ao, 1 Asa
representative of the class of A take A such that AM(wg) —1 Then we have A 7 — A

Thus the cortr but o to

A0 al 0
Xn w
0 A 0 1
of &, for the above A 1s eq al to

{wn(A)e(HQQ)\ wpIX{ a) if pla)=fI®A )(mod2)

0 otler 1se
Since E/F 15 unramified we have an extension w, , ofw, , to E  vhich 1s unramified

Tten
(TN wy, vp (DI de(@r ! 4p)

(@) AD a 0
Thereforc the contribut on of &5 to ), w | 18 equal to
0 A 0 1

e AN LN @) teeN T ) ) (-w)
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(0

Thus

.u<s>(2“11&’\2 e e g B85 a))
by w
5 (1T ® A (zL)g)/\e(aH S JUERENC 23 o
2 A o 2
L1+€(n®;\ (UL)A)Xv(a),{ 5 1+€(IT® A (r)a))\ )
X, —p

s e ». A =0ad > A 0

Al X wn p
Nov sup pose E/F s aram fied extension Iet @ be a iform zing el nert of

Ftlat sco tared 1 tle norm of I Tle ¢ tditon (1) mplies A y, o 1
Lherefore Alo, 10 w, olc It theclass of A satisl g (1) tl rearceractly t o
atact ros1 sfv gA(wp) =1 (z—1 2)andtl ysatsf A —A 7 Snecd arli
e pto les ecda XX, sunamiel Heice A Xy (mwp) AA (wp) 1
It s A2 (wr) 1 ButAAX (@) 1 mphe thtA — A wh | s t

reairlso \{wg) = Mlwg) Thu dp—-Apwleen(a) ( 1)2 DNo tle

A0 a 0
ontr ni1o of € to x, w)] s
0 A U 1

S AHMOA YN @) +eM@K Je)( o)

ar 1 A Aof Bt A|  anbelorc So tetota o1t tutor is

%

5 c(l'[®/\9 (¢L)A)/\ @+ 3 _(I_TQ&’\_E,(ﬁ_)é)_,\ﬂ(a)

L F
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Tlus asintle  amified cas ve ge

((A 0 )( a 0) )
X u
0 A 0 1

Z 1+€(] @{;\ (Q/E)A)/\ ((Z)-{— Z 1+ (H@)\ (?4 )A)/\ (0,)

Ixar et beldig of F /I utoU(? L F) _venl

1y 0
wlak ) vlereea z+Ayel
Aty » 0 «a
A0 a 0 a a’ 0
If g — w tte bse et at yj; — s conju
0 A 0 1 0 1

galc to the mageof F u de

It IT s 1 stable base cla ge of a rej esent 7ol U(2 E/F) then

(Y[ D

and fII a stable 1 e charge of 7 tten

A0 a 0
e ((20)( 5 )]
0 A 0 1

Tlus e get the following vo dent tes the first obta ned vien Il 1s a stable base
clange a dtles¢ d hwnIl sa unstal el eclarge

IO D YRR S

+ Z 1 II® A ( I‘)A))‘ (a)
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X()0(eF ) = arp(e) ¥ LEUIEA ea) ye(g
A

+ W

) z l+efli®A (UE)A)A (o)

E 9

Let r € F Npp(E )and cha se v oa 1 botl these identities tte left s le
rcmair s uil ¢l anged  hereas a ta g of sgi1o ¢ s 1 the sccond sum of the fir t
wert tv 2 1 1 the first s m of the seco d dentity Tlus t follows tf at th secor 1
sum an shes 1 the first dentity and tle first m an shes in the seco d 1der tit
Ttus we get v(I1®@ A (yg)a) 1 for all cha acters A of E wth A|, Wy
{respective y Al 1) 1f IT 18 a stable (resp 1 stable} base change hift of a 1ep e
sentat on of U(2 E/F) (\ote that the v factor 15 the same as the € factor since II
s s percispidal) Hence 1f Il 15 a s able base change then it 15 w, , distinguished
and 1f II 5 21 ursta ¢ lase change hen t s dsting 1shed (by Theorer1 31 4)
What cmains to sho 1 o de1 to p o e tlcorem 135 1s that a repiescatat o
[1 of GL (E) dist ng sled wtl resject to GLa(F) 15 obtaned by tte installe
ase change map No by thcorer 133 we hnov tta Il sa base charge l [t of a
eprese tat on of U(2 E/F) Ve mn st shox that [T 15 the image of tle uistab
base change maj and not in the 11 age of the table base change map Supposc I1
a stabl base tta gelft of a representation of L (2 E/F) Then by what has bee:
proved already II 15 w, distinguished with respect to GLy(¥) Thus II 1s botl
distingwished and w . d st ngu shed wlich contraaicts theorem 134 Th s pro es

tlcoem 130
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51 A multiplicity one result and applications

We kno { om theorem 3 11 that the space of GL (F) imvar ant | near forms on tle
spacc of a  rr duc ble admussib e representation Il of GL,{E) } as dimeisionatr o t
one In th s section we look at a laiger space which 1s the space of P, F') mva nt
1 near forms on II We jro e that len [T sa dist1gushed supe cusy dal o1 wlen t
isparal lecall d dfoartwod t gushelsupercuspdals hent  latter sjace
las Imerson o e {(Theoren 136) As mentov ¢l  tle rtrodu t o1 the 1 oof
flovsese tall fomtlema lemma of [1o]
Let 7 11, . The lasth BemnstemnZec  k filtratio b P (I7) |

mod les (sees to 21)

Thus
reh e el e ) v (R

If II ssupeicuspidal Iy pojositon 7 we o ludetla

~(1) T (@



5 D stt gishedness fo GL(n) 57

IfIT  I{(IT II) with IT disting nshed supeicusp dals (incidentally such a IT1s d s
t ngu shed 1y p-oposition 26 of [14]) use proposior 21 7 and proposition 21 8 to

corcl le that
~@ety O (11)e (P ) (fM)e ¢ ) ¥ 1)

Let  10ov s 1tch to Ficker s totat on {15] Put H (E) GL (E)AN(E) tere
GL (F) embeds mn GL (L) via

g 0
g 0€y<n

Ther H (F) co sists of

(“" f) J€GI (E weN (D)
0 u

If p1s & representation of GL,(£) then p®@+ deroles le representatior of H,(E)

2
on tl e spac of pon vlich (g ) acts b s{g)v u; Then
0 u

@)Y U (p=wmdy i T®p® )

wl ere nd 1s non normalized compact 11duction Mo Flicker proves that the din er
sonot Hon  _{(®*)* M *{p} 1}1scua tothedne sonof Hon |E_i ®
p1) 1 pate lm
0 t9#0arly sd t Jusled
Hom  {(® ) v ()1 -
C {; ODarlp 1

Tl s1ro stleorenr 136
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Now consider the linear form ! defited ot 1} ¢ Whittaker model W(II %) of II by

w) - [ W @)

NADNP (K
where d pasa P,(F) rglt1 -auant measure on N, (IM\P(F)

Tl e integral 1n the defin thon of the hinear form displayed above converges (see
lemn aor p 306 [12]) Moreover this hnear form s non zero A vector on  hich
{ 1s non zero can be chosen us1g the Inaho factonizat or Il I 15 a distinguished
representation of GL, (£} as in theorem 1 38 ve claxm that the 1 near form [ defu ed
above 1s the distinguished (1 e non zero (L, (F') invanant) functional upto a scalar

on the Whittaker model of I1

Proposton 511 Let IT be as i theorem 136 Let { be a distingu shed fu ¢

tiona or the Whittaker mo fel of II Then ! ¢an te normahzed so that {(W )

W (p)d
./Nn(fr Pa(l (p)d p

Piocof If {1s a distingushed fuct onal on W(Il %) tlet : particular
i € Hom, ,(II 1) On the other I and j;\ — )W (p)dp 15 also a P,{I") mvariant
functional on W(II 4} Thus both d ffer; st 1 v a scalar by theorem 13 6

Nos we p ove theorem 137 Call

(W) /N N (T

and

wy [ Wedp

Tlen {15 anonzc o P (F) n aiant form ot W(Il %) and { 1s a non ze o PP (F)
uva a tforn on W({I  } Saippose {(W)=U{W)fora W
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Tlen for any p € P, (F)
UT(p WW) =1 W) Ip)W) W) =UW)

Ttus { s  anant under the trinsposc of Po{F) as wvell Since wy|, 1 ve
on ude t! at [ 1s invariar t under the standa d maximal parabel ¢ and 1ts transpose
S 1 ce these together gene ate CL,(F) see Corollary 212) | sa GL {F) unarart
f nctional and her ce IT 15 distingt 1shed
Conversely suppose IT s d stinguished Then IT is also d stinguished By propo
stion 511 ! and ! are distingmshed functiona s on W(II ¢) and W(II v ) respec
tively Thercfore 1if we define { on W(II ) by

(W) = (W)

then botl ! and { define Haar mtegrals on A, (F)\P,(F) Thus {(W) and {W) d fler
by a pos1 e constant say ¢ Now since ¥ W weseethat > 1 T < mples

¢ 1sncecispostive Hence {W) (W) for al W

5 2 The poles of the local twisted tensor L function

In this section we prove theorem 1 3 8 In fact we prove the following proposition and

theorem 1 3 8 follows from 1t by propositon 51 1

Propos tion 5 21 Lect IT be an irreduc ble admussible generic 1epresentation of GL (#)

which 1s 1 st ngmished » th respect to GL,(F) Supposc {{W) — / [ Wip)d;
N

15 a OLy(F) rvanant lnear funct o alo II Tler s 0 sapoleof L(s (1I)
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Pioof Call G = CL(F) Hy = P(I') Hy — Np(#) We apply lemma 241 to
thstrylet Solet v, d pbe the P,(F) nght invar ant measure on NV, (F)\ P, (F)
Let pa(g) — |det g|. Then fo s a tho function for P (F) snce Ag  r lal
Ap g (p) ~ ldet p As nlemma 241 let g ard ;5 be tte assoc atel q s
n aran neasures 0 Np(F)\GL,(F) and Po(F)\G7 ,(F) It can be e1 fied tlat f
dg s the q1ot ent measurc on V(¥ )\GL (F) then du (g) — |det g dg

Let IT be a distinguished supe cuspida representat onof GL (E)or [I  I(IT 1T )
with [T distinguished supercuspidals of GL, (E) n=n1+22 ¢ 1 2 We need to
prove that s = 0 18 a pole for L(s r{I1)} Now consider

waway [ Weing)idet ¢l dg

GL (
vl er

Mewlo)deSHF yandnp (00 1)
By e11 a241 and theorem 1 3

1N ®) = [p ¢ (F In, ryP. F W(pg)¢(npg)d p dpa(g)
Ip ¢ cr (7 1019) (fN (N Pp F W(Pq)dr:ﬂ) dpz(g)
Ip r cr r ®(ng)dua(g) X IanEre 1 W (p}d p
— ¢ ®(0) W)
where ¢ s a non zero consta
Next «s n {Proposition 4 [12]) wve choose W 11 W(IT %) and & m S(F*) sich
that ¥{s W @) 1s 1dentically o1c This 15 done as follows (sce p 309 [19))
F » a congruence sibgro ; I of { B I ahor factonizat on we get a & 11cl

supjorted o N (E)(I ( P,(E)) axd ugltnva zant under I NP (D} B (k)
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where B,(FE) s the group of upper inangular natrices Fix W i W(II %) th
Wi, , —¢ Tlen

1
[ W, [ g(Met], M p

a1o0n z ro constant Let A, denotetl goupof & nA ith
nk (@"r w 1 ~ x, 1+w™1,)

vhere 7 are all in the nng @, Choose m so tha W s rght nvarant nd
K, N Uy(F) where U,(F) 1 tte unpotert adca of he parabol ¢ subgrou of
type (n —1 1) Let @ be the charactenstic function of the last 10v of K, NG L,(F)
Then 4 1es 1 S(F™) and

n X
U(s W d) /dk R B FW(pk)detp] dp/F d(nak) det o™ d”a
d non zero o 1stant
Now let us write down the functiona equa won at s — 0
(1 W 4)/L(1 (1)) — €0 r(II) ¥)¥(0 U @)/L(0 r(II))

Choose W ard @ as above Tlen sice ®(0) 0 e lefl hand side of the functior al
equation vanishes Since W a1d € are such that ¥(0 W &) # 0 1t follows ttat s — 0
s a pole for L(s r(II}))

This proves proposition 5 2 1 and hence theorem 1 3 8
53 Remarks on the local factors of distinguished representat ¢ ns

First let us prove theorem 139 Th s result follo s fror & result due to Bu

and Hc  art [8] I ¢l sstated below
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Tleorem 031 Lct 7 be an rred ic ble admssible epresentat on of GL,(F) tl

cer ral character w Let v be a characterof # T en

! 7x ) =un(-1)

Novlet Il be a irteliube emjereliep csemtatio of GJ E) and let le (s ft
udtauwomoj cinductio (scese ton23) The II° lolft to andIIhft o

7 (Proposit  233) Thus by 1 pos tion 234 w¢ have
1 1 5ot o i 1
e(§1rx1r1!))—c(2 W, . ) G(QHXH /E)f(QHfo,bB)

By theorem 031 we get

1
2

2n 1

e ‘TXT"(,))={..7,( 1)

c(; x4y )=w( 1)

(Jw pv)=uw, (-1

Bt by propositio 233 e kiov that

Wr =W gl

Therefore

e MxTI17 v ) & 5
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Sree
w wi{d)—w (1)
wegt
1 o
(7[1><H ) 1

by projostion 2 2 {1} No flil s al o dstogushed tten by ti n 312

IT ~ 1I* and therefore {from wvlatla lee olelo alread 1t f 1 th At
Cmoxm oo
€ 9 )

Now suppose I; and I, are two distinguished ureducible admssible repre enta

tw s of GL, (E) ard GL, (E) respeeti ¢l By p oposton 222 ard theoren 312

e ee tlat

(;n T ) =1

it 15 hkelv that when 1T are d tng shel ths ejslar factor s act ally o ¢ In
som parficular ¢ sts v ha scen that b1 s true (Tleore 314 Coolla 3 6
Tleorem 139) [ oneleleves1 the coyectmia pop ton226 le ma teil
15 vorth analyz ng the tvsted eps! fa 1 ( 7(I) ) for a distinguished II By
proposton 225 wc knoy that for adstirg sled Il

) rmw) 1

Tle qu>st on 15 1hether or not e ca fix tte sign n the abo eeq aton 1 e
531 does 11ecsely ttis ste B F @ F Tte proof of theorem 031 (see [8])
seer tobetellngu tlatalette udersa 1 g tlet sedtewsor L 1

ne essa 1t o det to attemyt 1 q eto
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A more speculat: e q estion (see lheoren 314) voud be to ask for a con erse
I corem for distingumished representations of G7,(E)} Let [l be a1 nred icible adm s

s ble rey resentat on of GL,(F) withw |, 1a dsyposcitis gver that
1
'y(? Nnell ]

for all dist nguished IT of GL E}viere1£3< —1 Can  concl detl tIl1s

d stingu shed?
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