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Abstract

Over the last decade, general purpose Truth Maintenance Systems (TMSs) have been
developed and applied in a number of domains. One of the reasons for the devel opment
of TMS is that it enables search programmes to carry results obtained in one part of the
search space to other parts. Among the non-monotonic reasoning systems, TMSs have
a specid place since these are the only systems which provide a constructive approach
towards building practically useful inference enginesworking with incompl ete knowledge.

Prime implicants play a significant role in many reasoning systems. There have been
numerous techniques reported in the literature to compute the prime implicants of a
formula. As a logica framework of Assumption-based TMS (ATMS), Reiter and de
Kleer [Reiter 87] suggested a notion of knowledge compilation in a Clause Management
System (CMYS). It has aso been suggested that for this purpose, the Slagle's method to
compute the prime implicants is better than a smple consensus method. Recently, Socher
[Socher 91] proposed an algorithm using a concept of prime path in a binary matrix.
This method provides a better technique to compute the prime implicants. Nevertheless,
Socher's algorithm perform far more computations than required.

In the present work, the properties of prime paths in a matrix are studied in detail.
The paths which contain a literal and that which do not contain a literal are charac-
terized. Based on this characterization, a scheme is proposed to partition the matrix
representing the formula. The fact that the prime paths of a matrix can be obtained
by the concatenation of prime paths of two submatrices, is established theoretically. A
concept of the extension of a path in a submatrix to a larger matrix is proposed and
the Prime Implicant Algorithm using Paths and Extension (PIAPE) is designed. It
may be noted that subsumption is the crucia operation in any prime implicants ago-

rithm and the actual execution time depends critically on the number and expense of



the subsumption checksthat are required. It isestablished that extension isnothing but
a sort of subsumption. In order to achieve efficiency, paths which neither subsume nor
are subsumed by any other path are characterized. Further, the number of subsump-
tions can be reduced by generating less number of paths which are not prime. Hence,
a better method to weed out paths that are not prime in a bigger matrix is proposed
in this dissertation. The new algorithm Prime Implicant Algorithm using Paths (PIAP)
a refinement of PIAPE is efficient in terms of number and expense of the subsumption
checksrequired.

A new tree-structure for knowledge representation proposed in this dissertation nat-
uraly evolves from the partitioning scheme of PIAP. The structure of a node in the
tree, and the implementation details of PIAP are explained. Experiments are conducted
to compare the efficiency of the algorithm, and the results obtained substantiate that
the proposed algorithm is far better than Socher's algorithm. The tree-structure is dso
used to maintain the prime paths. The efficiency of the method hinges on this tree-
structure and the same structure helps design anovel RMS. Hence, it is named TERMS.
TreE-structured Reason Maintenance System.

The PIAP is well suited for incremental computation of prime paths, which is nec-
essary for RMS update problem. Different methods to update the tree representing the
formula as well as methods for incremental knowledge compilation are discussed. The
advantage of this method over other methods is that the additional knowledge is treated
collectively for compilation. Thus, the method is better than other methods, both in
globa and incremental mode.

Apart from these advantages, the PIAP exhibits inherent parallelism. The potential
for concurrency is explored, and the parald algorithm, PARPIAP to compute prime
paths is dso designed. The different granularity levels are explored and the architecture

suitable for each, and finally, a hybrid architecture suitable for PARPIAP is proposed.

XI1



Though the prime implicants paradigm is a widely used tool in many aress of Al, one
particular gpplication of it, in the area of computer vision, is discussed. The problem
of shape from silhouettes is rephrased as a problem of computing prime implicants of
a formula obtained from the object silhouettes. It is demonstrated that the proposed
framework is better than the conventional algorithmic approach, namely, Volume Inter-

section.

Xii



Chapter 1

INTRODUCTION AND OVERVIEW

1.1 Introduction

Whatever intelligence may be, or be denned as, reasoning and problem-solving have
traditionally been viewed as central subsets of it. Reasoning is the art of finding out
what information follows from what other information, of finding what information is
consstent with what other information, of finding what information is needed to answer
a problem, and how to derive that answer. An important characteristic of reasoning is
the combination of information items to form new information, usually in the process of
deriving a particular conclusion by carefully considering the available facts.

Logic plays an important role in reasoning and problem-solving. It offers a formal
mechanism for learning. The power of logic is based on three important features. Firstly,
it provides a language for the accurate representation of knowledge. Secondly, a frame-
work for processing the represented knowledgeis given in the form of a calculus defining
permitted rules for drawing conclusions. Thirdly, a mechanism for mechanical proofs
of truth values, or equivalence, of statements can be defined [Kurfeb 89]. Prepositional
logic is appeding because it is smple to deal with and a decison procedure for it exists.
Redl-world facts can be represented as logica propositions written as well-formed formu-

las. (wffs) in prepositional logic. The molecules of logic are statements - and statements

are chunks of knowledge or information.
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1.1.1 Search methods

Search problems are ubiquitousin Al. Almost every Al program depends on asearch pro-
cedure to perform its prescribed function. For every problem encountered there might
be numerous aternatives to consider. The problem-solvers are constantly confronted
with the necessty to sdect among these equaly plausible aternatives. The frustrating
property exhibited by most of the search problems is the exponentia growth of the plau-
shilities. The computing timefor the problemis hard to control as it grows exponentially
due to combinatorial exploson. Though search is a genera mechanism for intelligence,
the efficiency with which it can be performed limits its applicability. The central issue
in search is efficiency. Two important measures of efficiency are the amount of time and

the amount of memory required to find the solution or to conclude absence of a solution.

Brute-force technique

Brute-force method of search guarantees a solution if there is one. Thisis a blind search
in the sense that it uses no knowledge about the problem other than the problem space
itself. All the alternatives in the search space are explored mechanically and tested until
a solution is found (or al solutions are found), atime limit has been reached or failure
occurs. At the worst casg, it may be necessary to explore the whole search space before
finding a solution.

" If eech point of the search space is dissmilar, Brute-force method is the best that
can be applied. However, in most cases, there is a great ded of smilarity among the
points of the search space. Hence, in order to achieve efficiency, the result obtained in

one region of the search space has to be carried to other regions.
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ability to perform dependency directed backtracking and so to support non-monotonic
reasoning. TMS are dso cdled beliefrevision or Reason Maintenance Systems (RMS).
In this thesis the terms RMS and TMS are used interchangeably.

A RMS is the house-keeping subsystem of an overdl reasoning system. The basic
architectural presupposition is that the overall reasoning system consists of two compo-
nents. a problem-solver and a TMS [de Kleer 864]. The problem-solver usualy includes
al domain knowledge and inference procedures. Every inference made by the problem-
solver is communicated to the TMS. An important characteristic of RMS is that it has
no access to the semantics of the problem-solver behaviour. The RMS treats the expres-
sons passed to it by the problem-solver purely syntacticaly. As a consequence of this,
the problem-solver is held responsible for the correctness of the information passed to
the RMS.

The uniqueness of RMS stems from maintaining records of the origins of labels as-
sgned to database facts (dependency records), and subsequently using those dependency
records to prune the search space and perform database updating. Different searching
and reasoning programs had used many of theideas previously, in asomewhat adhoc way.
Hayes [Hayes 75] seems to be the earliest reference to what might be regarded as a RMS.
However, Doyle [Doyle 78, Doyle 79] provided the first non-monotonic comprehensive
implemented version of a TMS which automatically maintains consistency.

A context is normally determined by some sat of hypotheses or assumptions and is
expected to be consistent. Based on the type of dependency storage the systems are
referred to as justification based or assumption based. Based on the type of access to
information they are referred to as single context or multiple context systems.

The RMS insists on maintaining for the problem-solver a single context that has been
passed to the RMS in asngle context system. The multiple context system provides afa-

cility for determining contexts dynamicaly, without enforcing the usage of any particular
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one. Typicaly, justification based systems operate with single context and assumption
based systems operate with multiple contexts.

Justification-based TMS (JTMYS)

The JTMS associates a special data structure, cdled a node, with each problem-solver
datum (formulain the database). These nodes are connected together in a web of data
dependencies. The TMS uses Horn dauses as justifications. Each node has a status in or
out, and ajustification. If itsjustification is valid, then anode is in, and otherwiseit is
out. In Doyles TMS [Doyle 79], ajustification has the form (< inlist >< outlist >) and
is valid if dl the nodes in its inlist are in and &l the nodes in the outlist are out The
support for an in node must be well-founded, that is, circular, self-supporting networks
of justifications are not valid.

The form of justifications permits non-monotonic inference. In other words, the
coming in of a node that was previoudly out can result in the going out of a node that
was previoudly in. This facilitates the creation of revisable assumptions as well as non-
revisable premises. RMS performs two basic operations on the web of dependencies:
reason maintenance and dependency directed backtracking. Reason maintenance is in-
voked whenever the problem-solver adds a new node or justification, and it ascertains
which nodes are in and which are out. Dependency directed backtracking is invoked
to resolve contradictions by backtracking through the thread of justifications for the
contradictory node in search of an assumption which it can retract in order to restore
congstency.

Shortly after Doyle, McAllester [McAllester 80] designed a single context Logic-based
TMS (LTMS) whichissignificantly more efficient and comprehensiblethan Doyles TMS.
LTMS labds nodes as TRUE, FALSE or UNKNOWN and uses digunctive clauses as

justifications.
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ATMS as an assumption. The basic structure on which the system dependsisthe ATMS
node. Conceptually, the node has three parts. These are the problem-solver datum, a
label representing the assumptions under which the datum holds, and thejustifications
provided by the problem-solver which supports the datum. A set of assumptions is
an environment and the set of al data propositionaly derivable from the assumptions
using the justifications is the context of the environment. A datum is in a context
if it is propositionaly derivable (using the justifications) from the assumptions of the
context. An environment is inconsistent, if falsity (symbolised as L) is propositionally
derivable from the assumption set. An inconsistent environment is defined as not having
a context. The efficiency of the ATMS is based on the observation that if a datum is
derivable from a particular set of assumptionsit is derivable from every superset as well.
The ATMS associates with every datum the minimal set of environments from which it
Is derivable. This st is the label of the datum. By computing the labe for each datum,
the ATMS indirectly computes the contents of each context. Given the labd, it is very
easy to compute the contents of each context. A datum isin a context exactly when the
assumptions of the context are a subset of any of the environments of the datum's label.

An ATMS offers an improvement over conventional RM S for search problems where
al or many solutions are required. The problem-solver can explore many possibilities
a once, and can compare solutions and potential solutions to problems. Furthermore,
the resulting mechanism obviates the need for backtracking. When only one or a few
solutions are required, the conventional RM S is more efficient. Acknowledging this and
other deficiencies, de Kleer and Williams [de Kleer 86d] proposed a hybrid agorithm
cdled assumption based dependency directed backtracking. ATMS, for many tasks, is
more efficient than previous TMSs and has a more coherent interface between the TMS
and the problem-solver without giving up exhaustivity. Unlike previous TMSs which are

based on manipulating justifications, the ATMS is, in addition, based on manipulating
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Backtracking

Chronological backtracking helps to increasethe efficiency by reducing someof thefutile
search. The alternatives are sdected following some order from one alternative to anoth-
er and requires an additional machinery for controlling the search. If at any stage the
search element is inconsistent or contradictory, the chronological backtracker retracts to
the most recent selection made and proceeds from that point. Though this is better than
the brute-force technique, much of the work undertaken by a chronological backtrack-
ing search procedure when it encountered a failure might be irrelevant to the particular
problem discovered, and some of the backtracking may lead only to rediscover the con-
tradictions. Moreover, if the failure depends only on choices made much earlier, dl the
work done in remaking the later choices is potentialy irrelevant. Rather than retracting
to the most recent selection made, the retraction to the selection which is responsible
for the inconsistency could be much efficient. Information about the choices on which
an inference rests is stored so that the culprits for the failure can be identified and
the problem-solver need re-make only those choices. The dependency relations between
choices and failure are used to direct the backtracking. This idea of dependency directed
backtracking originated with Stallman and Sussman [Stallman 77].

1.1.2 Reasoning systems

In conventional reasoning systems, much of the work such as the caching of expensive
inferences was implemented anew for each problem encountered. Clearly thisis wasteful
and, because these support mechanisms were not always separated from the problem-
solving, it could lead to unnecessary confusion in the system design [Kelleher 88].

These concerns prompted the need to perform belief revision and motivated the de-
velopment of Truth Maintenance Systems (TMS) [Doyle 79] as a way of providing the
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In order to make recomputing of the status of an assertion and switching of contexts
easer, McDermott [McDermott 83] attempted to bring together the ideas of data depen-
dencies (as in Doyles TMS) and contexts. The system works with a current context,
defined by the user as a set of premises. It computes a label, a Boolean expression in
the premises, for each assertion using the current justification set. The value of the label
is found by assigning the value true to the premises in the current context. This value
of the labd .determines the current status of the assertion. The status of any assertion
in dl possible data contexts can be determined using this label. This makes switching
to adifferent context smple. However, McDermott did not exploit this idea further to
produce a true multiple context system. McDermott's system can be seen as overlap-
ping the boundary between justification based systems and assumption based systems.
The RMSs based on assumptions, appear to have started with the work of Martins and
Shapiro [Martins 83, Martins 83], but the most widely used example of the assumption
based approach to reason maintenance is probably de Kleer's [de Kleer 864.

Assumption based TMS

In 1986, de Kleer introduced the idea of an Assumption-based Reason Maintenance
System (ATMYS) which solve severa inherent problems in earlier TM S implementations.
In Doyle's TMS, only one labelling of nodes with in or outis considered at any one time.
The problem-solver can only focus on a single set of assumptions and their consequences.
In contrast to this, the ATMS incrementally computes the assumptions on which each
datum depends as each new problem-solver inference is received. The mechanisms of the
ATMS revolve around its ability to determine, for any given item of data, the assumptions
under which it holds.

All inferences made by the problem-solver are recorded and communicated to the

ATMS as judtifications and every problem-solving hypothesis is communicated to the
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assumption sets.

Clause maintenance system

In ajustification-based TMS, the database is dways kept consistent; this makes it impos-
shbleto refer to problem-solving contexts explicitly and requires truth maintenance and
dependency-directed backtracking to move to a different point in search space. On the
other hand, in an ATMS each datum is labelled with the sets of assumptions (represent-
ing the contexts) under which it holds. These sets of assumptions are computed by the
ATMS from the problem-solver-supplied justifications. The ideaisthat the assumptions
are the primitive data from which dl the other data are derived. These assumption sets
can be manipulated far more conveniently than the datum sets they present. There is
no necessity that the overadl database be consgtent; it is easy to refer to contexts, and
moving to a different point in the search space requires very little work.

Conventional TMS is oriented towards finding one solution whereas ATMS is oriented
towards problem-solving in multiple contexts simultaneously. Thisis efficiently achieved
by labdling each datum with the assumptions upon which it ultimately depends. This
idea and its ramifications radically dters the conception and technology of problem-
solving. ATMS is not a panacea and is not suited to dl tasks.

The basic ATMS [de Kleer 864 provides a novel truth maintenance facility. Reiter
and de Kleer [Reiter 87] proposed a generdization of the basc ATMS cdled the Clause
Management System (CM S) and showed its applications to abductive reasoning. A CMS
Is intended to work together with a reasoner, which issues queries that take the form
of dauses. The CMS is then responsible for finding minimal supports for the queries.
Reiter and de Kleer [Reiter 87] show some relationships between prime implicants and

minimal supports.
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An ATMS is precisaly intended to generate al and only minimal explanations simul-
taneoudly [Inoue 89], given a st of clauses. Inthe ATMS terminology, the set of minimal
explanation of a node from the justifications and the assumptions is caled the label of
node, which is consistent, sound, complete and minimal. The basic ATMS isrestricted to
accept only Horn clausejustification and atomic assumptions. |f justification can contain
non-Horn clauses, and the assumptions are alowed to be literals, then this generdiza
tion covers de Kleer's various extended versions of ATMS [de Kleer 86a, de Kleer 86b,
de Kleer 86¢], Dresder's extended ATMS [Dresser 90], and Reiter and de Kleer's Clause
maintenance System (CMS) [Reiter 87].

There have been different algorithms to compute the minimal supports. However,
Reiter and de Kleer [Reiter 87] condder two ways in which the CM'S manages the knowl-
edge base: keeping the set of clauses (denoted by F) transmitted by the ressoner as it
is (the interpreted approach), or computing the prime implicants/implicates of F (the
compiled approach). When we are faced with a situation where we want to know expla
nations for many different queries, we must run the algorithm each time a query is issued.
Instead of keeping the initial formula F as it is and doing the same deductions over and
over again for different query clauses, some of these inferences can be made once and for
al. That is the motivation for the compiled approach. One of the disadvantages of the
compiled approach is the high cost of updating the knowledge base. When the reasoner
adds a clause D to F, we must compute al prime implicates of F A D. There are many
approaches to compute the prime implicants/implicates. These methods are discussed in

Section 1.3.
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1.2 Hypothetical Reasoning

Theinformation/knowledge available can beimperfect in one or morerespectsin the sense
that it can be uncertain, incomplete, imprecise, inconsistent, or a combination of these.
Mogt red world reasoning is performed in the context of imperfect information. Process-
ing of imperfect information plays an important role in realizing advanced Al functions
such as common sense, learning, automated reasoning etc. [Poole 87, Poole 88, Ishizu-
ka90]. A non-monotonic reasoning system is required to handle incomplete knowledge
in the knowledge-base. Its formalism has a close connection with constraint satisfaction
problem.

There are many approaches to the study of imperfect information processing especialy
when the knowledgeisincomplete. Hypothetical reasoningisone of the reasoning schemes
which handles incomplete knowledge as hypotheses. The centra function of hypothetical
reasoning is abductive inference which generates necessary combinations of hypotheses
for proving agiven goal. The hypothetical reasoning system is a logic-based one, where
the knowledge is divided into two categories, i.e. complete knowledge F and st ‘H of
hypotheses. Complete knowledge is always true and has no possibility of inconsistency.
On the other hand, set of hypotheses is incomplete, or defeasible knowledge, for which
consistency checking is required in the inference process. The basic behaviour of the
hypothetical reasoning [Ishizuka 91] is as follows. When a goal (or an observation) is
given the system tries to prove the goa from the complete knowledge. If it fails, then
the system sdlects a subset of the hypotheses so that the given god is proved from
the union of complete knowledge with this subset. The sdected subset of the hypotheses
should be consistent with complete knowledge, whileinconsistency is dlowedin thewhole
st of hypotheses. To efficiently exclude inconsistent combinations of hypotheses, truth

maintenance is necessary in this inference process. A reasoning system based on logic
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(logic-based reasoning system) can deal with incomplete knowledge as hypotheses. Itisa
useful framework because of its theoretical basis and applicability. In ordinary logic-based
problem-solving, the success or failure of deductive proof becomes the answer. When the
god includes variables, the binding (unification) to the variables becomes an answer in
the success cae. On the other hand, a sdected subset of the hypotheses becomes an
answer in the logic-based hypothetical reasoning system, in which deductive inference
mechanism is utilized in reverse direction to generate a solution hypotheses subset.

While it is a useful knowledge-processing framework applicable to many practical
problems, the most crucia problem of logic-based hypothetical reasoning system is its
dow inference speed. An immediate remedy for this problem is to incorporate heuris-
tic knowledge which plays the role of guiding the inference. However, it is difficult to
cover the whole problem domain by heuristic knowledge, which causes the well-known
knowledge acquisition problem. Therefore, a fast inferencing mechanism not relying on
heuristic knowledge is required. Backtracking caused by the inconsistency among s
lected hypotheses is the major factor of deteriorating the inference speed. A two-phase
hypothetical reasoning system has been presented by Ishizuka [Ishizuka 91] where agoal-
directed inference-path network s formed using the complete knowledge set but excluding
hypotheses in the first phase. Hypotheses necessary for proving a given god are synthe-
szed in the second phase aong this inference-path network in aforward inference fashion
with no backtracking. The inference-path network aso alows to reduce the number of
computationally expensive hypotheses combination to a minimum. The formation of the
inference-path network is based on alinear time algorithm for the satisfiability testing of
prepositiona Horn formula.

It is aready indicated that the set of minima supports for a query can be computed
eadly from the st of prime implicates of the RMS database. The negation of this

minimal support clause becomes a solution hypotheses set for a given god. Hence, by
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such knowledgecompilation, abductivesynthesi sof hypothesesisachieved very efficiently.
Although the compilation of knowledge-base dlows efficient abductive inference, the
compilation process itsaf is very expensive in terms of computation time and memory.

Hence the core part of CMS as well as hypothetical reasoning is the computation
of prime implicates. There have been many agorithms in the literature to compute
the prime implicates of a sat of clauses. These are the consensus method by Bartee
et al [Bartee 62], methods by Karnaugh [Karnaugh 53], Quine [Quine 59], McCluskey
[McCluskey 56], Kohavi [Kohavi 78], Semantic Resolution technique by Sagleet al [Sa
gle 70], Tison's method [Tison 67], Socher's method [Socher 91], [Jackson 92] etc. The
next section gives areview of these methods.

Knowledge changes repeatedly from time to time and hence has to be updated and
revised. Changes occur due to the addition, deletion, or change in the information. Due
to the dynamic nature of the CMS, the most complicated, computationally expensive and
essential operation is to update (RMS update problem) the existing database of prime
implicates each time knowledge changes. Kean and Tsiknis [Kean 90] proposed an
incremental prime implicant algorithm (IPIA) that updates the st of prime implicates
when the original corresponding knowledge is modified by addition of new. knowledge
which is a single clause. But, generdly, knowledge may be a sat of clauses rather than
a sngle clause. In this case, IPIA is not efficient since each of the clauses in the st
has to be treated one by one. The algorithm proposed in this thesis (Section 3.3.4)
treats the sat of clauses collectively, and computes the set of prime implicants for the
updated knowledge. It can be seen that the proposed method is efficient both in global

and incremental modes.
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1.3 Different Methods for Compilation

Thedifferent methodsto computethe primeimplicants/implicatesof aformulaarebriefly

reviewed here.

Quin€'s method

There exist numerous methods for reducing any formulato its smplest equivalent. Quine
[Quine 52, Quine 55, Quine 59] proposed amechanical procedure based on the devel oped
Disjunctive Normal Form. Primeimplicants of aformulaare used to express theformula
in its simplest equivalent. It is shown in [Quine 52] that any simplest equivalent of
aformulais a digunction of prime implicants of the formula. Any given formula has
to be converted into an equivalent developed formula in which al the clauses have dl
the variables either in the positive or negative form from the sat of variables. The
prime implicants of the developed formula are computed following a mechanical routine.
Initially consider the list of clausesin theformulaas thelist of primeimplicants. Thislist
Isextended according to thefollowing principle: whenever two entries can befound inthe
list which are identical except for the negation sign, add their common part (consensus
of the two entries) as a new entry in the list; check marks are applied to those two
entries which generate the new entry. The check mark is not treated as a disqualification
for further consideration of those clauses. The list is extended by this process as far as
possible. The entrieswhich do not bear any check marks give the list of primeimplicants.

The shortest normal equivalent is obtained by deleting from the alternation of al its
prime implicants the largest possible combination of jointly superfluous clauses. Though
this method gives a mechanical procedure to compute the prime implicants of aformula,
the method is not systematic. One of the major drawbacks of this method is that
it generates repeated clauses, and requires a large number of basic operations. This
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routine, though not unmanageable, turns out to be far more laborious than the method
of merely locating and cancelling redundancies. Moreover, the two methods are almost
independent. The laborious method of finding ssimplest normal equivalents depends on a
preliminary expansion into adeveloped normal formula, and thisexpansionisnot affected

by any previous cancelling of redundancies.

Tison's method

Tison [Tison 67] contributed a systematic method for determining the prime implicants
of a Boolean function. The prime implicants are determined by generdization of the
consensus operation which is performed systematicaly. It is to be noted that the method
does not need the formulato be in the developed form as in the case of Quine's method.
Consensus is extended from two to any number of clauses. A property of these generdized
consensus relations is that the consensus of two implicants of a formula gives another
implicant. This property helps to find prime implicants systematically. The method
iIs ample because the application of consensus of order two is no longer iterative as in
Quine's method.

One key note of Tison's method is that of a biform variable: a variable which occurs
both positively and negatively in the formula. For each biform variable x and for every
pair of clauses D;,D; in the formula F, add the consensus of D; and D; with respect
to the variable x, denoted as Con (D;, D;, x), to F, (if such a consensus is possible)
and delete every subsumed clause' from the formula. When dl possible consensus with
respect to dl possble biform variables are computed, and if al subsumed dauses are
deleted, then F will contain dl the prime implicants of the original set of clauses, and
only the prime implicants. The term consensus here is a restricted kind of resolution
in which the attention is only to those resolvents of dauses in F which are tautologies.

'D; subsumes D; if D; ¢ D
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The algorithm exploits the fact that each of the biform variable will be used exactly
once in the algorithm. The consensus operation is equivaent to a resolution step and

fundamentality test.

Ordered clause consensus method

The number of implicates grows exponentialy in general as the resolution process pro-
ceeds, which is the serious problem in computing prime implicates. All the origina and
generated clauses remain to the end and become prime implicates if no subsumed clause
appear during the resolution process. So the computational cost does not depend much
on the ordering of the biform variables selected. However, the computational cost is in-
fluenced to alarge extent by the order of the biform variable sequence used in resolution
steps if there exists subsumed clauses which are to be deleted. Tsuruta and Ishizuka [T-
suruta 92] have developed afast and efficient method named Ordered Clause Consensus
(OCC) method for generating prime implicates utilizing the role of the biform variable.
If avariable is amonoforrn onein a set, there is no consensus so that no resolution takes
place with respect to the variable, and hence monoform variables are not considered for
resolution. All possible unit resolutions regarding every unit variable is performed and
al subsumed origina clauses are deleted. This does not increase the number of clauses
since the resolvent clause aways subsumes its one parent clause, which is deleted from
the sat of prime implicates. This method uses a heuristic regarding the resolution order
of biform variables while generating the prime implicates through successive steps. The
number of consens possible with each.of the biform variable is arranged in increasing
order. The heuristic used is; the biform variable corresponding to the least number
is considered; and consens with respect to this variable are performed. This helps the
st of prime implicates to grow dowly at the early stages, which in turn reduces the
computational cost as reported in [Tsuruta 92).
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I ncremental method

All these methods that generate prime implicantsimplicates are applicable to the RMS
update problem. However, they areinefficient ssimply becausethey are concerned with the
generation of prime implicants/implicates from an arbitrary Boolean expresson. What is
needed is an incremental method which generates the prime implicants/implicates using
the dready available prime implicants/implicates of the original formula and the new
formula when the original Boolean expression is modified.

More formally, if the prime implicates denoted by II(F)of a formulaFin the con-
junctive form are known, the task is to find the sat of prime implicates of FA H where
H is another formula in the normal conjunctive form. Obvioudy, the prime implicates
of F A 'H can be generated directly from F A ft. using any of the known conventiona
methods* discussed above. But this results in not utilizing the II(F) which is aready
available. Hence, idedly, one would like to generate the set of prime implicates of FA H
from the II(F) A H. Using the conventionad methods to compute prime implicates of
II{F) A ft results in lot of redundant computations simply because al the conventional
methods do not exploit the fact that the elements of II(F) are dready prime. Hence, an
agorithm which can compute the prime implicates incrementally, and which reduces the
redundant computations, is appreciable.

The IPIA proposed by Kean and Tsiknis [Kean 90] computes the prime implicates of
FA HfromII(F) and H whenH is asingle clause h. This method resembles Tison’s
method [Tison 67] except that it stores the new implicates of II(F) U {h} in a new
st. Incremental computation admits two smplifications which are (i) it needs only to
perform consensus with respect to biform variables occurring in the input clause i; and
(ii) it needs only to perform consensus between cdlauses from the sets H and TI(F), but

not within the same st since the dauses in II(F) are dready prime.
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A consensus tree is constructed with the input clause h as the root, and every arc is
labelled by aclause from II(F), and every node (except the root) is labelled by the con-
sensus of its parent and the associated arc label. Label of nodes are the implicates, and
subsumption among these labels are performed to obtain the prime implicates. Various
optimization techniques have dso been proposed to improve IPIA. However, this method
suffers from few drawbacks. In order to overcome the drawbacks of IPIA, Jackson [Jack-
son 92] proposed another agorithm which aso resembles Tison's method, except that it
computes prime implicates using a particular resolution strategy which concentrates on
finding merges. Merges are resolutions involving apair of clauses that contain literals of
the same sgn in addition to complimentary literals. A cost-function defined biases the
search towards consend that generate merges. The resulting merge contains fewer literals
than non-merge resolvents derived from parents of the same size. This method computes

the compliments of clauses of Fin a particular order so as to avoid the duplication of

steps.

Slagle's method

All the methods discussed so far compute the prime implicants when the formula is
in digunctive form, and the prime implicates when the formula is in the conjunctive
form. Different from dl these methods, Sagle [Slagle 79] describes a method which
determine the prime implicants of a formula which is in the conjunctive form. The
algorithm works as follows. All the clauses in the formula containing a complementary
par of literals are deleted. A semantic tree is constructed keeping this sat of clauses
thus obtained at the initial node. The literal which occurs in more number of clauses
of the formula is given a higher frequency. Sprouting from the initial node with the
frequency ordering is performed. If there is a nonterminating node, choose an ordering
for that node and repeat the process. This sprouting is repeatedly done until there is
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no nonterminating nodes to do sprouting. For each success node in the semantic tree,
collect the product of dl the literals a the branches on the path from the top down to
the success node of the semantic tree. The st of dl such products thus obtained gives
al the prime implicants of the formula. The agorithm may possibly generate some non
prime implicants. However, the use of frequency ordering of literals, helps to generate
very few (possibly none) non prime implicants. The agorithm may adso be used to find
the minima sums of a Boolean function. Reiter and de Kleer [Reiter 87] suggested this
method as a well-disciplined method to compute the prime implicants. However, there
are better methods to compute the prime implicants.

Though Tsuruta and Ishizuka [Tsuruta 92] dso discussed frequency ordering, it has
to be noted that these two orderings are different. Sagle considers dl the literas for
frequency ordering while Tsuruta and Ishizuka consider al the variables and the number
of consens possible with respect to this variable to fix frequency ordering. In Sagle's
algorithm, the frequency ordering of literals at each node is required in order to achieve
efficiency. But thisis not the case with the ordering which Tsuruta and Ishizuka applies.
The same ordering can be applied to the IPIA of Kean and Tsikins. But, when the
origina formula is appended with more than one clause, computation of the prime im-
plicates is not possible by performing the algorithm just once. The algorithm has to be
performed as many times as there are clauses in the new input formula. This approach is
obvioudly not efficient and hence a method which can handle the case when the original
formulais appended with another formula will be of great use.

Socher [Socher 91] proposed an algorithm similar to that of Sagle et al [Sagle 70].
A concept of path in a matrix is introduced and shown that the set of prime paths is a
matrix gives the set of prime implicants of aformula. The main differenceis in the data
structure used. Sagle uses semantic tree as the basic data structure while the data struc-
ture used in Socher's method is matrix. This makes Socher's method very suitable for
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application in matrix methods for automated theorem proving. Though this method has
advantages over other methods, it is not suitable for incremental computation of prime
implicants. Apart from this, the algorithm performs certain redundant computations.

Thisis discussed in detail in Chapter 2.

Present work

It is dready seen that the prime implicants/implicates are significant in the context of
RMS as well as hypothetical reasoning. Though there are different techniques to compute
the prime implicantsimplicates, as aready indicated above, dl techniques suffer from
one drawback or the other. Hence there is a need to develop an efficient algorithm
which overcomes the drawbacks of earlier methods. Besides gpplications in reasoning,
prime implicants/implicates find applications in severa areas such as switching theory,
combinatorial optimization, computer vison etc. It would be difficult to design a very
efficient algorithm for this hard problem suitable to dl the applications. This prompts
us to design a new agorithm which will overcome the drawbacks of earlier methods
in the context of RMS. This thesis is concerned with the design of RMS based on the
framework proposed by Reiter [Reiter 87] in CM S and dso with the design of an algorithm
to compute the prime implicants/implicates in the globa as well as in the incremental
mode. In this process, a new knowledge representation scheme is proposed.. Using the
divide-and-conquer paradigm, an efficient technique for knowledge compilation.for the
purpose of RMS is proposed in this thess. The efficiency of the method hinges on the
tree-structure representation for prepositional clauses, which dso helps in a novd RMS
design. Theformulais subdivided into two subfonnulae and the set of prime implicants
for both the subfonnulae are computed from where the prime implicants for the formula
are computed. The prime implicants are maintained in a binary tree.

Unlike the earlier dgorithms which are inherently sequential, the algorithm proposed
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in this dissertation is naturally paraleizable. A parale knowledge compilation tech-
nique, designed because of the specid characteristic of PIAP, is an efficient tool for
parallel RMSs.

1.4 Organization of the Thesis

The thesis comprising seven chapters is organized in the following manner:

In Chapter 2, the binary matrix representation of aformulaand the three algorithms
[Tison 67, Kean 90, Socher 91] to compute the primeimplicants/implicates are explained
using examples. The paths in amatrix are characterized and based on these characteriza-
tions, a new Prime Implicant Algorithm using Paths (PIAP) is proposed in Chapter 3.
Theoretical arguments supporting the algorithm are dso given in the same chapter.

The tree-structurerepresentation of a prepositional formula suitablefor the algorithm
PIAP is presented in Chapter 4. The implementation details of PIAP and the experi-
mental results that substantiate the theoretical arguments in Chapter 3 are presented in
Chapter 4. Further, different methods to update a knowledge base, and to compile the
knowledge incrementally, are discussed. Chapter 5 deals with the paralld agorithm to
compute the prime paths of aformula.

In Chapter 6, an application of the results to computer vision is discussed. It is
shown that reconstructing the three-dimensional shape from multiple silhouettes can
be formulated as a problem in prepositional logic. All possible reconstructions of the
object can be obtained since the problem of shape from silhouettes is viewed as the
problem of computing the prime paths of a formula. It is dso shown that this method
provides a better way of shape reconstruction. Chapter 7 summarises the contributions
and limitations of the work reported in this dissertation and considers possible routes for

further research work.



Chapter 2

MATRIX AND PRIME IMPLICANTS

2.1 Introduction

In Chapter 1, the role of RM S and the significance of primeimplicantsin RM S have been
discussed. In this chapter, the binary matrix representation of a prepostiona formula
Is presented. Using the matrix representation scheme, the Tison's method [Tison 67]
and the Incremental method (IPIA) of Kean and Tsiknis [Kean 90] are elaborated here.
The drawbacks of these algorithms are pointed out using examples. Socher's algorithm
[Socher 91] which uses the concept of a path in a binary matrix to compute the prime
implicants is a0 discussed in detail. An example is made use of to show that Socher's
algorithm computes certain redundant computations. In brief, the motivation for devel-

opment of anew algorithm for prime implicants is discussed here.

2.2 Definitions and Notations

Let the letters a,b,c,... with or without subscripts represent prepositional variables. If
a is a variable, a denote the negation of a. Both a and a are referred to as literals.
A clause D is cdled a digunctive clause if it is a disjunction of literals. For example,
D=a,VaV ...Vagisadigunctive clause. A clause C is cdled a conjunctive clause
if it is a conjunction of literdls. For example, C = fli A a; A ... A a, IS a conjunctive
clause. A propositional formula F is said to be in Conjunctive Normal Form (CNF) if

it isaconjunction D; A D; A D;s A ... A D, of digunctive clauses D;. A formulaisin

21
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DigunctiveNormal Form (DNF) if itisadisjunction CyV C; V ...V Cim of conjunctive
clauses C;. Unless otherwise stated it is assumed in this dissertation that aformulais in
CNF, and a dlause is a digunctive clause. In this thesis a formulaFis denoted by the
st {Dy,D,, Ds,...,D,}of dauses, and a clause by juxtapositioning the literals. For
example, D =a; V a3V ...V g, isrepresented as a;a;. .. a,.

Two literals are said to be complementary literals if oneis the negation of the other
(for example, aand @). A clauseis said to befundamentalif and only if it does not contain
any pair of complementary literals. abé isfundamental whereas abbé is not fundamental.
A clause Di is said to subsume another clause Dj if every literal in Di occurs in Dj

(Di C D;). For example, if Dj = abéd, and D; = aéd, then D; subsumes Dj.

Definition 2.2.1:- A digunctive clause D is said to be an implicate of a formula F
if EF — D. D is a primeimplicate of F if D is an implicate of F and there is no
other implicate D’ of F such that | D’ — D. The prime implicate of a formula is not

subsumed by any other implicate of the formula F.

Definition 2.2.2:- A conjunctive clause C is an implicant of a formula F if and only
if C implies F. C is a primeimplicant of 7 if C is an implicant of F and there is no

other implicant C’ of Fsuch that C implies C".

The prime implicants/implicates of a formula exist and are finite in number. The
set of al prime implicants/implicates of F, denoted by II(F), is unique and is logically
equivalent to F.

A variableis said to be a biform variableif the negation of the variable is present in
atleast one of the clauses of the formula F. If the negation of a variable is not present
in any of the clauses of the formula, then such avariable is caled a monoform variable.

It is discussed in Section 13 that the set of prime implicates of a formula is obtained
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by computing the generalized consensus of the components of the formula. Consensus
between two clauses is possible only if there is exactly one complementary pair of literals
in those two clauses, and consensus is obtained by taking the union of literals in the two
dauses and cancelling out the complementary pair of literas with respect to which the
consensus is computed. If there are more than one pair of complementary literals in the
two clauses, the resulting clause will not be fundamental. Let p and g be two clauses for

which consensus with respect to the variable x is possible. The consensus is defined as

{ PUq—{zU%}; ifitisfundamental

not defined : otherwise.

For example, if D; = abé, Dj = abc and Dy = abc then Con(D;, D;,c)= ab and
Con(D;, Dy, c)is not possble snce abb is not fundamental. This is because there are
two complementary pairs of literals, namely, ¢, c and b,b in D; and Dy. No consensus is
possible between Di = abc and ab since there is no complimentary pair of literals from

these two clauses. In fact ab subsumes D;. This need not be the case in general.

2.3 Matrix Representation

The binary matrix representation of a prepositional formulais introduced in this section.
Any clause is considered a binary vector, or aone dimensiona array. The occurrence.of
a literal in the clause is denoted by an entry 1 or otherwise an entry 0. In the matrix
representation, the number of rows in the matrix is equa to the number of literals in the
formula and the number of columns in the matrix is equal to the number of clauses in

the formula. Thus the formulaF is represented as a binary matrix

{ 1: if theliteral x occurs in thei*® clause D; of F

0: otherwise
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For afundamental formula F, the matrix representation is denoted by M(F). Let C
be the index st of dauses and £ be the st of literals over which Fis defined. Then for
the matrix M(F)C is interpreted as the set of dl columns and £ as the st of dl rows.
For example, for F — {abc, abe, abe, ac, bec}, the matrix M (F)is

12345
al1l110
bl1 0 1 0 1

M(F) =
510 1 0 0 0
c110011
édloo10 1

Definition 2.3.1:- A columnj of M(F)is said to absorb another column k of M(F)if
M(y,j) <M(y,k)Vy€ £

Definition 2.3.2:- A column j of M(F), and correspondingly a clause Dj of F is a
tautology if there is an x € £ such that M(z,j)= M(%,7)= 1.

Absorption of columns in matrices is the same as subsumption of clauses. A column
] absorbs another column k if the clause Dj corresponding to the column j subsumes
the clause Dk corresponding to the column k. In the above matrix, column 4 absorbs

columns 1 and 2. Column 5 of the matrix is a tautology.

2.4 Tison's Algorithm

In Chapter 1, we have discussed the generdized consensus method of Tison [Tison 67] to
compute the prime implicants/implicates. This section gives more details of the method

using the binary matrix representation introduced above.
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A variable x is said to be a biform variableif there exists s, € C such that M(z,t) as
M(z,5)= 1. Le B be the st of biform variables in £. For any such variable z, let
C} C C bethe st of columnsi such that M (x,t) = 1 and C= C C be the set of columns
j such that M(%,jF 1. The consensus Con(i,j,z)for t € Ct, 3 € CZwith respect to
the variable X is represented by a vector A% defined as

1]

. Maz(M(y,i), M(y,j)) ;Vy € L—-{zUi}
Aij(y):
O; f or ' y = x o , y =z

Using these notations, the algorithm CONSENSUS outlines Tison's algorithm.

Algorithm CONSENSUS
INPUT: MATRIX M(F)REPRESENTING THE FORMULA F.
OUTPUT: MATRIX Mp(FREPRESENTING
THE SET OF ALL PRIME IMPLICATES II(FOF M(F)
STEP 0: INITIALIZE Mp(F)= M(F)
STEP 1. Delete dl absorbed columns of My (F).
STEP 2: Let B be the set of biform variables in M(F).
If B # ¢ SELECT arow r corresponding to a variable x € B.
STEP 3; Foreachie€ C} andj € C-
STEP 31 COMPUTE A4
STEP 3.2: Augment to Mp(F) the vector A%
STEP 4. Update B = B - {z}
STEP S5 GOTO STEP 1
END

It is observed that Step 1 is computationally expensive and is performed many times.
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As the number of consens obtained in Step 3.1 increases, the number of columns of the
matrix Mp(F)dso increases. The agorithm is further explained with the help of an
example.

Example 2.4.1:-

Let F = {abcdé, abedfg,abcf,abedf ,abedg} be the formula. The matrix M(F)for this
formulais given in Figure 2.1(a). For this matrix, C = {a,d,b,b,¢,é,d,rf,e,é, f, f,9,3},
C = {1,2,3,4,5} and B = {c,d,f}. Let A® represent the matrix corresponding to the
st of adl consend with respect to the variable x. Let ¢ be the first biform variable
taken to compute the consensi. The matrix A¢ obtained by A§, and Aj; is given in
Figure 2.1(b). Augmenting the matrix A€ to the matrix Mp(F)gives the matrix in
Figure 2.1(c). Columns 2 and 6 of the matrix in Figure 2.1(c) gets absorbed by column 7
and hence gets deleted. The new Mp(F)obtained after deletion of the two columns is

given in Figure 2.2(a).

12345 12 1234567_
a[11111] al11 o 111131y
@al00000 aloo @ 0000000
bl11111 bl11 dlaiTiriid
hlooooo hloo 5/ 0000000
cl10111 cloo cl1011100
él01000 éloo élo100000

M(F)= d[11000 Ac= d |11 Mp(F)= d| 1100011
dlooo11 dloo dlooo1100
e|00000 e|l00 el 0000000
éel10000 él10 é€|1000010
flo1100 fl11 flo110011
flooo10 floo flooo1o000
glo1001 gl11 glo100111
gloo0000 g100_| 910000000

(2) (b) (<)
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The next iteration begins with B= {d,f}. The biform variable chosen is d and the
matrix A’ representing the consensi with respect to the variabledis given in Figure 2.2(b).
The augmented matrix is given in Figure 2.2(c) in which column 8 is absorbed by col-
umn 2. Hence this column is deleted and the resultant matrix is given in Figure 2.3(a).
The agorithm proceeds to find the consens with respect to the only biform variable left
in B, namely, /. The matrix A’ is given in Figure 2.3(b).

12345 A2 12345678
al11111 al111 al11111111
al00000 al000 @al00000000
bl11111 bl111 bl11111111
500000 Blooo plo00000000
¢ | 111%e cl111 cl11110111
El100000 E{000 ¢/00000000

Mp(F)=d|10001| A4=d|000| Mn(F)=d|10001000
da{00110 d|l0o0o d| 00110000
el 00000 e|000 e|00000000
€110000 él110 e[10000110
fl{o1o001 floo1 fl01001001
floo1o00 fl1o0 floo1o00100
9/00011 glot1 g(00011011
§|00000] g1000] §100000000]

@ (b) (©)
Figure 2.2

The augmented matrix of matrices My(F)and A’ in Figure 2.3 is given in Fig-
ure 2.4(a). The columns 1, 6, 7 and 10 of this matrix are absorbed by column 9, and
columns 3 and 4 are absorbed by column 8. These columns are removed from the ma
trix and the resulting matrix is given in Figure 2.4(b). At this point, B = q and the
agorithm terminates. The matrix Mn(F)in Figure 2.4(b) is the matrix representing the
st of prime implicates, { abcf, abdfg, abed, abce} of the formula F given by the matrix in
Figure 2.1(a).
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1234567 123
1 B S 0 al111
0000000 al00o0
1111111 bl111
0000000 Blooo
1111011 el 111
0000000 élooo
1000100 Af= d|001
0011000 dl100
0000000 e|l000
1000011 élo11
0100100 flooo
0010010 flooo
0001101 g|001
10000000 §l000]
@ (b)

Figure 2.3
12345678910 1234
1111111111 al1111
0000000000 aloooo
1111111111 b{1111
0000000000 blooo00
1111611111 cl1011
0000000000 e[0000
1000100001 Mn(F)=d|0100
0011000100 dloo10
0000000000 e|0000
1000011011 élooo1
0100100000 fli100
0010010000 floooo
0001101001 910100
| 0000000000 | §10000]

@ (b)

Figure 2.4
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Now let us assume that another formula? has been transmitted to the RMS by the
problem solver. The RMS has to update its knowledge base by compiling the additional
knowledge obtained. In the matrix representation scheme it can be said that another
matrix M(H) has to be appended to the origind matrix M(F)and the prime implicates
of the new matrix corresponding to FA H are to be computed. Of course, the Tison’s
algorithm explained above can be used to compute the prime implicates of M(FA H).
However, the computation of prime implicates of M(FA ft) using Tison's method does
not make use of the fact that the set of prime implicates of F is aready computed. The
matrix Mn(F) is equivaent to the matrix M(F)according to the definitions of prime
implicates and therefore, it is ideal to compute the set of prime implicates of M(FA H)
from the matrix My (F)corresponding to II(F), and the matrix M (H). The computation
timerequired to compute IT(F AH) reducesif the primeness of the columns of the matrix
M (F)are made use of.

The method of computing the prime implicates of a formula FA H from Mp(F)
and H, due to the addition of the formula is cdled the incremental approach. The
Tison's algorithm will generate redundant columns which may be absorbed in later steps
as it does not make use of the characteristic that the columns of the matrix Mp(F) are
aready prime. Hence Tison's algorithm is not suitable for incremental computation of
prime implicates. For the RMS update problem, when the assumptions are transmitted
to the RMS, what is needed is an incremental method to compute the prime implicates.
Kean and Tsiknis’ [Kean 90] proposed an incremental algorithm (IPIA) to compute the

nrime implicates if the formula H is a single clause, say, k. The IPIA algorithm is
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2.5 Kean and Tsknis Algorithm

In Chapter 1, we have noticed the need for revisng a knowledge base. Each time the
knowledge base changes, the inferences which can be obtained from the knowledge base
adso change. These inferences which are obtained by the compilation of knowledge base
have to be computed each time the knowledge base changes. We have dready seen in
Chapter 1 that compilation of a given knowledge base in prepositional form means that
the st of prime implicantsimplicates of the prepostiona formula are to be computed.
Updating the compiled knowledge base whenever a change occurs in the origina knowl-
edge base is an essentid operation. Due to the dynamic nature of the CMS, updating
the compiled knowledge base is the most complicated, and computationally expensive
operation.

As aready mentioned, it is ided to utilize the knowledge base which is already com-
piled rather than recompiling the entire knowledge base whenever a change occurs. For a
logic based system, this is to use the primeness of the set of prime implicants/implicates
which are already computed when the st is updated due to the additional formula given
to the RMS. Kean and Tsiknis [Kean 90] proposed an incremental method that updates
the set of prime implicates when the originad knowledge is appended by a single clause.

The st II(F) of prime implicates of a propositional formula Fis the compiled knowl-
edge base. When Fis updated by an additional formula H, correspondingly the set of
prime implicates II{(F) a0 has to be updated. Let the additional formula # be h, and
let the matrix corresponding to the new clause h be represented by M(h). Let ¢y and
C,, be the sa of columns of Mp(Fpnd M (h), respectively. Let By be the set of biform
variables x such that there are somet € C, j € Cn such that M(z,:)= Mp(z,;5) = 1,
or there are somet € Ci, | € Cn such that M(z,i) = Mn(z,j)= 1. For such x £ B,
let C* C Cn be the st of columns t such that Mn(z,0 = 1, and Cz*= C Cn be the st
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of columns i such that Mp(%,7) = 1. Let us assume that consensus is possible between
Mn(F)and M(h) with respect to some variable x. Let M,..(h) be a new matrix ob-
tained by augmenting the matrix A= representing the set of consensus with respect to
z, between columns of M(h) and columns of My (F). For the matrix Mp..(h), let CZ,
and C;Z, be the same as C{* and Cg” defined for Mp(F). With these notations, the
incrementa algorithm IPIA of Kean and Tsiknis’ is oulined below. The function append
appends two matrices.
Algorithm [PIA
INPUT: MATRICES Mp(FAND M(h)
OUTPUT: MATRIX REPRESENTING THE SET OF ALL PRIME
IMPLICATES of TA h

STEP O: Initidlize Mpe(h)= M(h)
STEP 1. Delete dl absorbed columns from the matrices Mp(F)and M,..,(h).

If M,..,(h)is deleted STOP.
STEP 2: If B, # ¢ SELECT arow r corresponding to avariable x € By,
STEP 3 Forexch t € Cif*and | € CZ,

STEP 31 COMPUTE A?

STEP 32 Augment to Mp..,(h) the vector A

STEP 33 Foreachi 6 C® and j € C}Z,

STEP 34. COMPUTE 4.

STEP 35 Augment to M, (h) the vector AF;
STEP 4: Déete al absorbed columns from Mp(F) and M,...(b).
STEP 5. Update B, = B, — {z}
STEPG: IF B, # ¢ GO TO STEP 2

else M(F A b)= append(Mn(F), M...(h)).

END
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The dgorithm IPIA is smilar to that of the Tison's agorithm with two differences:
Firgly, in this agorithm, in order to sdect the biform variables, only the newly trans-
mitted clause h is consdered, i.e, if the compliment of the literals in the new clause
IS present in any of the prime implicates of F, then consens between two columns are
performed only with respect to those variables. The columns in the matrix representing
st of prime implicates are dready prime and hence the consens between those columns
are not computed. The consens are performed between the columns in Mp(F) and the
columns of the matrix M,..(h). This helps to avoid most of the redundant computa-
tions. However, the IPIA agorithm in generd is applicable only when the additional
knowledge is a single clause. If the additional knowledge transmitted by the reasoner
totheRMSisasa (say by A h,... A h,) of clauses which is normally the case in any
redl-life application, then the agorithm IPIA has to be repeatedly invoked for each of
the clauses by, ha, . . ., by, SEQuentially. The following example will explain the working
of the agorithm.

Example2.5.1:-

Let H = {abcefadfgabf,acef, aceg} be the formula to be appended to the formula
F conddered in Example 24.1. In order to compute the II(F A H)using IPIA, the
algorithm has to be applied five times so as to incorporate the five clauses of H. First
when b; = {abcef},Mpew(hi)= (1 01010001001 0)T where superscript T
stands for the usua notation of matrix transpose, By, = {e, f}, and Mp(F)s as given
in Figure 2.4(b). The updated matriX My..(h;) obtained by augmenting the matrix
A® with the matrix Mpe(b1)is given in Figure 2.5(a). In this matrix the column 1 is
absorbed by the column 2 and hence it is deleted. The resulting M, (h,) is given in
Figure 2.5(b). The agorithm proceeds to find the consens with respect to the variable
/. The matrix M,..,(h,) augmented with the matrix A/ is given in Figure 2.5(c). It can
be observed that columns 1, 3 and 4 of Mn(F)n Figure 2.4(b) and columns 1 and 3 of
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Mren(hy) in Figure 2.5(c) are absorbed by column 2 of Mpey(hy) of Figure 2.5(c). Thus
Mn(F) corresponds to the single clause {abdf g} and Mpen(h1) corresponds to {abc}.
These two matrices together give the prime implicates of F A abcef which is given in

Figure 2.6(a).

12 1_ - 123
a[11] al1 al111
@l 00 alo @000
bi11 b1 bl111
b|00 510 tlooo0
cl11 cl1 el 1l
éloo Elo E|000

Mﬂew[hIJ =d|{00 Mnﬂu(bl) =d| 0 Mﬂm{h].) =d|001
d[0o d|o : dlooo
e|10 elo elooo
El00 élo eloo0o0
J|lo0 flo flooo0
fl11 fl1 flioo0
9100 glo gloo1
iloo | ilo] glooo]

(a) (b) (<)
Figure 2.5

To this end we begin to incorporate the next clause from the additional formula .
Webegin with Mpex(h,) = (1000001000011) " (the matrix representing the clause
h, = adfg) and Mn(F)is Meew(b2) given in Figure 2.6(a). For this problem, the sat
Bn = {/} and A" is computed which represents the clause abdg. This subsumes column 2
of My(F A b)) (Figure 2.6(a)) and hence, the primeimplicates of the formula F A by A b,
are {abc}, {adfgland {abdg},which is given by the matrix in Figure 2.6(b). Proceeding
in this manner, the prime implicates obtained after the incorporation of abf, acef,
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and aceg are given by the matrices in Figure 2.6(c), Figure 2.7(a), and Figure 2.7(b),
respectively. Thus, Figure 2.7(b) gives the matrix representing the prime implicates for

theformula F A H.

Mm(hﬁ)
(M(F A by

=l

e ey e 0 R B

[Tl = P -~}

@m0 B R O TS A p
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12 123 1234
11 af111 al1111
00 al0oo aloooo
11 bl101 b|1000
00 Blooo 510100
01 cl100 e|l1010
00 élooo gloooo
10| Mu(FAk)=d|011| Mn(FAbh)=d[0001
00] i=1,2. d{000f ;=123 d|0000
00 e|l000 e{0000
00 élo00 E|0000
10 flooo flo11o0
00 flo1o floooo
10 glo11 g|0001
00 | g1000] §10000_
@ (b) ©)
Figure 2.6
123456_ 12345678
111100 a[11110000
000010 alooooi1o010
100000 b|10000000
010001 (01000100
101000 c|10100000
000011 El00001111
000000 My(FAH)= d|00010000
000000 d|{00000000
000011 e|00001111
000000 €|00000000
011011 flo1101100
000000 flo0000000
000100 g(00010011
000000 §/00000000]
@ (b)

Figure2.7
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A consensus tree representation for the implementation of IPIA, and various refine-
ments to IPIA have been proposed [Kean 90]. The different refinements suggested are,
(i) Root optimization that recommends to terminate the search for consens with re-
spect to the biform variable x, and makes the consensus of C and C; the root of a new
consensus tree if the consensus of C and C; with respect to the biform variable x sub-
sumes C. Obvioudy, any further consens involving C will be subsumable by consens
involving Con(C, C; 4). However, the problem of finding such Con(C, Ci,x) quickly is
not addressed by the algorithm.

(i) Sngle biform selection restricts to consider only entries p from II(F) having the
property pNC = {z;}* when looking for consens with C with respect to the :th biform
variable z;. Prime implicates from II(F) not having this property will not generate a
consensus but a tautology.

(iii) The history [Kean 90] of a clause contains dl the biform variables of C that were
involved in the chain of consensus operation that generates the clause. The history re-
striction suggests that when looking for consens with a clause C;, any clause p in II(F)
for which pN history(C;)= 0 are only to be consdered. For clause C and for each clause
derived by consensus, its history is defined as

history(C)= 0;

history(C;,Cj,z)= history(C;)U {z}.

It is daimed that the cases where p N history(C;)# 0 will introduce variables from C;’s
history unnecessarily.

(iv) Locd subsumption check suggests an early dimination of subsumed parent nodes
and arc cdlauses. For each node of the tree if any node subsumes the parent node, then
that node subsumes dl the children of the parent node that are generated at that sege.
Similarly, if the node subsumes an arc which connects it to the parent node, then that

NMfp= {ay,az,...,a;},then p= {a,a2,...,a}
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node will subsume al the nodes resulting from any node of the tree and the arc. Hence,
early elimination of such nodes and arcs are obvioudy advantageous.

But as cited by Jackson in [Jackson 92], the history restriction and the loca subsump-
tion checking interact to cause incompleteness. Moreover, it has aready been demon-
strated that the method is not suitable if the additional knowledge transmitted by the
reasoner to the RMS is represented by more than a single propositional clause. Generd-
ly, in the RM S framework, the additional knowledge transmitted by the reasoner to the
RMS may be a set of clauses rather than a single clause. In this case, IPIA agorithm
is not efficient for the smple reason that each of the clauses in the set has to be treated
individually, which is time consuming. Idedly the prime implicates II{(FA H) should
be obtained from II(F)and II(H). Further, an agorithm which treats the additional
knowledge collectively would be good for RM S update problems.

This thesis suggests a more efficient agorithm which computes the prime implicants
of an updated formulaincrementally. Moreover, the agorithm proposed in thisthesis can
treat the additional set of clauses collectively, and compute the set of prime implicants
for the updated knowledge. Thus the method proposed is efficient in globa aswell asin

incremental modes.

2.6 Paths in aBinary Matrix

The consensus method of Tison and its modifications, compute the prime implicates of
aformula. Socher [Socher 91] proposes an agorithm to compute the prime implicants
of aformula, using a concept of paths in a binary matrix. This section introduces the
definition of path in a binary matrix and few notations used in this dissertation.

Definition 26.1:- A path in a binary matrix is a set p of literals such that

VieC,3z € ppuch that M(z,i)= 1
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Note:- A path is a conjunctive clause if the matrix represents a CNF formula and
disjunctive clause if the formulais in DNF.

In this thesis unless otherwise stated it has to be assumed that apath is aconjunctive
clause since the formula F is assumed to be in CNF. All the properties of conjunctive
clauses hold good for paths. A path p subsumes another path q if and only if p C q,

and is fundamental if and only if for all x e p, = € p.

Definition 2.6.2:- A path p is complete if it isfundamental and has exactly one entry

from the set C of literals corresponding to each column.

Definition 2.6.3:- A complete path p is prime if and only if for all complete paths

g, qCpifand only ifg = p.

Definition 2.6.4:- For SCC, T CC, M[S, T] is the submatriz of M (F) consisting of

columns in S and ignoring therows in 7.

P[S, T)denotes the st of al prime paths of M[S,T]. By definition 2.6.4 M|C, ¢]

represents the fundamental formula F.

Definition 2.6.5:- With the usual union notation U, concatenation, denoted by the op-

erator ¥, of any two paths p and q is defined as

o | pUQq; ifp U g isfundamental
p¥q=
1 not defined ;  otherwise

Definition 2.6.6:- For P[S',T|# ¢ and P[S",T] # ¢ when §’,$”"C Sand T C C,
P[S',T]yP[S",T] = {pU q p € P[S',T] and q €P[S",T}}

Socher's algorithm uses this concept of path in a binary matrix. Properties of paths
are discussed in Chapter 3. Using the above definitions and notations Socher's algorithm
is elaborated in the next Section.
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2.7 Socher's Algorithm

The multiplication algorithm Transform proposed by Socher [Socher 91] computes the
prime implicants of a prepositional formulaT by computing the prime paths in a binary
matrix representing the formula. The main difference of Socher's method from the Se-
mantic tree method of Sagle et. al. [Sagle 70] isin the data structure used. The Saglées
method computes the prime implicants using a concept of path in a Semantic tree where
as Socher's agorithm computes the prime implicants of a formula using the concept of
path in a binary matrix. This section discusses Socher's agorithm using the notations
and definitions cited in Section 2.6.

For any literal r 6 £ defineast S, C Sas S, = {i € C\ M(r,z) = 1}. The following
algorithm, TRANSFORM, outlines Socher's multiplication algorithm.

Algorithm TRANSFORM
INPUT: M[5,7], THE CURRENT MATRIX
OUTPUT: SET OF ALL PRIME PATHS P[ST] OF M[ST]
STEP 0: T = ft P[S,T)= ¢; INITIALIZATION
STEP 1. Delete absorbed columns; if M [S,7$ zero matrix return P[S T]
STEP 2 Sdectr ¢ T
STEP 3. ComputeP[S — S,, T U{r,7}]
STEP 4: Update P[S,T)= {p¥ {r} | p € P[S- S,, TU {r,7}]}
STEP 5. Update T=TU {r}.
T #L
Go to step 1.
STEP 6: Carry out subsumption on
P[ST] to obtain the residue P
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STEP 7: Update P[S,T] = V.
END

Remark 2.7.1 The literalr in STEP S can be selected arbitrarily. However, a heuristic
is recommended by Socher [ Socher 91], to select r byfinding the row having the maximum
number of 1sin M(F).

The correctness of the algorithm has been proved by Socher in [Socher 91] where
certain refinements of the algorithm are aso proposed. However, certain properties of
the algorithm are independently proved in this thesis. Since such analysis are more apt
in the following chapter where a new agorithm is proposed, the theoretical andyss of
theagorithmisgivenin Chapter 3. Thefollowing examplefurther explainstheworking
of thealgorithm TRANSFORM.

Example2.7.1:-

Let F = {abcdé,abddfg,abcf,abedf,abedg, abeef, adfg,abf, aéef, abeglpsent a
formula. The clause matrix M[C, ¢]for this formulais given by the following matrix,
where C = {1,2,...,10},and £ = {a,a, b,b,¢,é,d,d,e,é, f, f, 9,4}

For the matrix M[C,¢], the agorithm TRANSFORM works as follows. Initialy
T =faS=2¢C, and P[S,4] = ¢. Applying the heuristic mentioned earlier (Re-
mark 2.7.1), literd ‘a’ ischosen asr in Step 2. S, = Sa = {1,2,3,4,5,6,7,8} and
P[S-S,, {a,a}] = P[{9,10}, {a,a}]. In Step 3, the algorithm computes P[{9, 10}, {a,a}]
which axe {¢},{e} and {f,g}. These are concatenated with {a} in Step 4 to obtain the
paths {a,é}, {a,e} and {a, f,g}. These are the only paths containing a and hence in the
Step 5, the row corresponding to ‘e’ is deleted from the matrix by updating T = {e},
and the agorithm starts afresh with the new matrix M[C, T].
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12345678910
(11111111007
0000000011
1111110000
0000000100
1011110000
0100000011
1100001000
0001100000
0010010011
1000000000
110000110
0001011000
0100101001
(0000000000

Dr@ e D AR DTSy

In this iteration, a Step 2, the literal 'b' is chosen as r and P[{7,8,9,10}, {a,b, b}]
is computed in Step 3. In order to compute P[{7,8,9,10}, {a,b,b}] the agorithm first
chooses the literal a and computes P[{7,8}, {a,3, b,b}]. The paths are {d, f} and {f,g},
which are concatenated with a to get {a,d,/} and {a,f,g}. These are the only pathsin
P[{7,8},{a,b, b}] containing a. At this stage, the algorithm temporarily deetes the row
corresponding to a and proceeds to compute the other paths in P[{7,8}, {a,a, b,b}]. For
this, the literd ¢ is chosen and computes P[{7,8}, {a, &, b, b,¢,¢}] which are {d, f} and
{/,g}. Thisisthe same as P[{7,8}, {a,& b,b}] computed earlier. These are concatenated
with cto get {¢,d, f} and {&,f,g}-

Further, the agorithm deetes the row corresponding to the literal ¢ and proceeds
to find P[{7,8}, {a,&,b,b,¢,¢, € €}], on choosing e as the next literal. The paths are
{d,f} and {f,g}, which are ds0 the same as paths in P[{7,8},{a,&,b,b}], and are
concatenated with the literd e to get the paths {d,e, f} and {e, f,g}. Thus the paths
P[{7,8,9,10}, {a,b,b}] computed so far are {a,d, f},{a, f,9},{¢, 4, f},{¢, £, 9}, {d e, f}
and {e,f,g}. There are dill other paths in P[{7,8,9,10}, {a,},4}], and in order to
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compute them, the literal / is chosen and P[{7,10}, {a,&, b,b,¢,e, f, f}] is computed.
g is the only path and it is concatenated with / to get {f,¢g}. The agorithm cannot
proceed any further to compute P[{7,8,9,10}, {a,b, b}].

Thus the paths obtained are {a,d, f},{a, f,9}, {6, d, f},{é, f,9},{d, e, f}, {e, f, 9}
and {f,g}. All the subsumed paths are weeded out and the prime paths obtained are
concatenated with 6 to get the paths {a,b,d, f},{b,é,d, f}, {b, rf.e/}, and {b, f,g}.At
this stage the agorithm updates T as {e,6} and proceedsto find P[C, {a,a b,b,C, &}] On
choosing ¢ as the next r in Step 2. Proceeding thus, the prime paths obtained at the
end of the agorithm are {a,é}, {a, €}, {a, f,9}, {b, f, 9}, {c, f.9}, {&,b,d, f},{a,b,c,g},
{a,b,¢c,d}, {a,c,d, f}, {b,¢,4d, f}, {b,d,e, f}, {b,c,e,g}, {b,c,d,e}, {c,d,e, f}.

A smpleinspection reveds that the paths {d,/} and {f, g} are computed many times.
This is unnecessary and waste of computing efforts. These redundant computations can
be easly avoided. Moreover, Socher's algorithm is not suitable to handle incremental
computation of prime implicants.

For moreefficient computation, anew algorithmisdesignedin thisthesswhich avoids
redundant computations performed by Socher's algorithm. The agorithm designed is
suitable to handle incremental computation of prime implicants. The theoretical aspects
of the new algorithm, its advantages over Socher's algorithm as well as Kean and Tsiknis

agorithm are discussed in Chapter 3.

2.8 Conclusion

The consensus method of Tison and the IPIA of Kean and Tsiknis, to compute the prime
implicates of aformulaare discussed using the binary matrix representation. The concept
of path in a binary matrix is introduced and Socher's algorithm which uses this concept
of path is daborated with example. Attempt is made to show that Socher's agorithm
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performs certain redundant computations. In brief, the motivation for development of a
new agorithm for prime implicants is discussed here. The theoretical analysis of Socher's
algorithm can be seen in Chapter 3 where a new algorithm to compute the prime paths

of aformulais presented.



Chapter 3

COMPUTATION OF PRIME PATHS

3.1 Introduction

The prime implicants/implicates have been of great importance in the context of RMS
and hypothetical reasoning. So, thereis the need to design efficient algorithm to compute
the prime implicantsimplicates of a formula, in globa as wel as incrementa mode.
Though the concept of path computation in a matrix representation of the formulais
acceptable, the Socher's dgorithm is inefficient as it involves redundant computations.
In this chapter, a specia scheme to partition the matrix representing the formula is
introduced. Paths that contain the literal V and that do not contain the literal V
are characterized in this chapter. A concept of extension of a path in a submatrix to
a bigger matrix is aso established in this chapter. Based on these characterizations,
Prime Implicant Algorithm using Paths and Extension (PIAPE) is proposed, which
evades the redundant computations involved in Socher's algorithm [Socher 91]. The major
underlying concept of the present algorithm is the fact that the prime paths of a matrix
can be obtained by the concatenation of prime paths of submatrices and subsequent
removal of the subsumed paths.

The actual execution time of any prime implicants/implicates algorithm depends
crucialy on the number and expense of the subsumption checks required. Attempts are
made by the researchers [Tison 67, Kean 90, Socher 91] to reduce the number of impli-

cantsimplicates generated, which in turn certainly reduces the number of subsumption

43
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checks required. Generdly, the number of subsumption checks growsfaster [de Kleer 94]
than the square of the final number of prime implicants. Unfortunately, none of the
researchers has discussed how the subsumption checks, the red culprit for the high com-
putation time, are carried out. Any prime implicants/implicates algorithm without such
specifications is incomplete. The characterization of prime paths of the submatrix which
become prime in a bigger matrix is obtained, and the Prime Implicant Algorithm using
Paths (PI1AP), the refinement of PIAPE is presented in Section 3.34. The number of
subsumption checks reduces substantially since the number of paths considered for sub-
sumption checks isless. The correctness of PIAPE and PIAP are given in Section 3.3.2
and Section 3.35, respectively.

Advantages of PIAP over PIAPE, Socher's agorithm [Socher 91], and IPIA of
Kean and Taknis [Kean 90] are discussed in Section 34. There are specia cases which
contribute to the improvement and better implementation, of PIAP. These cases are
discussed in a later section. Prime paths can be used to check the consistency of a
formula, provability of a query and to find the minimal support for a query, to name
afew. These issues are discussed in subsequent sections. Based on these discussions,
minimal support for aquery is redefined in terms of paths. Due to the partition scheme,
the algorithm PIAP presented here is suitable for the incremental computation of prime
paths to facilitate hypothetical reasoning. The Section 3.7 recapitulates the highlights.

3.2 Properties of Prime Paths

In Section 2.6, it has been introduced that P[S, T] is the set of prime paths in the binary
matrix M[S, T]obtained by taking 5 C C of columns and deleting T C £ of rows of the
matrix M(F). Any path in P[S,T] is prime according to the notation and hence will be
explicitly stated only when needed. The following definitions and theorems show that
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al the prime paths of M[§, 7T]can be obtained by the concatenation of prime paths of
submeatrices of M [S, T}, followed by the remova of the subsumed paths. In the following
subsection, a specific type of partition is introduced which helps in characterizing prime

paths containing a literal r and prime paths not containing r.

3.2.1 Partitioning

A property regarding concatenation of prime paths in two submatrices to get a path in

the whole matrix is explored here.
Theorem 3.2.1:- Let S'CSCCand T C L, then P[S,T]C P[S, T]WP[S - S',T].

Pr oof: -
For any p € P[S,T] it is to be proved that there exists some path q € P[S’, T] and
some path s € P[S— §', 7] such that p= qW¥s. Let us define for any p € P[S,T],

pr={z€p|M(z,i)= 1fori 65}
p: = {zGp | M(z,i) =1 for : €S- 8’}

Clealy, p,fel p; is apath in M[S,7] in the sense that for every x € p; ¥ p,, there
exists somei € S such that M(z,i)— 1.

pisprimein M[S,T] and hence it is complete in M[S, T}. Therefore, the path p, is
aso completein M[S’,T]. Let us assumethat p; isnot prime. Then there is a complete
path q, in M[$’,T]subsuming'p;. q; ¥ p; is a complete path in M[S,T]. If q & p2
subsumes p, then p is not prime which is a contradiction. If not, then q; W p2 = p.
Now if g; is not prime, then, following the same arguments, there is a g, in M[S’, T]
subsuming q, and ¢, ¥ P2 = p. Repesating this way, the process results in arriving at a
path q € P[S’, T] such that q¥ P2 = P-
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Applying the same arguments for p2 from this point onward, a path s€ P[S—§',T]
is obtained such that qw s = p. This completes the proof. .

A more genera result which takes into account any pair of subsets §' and S' can be
stated as the following corollary. The specid case in Theorem 3.2.1 can be obtained by
considering S'NS' = ¢ and S= §'U §”.

Corollary 3.2.1:- For §",8"cC and T C £, P[S'uS”",T|C P[S',T|W¥ P[S",T].

The proof of the Theorem 3.2.1 is independent of the fact that $'n S-S’ = ¢. Hence
the corollary directly follows from the Theorem 3.2.1.

From the above results, it is seen that if the sat of clauses is divided into two sets,
then the prime paths of each of the subsets, when concatenated, give riseto paths for the
whole sat of clauses. However, such apath may not be aprime path as it is complete but
not necessarily defined due to violation of fundamentality. Moreover, the above process
does not take into account the fact that these paths may be subsumed by some other

paths.

Remark 3.2.1:- For anyp; € P[S’,T] andp; € P[S—S’,T], p1 Wp2 is not necessarily
a path in P[S,T].

This may happen due to the following reasons.

1. p, ¥ p; may not be defined because p1 U p, mav not befundamental even if p,and
P2 are individually fundamental. For example, let p1 = {¢,/} and p2 = {b,/}.
Though both p; and p2 are individually fundamental, p, U p; = {b,c, f, f} is not

fundamental.

2. There may be some path q € P[S,7] which subsumes p; U p,. For example, let
p1 = {¢,d},p2 = {b, fland ps = {b,d}. p¥p, = {b,¢,d, f} and p,wps = {b,c,d}.
It is evident that p; @ P2 is subsumed by p1 Wps.
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The subset relationship in Corollary 32.1 cannot be made sharper as such because
p W P2 is not dways prime. Precisely due to this reason, the characterization made in
Theorem 321 is partial and is not expressed in terms of equality.

For the purpose of efficient computation, it is assumed that S O §” = ¢ as this
avoids the overlapping of some clauses and hence avoids repeated computation. Thus,
for SCC, and T C £ of any matrix M[S,L- T], define S, = {i € 5: M(r,3) = 1}
for some (to be chosen later) literal r in £— 7. By definition, S, contains dl columnsin
M[S,£E—T] which has 1 in the r** row. Using the above notations, the following section

discusses certain properties of the set of prime paths not containing aliteral r.

3.2.2 Prime paths void of the literal r

For any matrix M([S,T], 5V and S— S, are two nonintersecting subsets of 5. Hence,
based on the partitioning technigque described in Section 3.2.1, the prime paths which do
not contain aliteral r can be characterized. The specific partitioning scheme followed
here is that the set Sis partitioned into S, and S—S,.

This partitioning scheme does not directly affect the results here. However, it becomes
useful later to characterize the prime paths containing the literal r.

Thus, the following corollary to Theorem 3.2.1 gives the partial characterization of

prime paths which do not contain the literal r.

Corollary 3.2.2:- The set ofprime_ paths of M[S, T}which do not containr is a subset
of P[S,, T U {r}]YP[S-S,, TU{r}l

Proof:-

A primepath in M[S, T} which doesnot containr isapath in P[S, T u {r}].By def-
inition, S, C S Therefore, by subgtituting S, for $'and 7 U {r} for T in Theorem 321,
weobtain P[S,TU {r}]C P[S,, TU {r}]JYP[S- Sr, TU {r}]. Hence the proof. .
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Due to the arguments in Remark 321, this characterization is partial. Except for the
subsumption, the characterization is complete. However, specid characteristics of the set
of prime paths which contain the literal r can be completely identified. The properties

of prime paths containing the literal r are discussed in the following subsection.

3.2.3 Prime paths containing the literal r

It is seen that partitioning 5 using the literd r as S, and S— S, helps in partia char-

acterization of paths which do not contain r. The same partitioning can be effectively

used to completely characterize prime paths containing the litera r. The underlying

principle is that the only paths in P[S,, T]that contain r is {r} and there is no path in .
P[S— S,, T]which contains r. This can be formally stated as the following theorem.

Theorem 3.2.2:- The set of prime paths of M[S, T)which contain r is a subset of
{r} P[S - S,, T U {F}].

Proof:-

A path in P[S,T] that contains r does not contain f and hence it is adso a path in
P[S,TU {#}]. By Theorem 321, P[S,T U {f}]C P|[S,,T U {f}J¥P[S- S,,T U {#}].
Since no path in P[S— S,,T U {#}] contains f, every path in P[S,7] containing r is
generated by the concatenation of some path in P[S,,7 U {#}] containing r and a path
in P[S- S,,TU {7}]. But the only path in P[S,,7U {#}] that contains r is {r} by
the definition of S,. Hence, the paths in P[S,7] that contain r are obtained by the
concatenation of {r} with pathsin P[S—S,, TU {7}]. Hence the proof. .

Remark 3.2.2:- The set {r}& P[S— S,, T U{7}] contains only prime paths that contain
the literal r and hence can be written equivalently as {r}& P[S— S,,T] or, {r} U P[S—
S, T U {F}] or, {r}wP[S-S,,T U {r}]. In thisthesis, the set of paths containing the
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literal r is denoted by {r}w P[S- S,,T U {r}] unless there is an explicit need for using

other notations.

The characterization of prime paths not containing the litera r and of prime paths
containing the literal r are given in Corollary 3.2.1 and Theorem 3.2.2, respectively. Thus,
by the above results, dl the paths in P[S,7] can be obtained by the union of the sets
{r}yP[S— S;,T U {r}] and P[ST U {r}] subject to fundamentally and subsumption
criteria. Socher's algorithm [Socher 91] is essentidly based on this principle.

The converse of Theorem 3.2.2 is, in generd, not true. There may be paths in the st
{r}WYP[S— S,,T U {r}]which are not prime paths, i.e, there may be paths in the st
{r}¥P[S-S,,TU{r}] which are subsumed by some other pathsin P[S, T]. For example,
if p= {a,b,c} € P[S,TU {r}],then p € P[S,T]since p is fundamental, complete and
primein P[S, T U {r}],and subsumespte) {r}= {a,b, c,r}. Theother pathsare precisely
the complete paths in M[S— §', 7] for some nonempty subset S’ of 5 which admits the
possibility of being complete when considered as paths in M[S,7T]. The properties of
paths containing r which may be subsumed by some other pathsin P[S, T] are discussed
in Section 3.33. If gis a path in M[S—S’, TJwhich admits the possibility of being
primein M[S,T]then for every : G S, there is some x € g such that M(z,i)= 1. This

motivates us to lay out the definition of extension of apath in the following subsection.

3.24 Extenson of a path

The extension of apath pin asubmatrix to abigger matrix isformally stated asfollows.

Definition 3.2.1:- Let p € P[S- S',T]. Then the extension of a path p to the matrix
M[S’,T]is defined as the set

E(p,S) = {i€S | M(z,?) = 1 for some X € p}.
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By extension of a path pin P[S— &', T] we mean that it is the s&t of columnsin S’
having anonzero entry for the literalsin the path p. This concept is pictoridly illustrated
in Figure 31 All boxes represent a contiguous blocks of 1saong the row in the matrix.
The dark boxes (mm) represent apath p = {ry,rs,r3,r4} in M[S- S, T]. The shaded
boxes (zz) represent the set of 1s in the submatrix M[S’,T] dong the rows ry,r, and
rq. In other words, the shaded boxes correspond to columns i such that M(z,:)= 1 for
some x € p. Hence, these columns represent the extension of p with respect to 5. In
Figure 31, the s&t S” is the extension E(p, $’). pisapath in M[S— &', 7] as wel asin
M(S",T]. Hence the path p is extended to a larger submatrix M[S— S'U §”, T]of the
origina matrix. In Figure 3., the boxes () represent contiguous block of 1s for some

literdls in the formula.

5 — 5 - —
Sl'
H— Su b —
Ty rrv]
ra — EZZIIER
r3 - Com—
f‘l C—
= o —

Figure 31 Extension of a path p (E(p,S) = S")
= represents path p= {ry,rs,r3,r4} in S—5’
represents the st of 1s in the columns S' adong

the rows ry,r; and ry.
= represents contiguous block of 1s for some literals.

Consider the Example 27.1 where S, = {1,2,3,4,5,6},p = {f,g} € P[S- S,b].
E(p,S)= {2,3,5} snce M(f,2) = M(f,3) = M(g,5) 1.
With this concept of extenson of a path and the fact that the occurrence of aliterd r

in any clause precludes any occurrence of the litera f in it, some more properties of prime
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paths are described below.
Theorem 3.2.3:- Ifp € P[S- 5, 7] then p € P[((S- S) U E(p,S")),T).

Proof:-

Ifp € P[S— 5,7], then for all z 6 p there exists some i € 5 — §’ such that
M(z,i)= 1. By the Definition 3.2.1 of E(p,S’), if ] € E(p,S’), then there is some
X 6 p such that M(z,j) = 1. Then, dealy, p is apath in M[((S- $")U E(p, S")),T].
Sncepisaprimepathin M[S—S$',T], itiscomplete. Let us assumethat pisnot primein
M[((S— S")UE(p, S")), T]. Thenthereisacompletepath qin P[((S S")UE(p, $")), T)
that subsumesp. Since5— S’ C (5— S')U E(p, S’), thereisacomplete path ¢, C g in
P[5— S, 7] such that q; subsumespin P[5— §’,7]. This contradicts the primeness Of
thepath pin P[S—S’,T]. Hencethetheoremis proved. .

For some prime paths p in M[S— S,,T U {r}], the extension of p to M[S,,T U {1}]
is S,. Thefollowing corollary to the Theorem 3.2.3 characterizes such prime paths.

Corollary 3.2.3:- Let p be a prime path in M[S— S,,7 U {r}]. Then the extension
E(p,S,)= S, if and only if p€ P[S,T].

Proof:-

(=) Let us assume that E(p,S,) = S,. Then, 5- S, U E(p,S,)= 5. Substituting
S, for s and TU {r} for T in Theorem 323, it can be seen that p € P[S, T U {r}).
P[S,T U {r}] contains prime paths in M[S, T] void of literal r, and hence is a subset of
A5, 7). Therefore, p 6 P[S,T].

(«) Let p € P[S,T). p does not contain the literal r sncep € A5- S,, T U {r}].
Sncep G P[S,T], for al z 6 p there exists some = € 5 such that M(z,:) = 1. By
Definition 321, E(p,S,)C S,. Henceit is only required to prove that S, C E(p, S;)-
Tothisend, letj 6 S,. Then, snce S, C 5 and p is completein M[S, T], there is some
y € p such that M(y,j) = 1. Hences € E(p,S,)- This completes the proof. .
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In Figure 3.2, it can be seen that E(p, S) = S and hence p is a prime path in the

whole matrix.
S S - S—
Sf g ——
E(p,S) '
L —_— — =
Tg| "= | — ——
r3 - — e
T4 — e B e B e
r's e

Figure 3.2: Illustration of case where E(p, S,;) = £
= represents path p = {ry,r3,r3, 74,75} iIn S — 5,
= represents the set of 1s in the columns S, along
the rows ry,ry, 73 and ry.

The complete characterization of prime paths having the property E(p,S) — S
for some p € P[S- §,,T U {r}] is established by Theorem 3.2.3 and Corollary 3.2.3.
The other pathsin P[S,T] mentioned earlier in Section 3.2.3 are the paths having the
property E(p,S,)= S, for some S, C 5. Moreover, any path p € P[S—S,,T U {r}]
satisfying E(p, S,)= S, need not be concatenated with any q € P[S,,7 U {r}] so asto
get apath in M([S,T]. Thisis because any path thus obtained is definitely subsumed
by pin P[S,T]. This motivates us to characterize the prime paths which do not satisfy
E(p, S,) = S,. Thefollowing theorem characterizes such paths.

Theorem 3.2.4:- Let p € P[S- S,,T7 U {r}]. Then p¥ {r} € P[S,T] if and only if
E(p,S,) # S,.

Proof: -
(=) follows from the Corollary 322 by contrgposition since, if E(p,S,) = S;, then
p is a prime path in P[S,T]. Thisimplies that p® {r} is not prime.
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(<=) Assume that E(p,S) + S. Sincep € P[S- S,,TU {}] and {r} € P[S,,T],
p W{r} is defined, and fundamental if f ¢p, and is a complete path in M[S,T] sincefor
dl x € py {r} thereis some: 6 5 such that M(z,i) = 1.

Let us assume that pw {r} is not primein M[S,7]. Then there is a complete path
g € P[S,T] that subsumesp ¥ {r}. Since E(p, S,)# S, thereis somei € S, such that
M(z,i) = 0for dl x G p. Therefore, if g subsumesp, then M(z,z) = O, for dl x € g and
for somei € S;, contradicting the fact that g is apath in P[S, 7]. Othewise, thereis a
complete path g1 € g - {r} in P[S- S,,T] (P[S- S,,T u{r}]) such that q, subsumes
p- This contradicts the primeness of p in P[S- S,,7 U {r}]. Hencepw {r} € P[S,T].
This completes the proof. .

For example, consder the Example 2.7.1 where S, = {1,2,3,4,5,6} and p = {f,g}.
p € P[S — S,bland E(p,S:) = {2,3,5}. {2,3,5} # {1,2,3,4,5,6}, and therefore,
E(p, Si)# Ss. Hence, pw {b} = {b, f,g} isapath in P[S,T].

In Figure 33, E(p,S;)# S, and hence in order to extend the path p to S,, some
literdls from M[S,,T] have to be concatenated with p. The literal r gives a nonzero
entry in dl the columns of S, and hence is concatenated to give atrivial prime path in

the whole matrix.

I_"S == Sf"_
S,
; =<y By
1p=- ]
Tz - Tmam
r3 - ——
r‘ —— X @A .ﬁ: -
= —

Figure 3.3: Illustration of case where E(p, S,) # S,
== represents path p = {ry,ry,r3,7} in §~ 8,
w= represents the set of 1s in the columns S, along
the rows ry,r; and r4.
3 represents contiguous block of 1s for some literals.
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Thus, Theorem 3.24 establishes the properties of paths p € P[S— S,,T U {r}]
satisfying E(p,S:) # Sr. Moreover, it gives the complete characterization of prime paths
in A5, T] containing thelitera r. It isto be noted that there are prime paths in the other
partition satisfying similar conditions. The following theorem gives the characterization
of paths q € P[S:, TU {r}] satisfying E(q, S- S,) # S- S,.

Theorem 3.2.5:- Let p € P[S—S,,TU{r}],q € P[S,,TU{r}] such that E(p, S, ) S,
and E(q,S—S,;)# S—S,. Thenpw q is a path in M[S,T]not containing r.

Proof:-

pand g are primepathsin M[S— S,, T U{r}]and M[S,,T u{r}],respectively. Since
S, US—S, = 8, pwqisfundamental and completein M|[S, 7). Both p and g are void
of the literal r. Therefore, pw q is a path in M[S, T] not containing r. This completes
the proof. .

This is apartial characterization of paths not containing the litera r because dl the
paths so obtained may not aways be prime due to the arguments given in Remark 3.2.1.
Based on these discussions, therecursive a gorithm to computethe primepaths of M|[C, ¢]

Isgivenin thefollowing section.

3.3 Algorithms to Compute Prime Paths

In the previous section, the properties of prime paths have been established by partition-
ing the matrix representing the set of clauses into two submatrices and introducing the
concept of extenson of a path in a submatrix to the other submatrix. Based on these,
the Prime Implicant Algorithm using Paths and Extenson (PIAPE) which computes
the prime implicants of M[ST] is given below.
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3.3.1 Algorithm PIAPE

Algorithm PIAPE
INPUT: M[ST] , THE CURRENT MATRIX
OUTPUT: SET OF ALL PRIME PATHS P[ST] OF M[ST]
STEP O: Initidization P[ST] = fa
STEP 1. Sdectarow r¢g T
STEP 2: Compute P[S,,T U {r}] and P[S — S,,T U{r}]
STEP 3: For allp € P[S- S,,T U{r}],do
if E(p,S,)= S,,
then do

31 Update P[S, T] = FS T] U {p}

3.2 Update P[5-8S,,T U {r}]=P[S-S,, T u{r}]- {p}

33 ese Update P[S,T] = P[S,T] U {pwr}
STEP 4: For dl q 6 P[S,,T U {r}],do

if E(,S—S)¥ S-5,,
thendo

41 Update P[5, T] = P[S, T] U {q}

4.2 Update P[S,, TU {r}]=PF5- S,,7 U {r}]- {q}

43 dsefordl pe P5- S, TU {r}] such that E(p,S,) # S,

4.4  ComputeR = {p¥q|p6P[S-5,,T U {r}l,q€P[S,, T U {r}]}
STEP 5: Update R=RUPIS,T]
STEP 6. Deete dl subsumed pathsin ft to obtain the residue P[S, T]
END
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3.3.2 Correctness of the algorithm PIAPE

The agorithm PIAPE correctly computes the sat P[ST] of dl prime pathsin M[S, T].
The correctness of the algorithm can be derived from the theorems proved earlier in
this chapter. By Theorem 321, for a partition of Sas S and S— §, every path in
P[ST] must be in the form of p, W p2 where p, € P[S,,T]and p2 € P[S- S,,T].
By Theorem 322, every path in P[S,,T]is either {r} or a path not containing r. So,
every path in P[S,T]is either of the form {r}wp2 or, p, ¥ P2 when r ¢ p,. By
Theorem 323 and Corollary 323, if E(p1,S- S,) = 5- S,, then p; ¥ q is subsumed
by p: for any q € P[S,, T] and hence, no concatenation should take place with p;. Using
the same argument, if E(p2,S,)= S,, then no concatenation should take place with p,.
When the above two conditions are not satisfied, p; and p2 can be concatenated due to
Theorem 3.25. There is no other method to generate a path p in M[S,T]. However,
al the paths which are generated so far, may not be in P[S, T] as subsumption is not
completely taken into account. Hence, as the last step, dl paths which are subsumed by
some other paths are deleted from the paths thus generated to get P[S, T].

3.3.3 Extension as subsumption

In order to check the posshbility of extending the prime path p in M[S— &', T] as &
prime path in M[S,T], the computation of st E(p, S')for some S’ C 5 is the crucial
step in the agorithm PIAPE. From the foregoing discussions, it is seen that this step
is essentid to avoid certain subsumptions. However, this need not be checked explicitly
as directed by the agorithm because of the following remark.

Remark 3.3.1:- Corollary 3.2.3 allows usto decide whether a pathp € P[S-S,,Tu{r}]
isapath in P[S, 7] or whether it should be extended trivially to a path in P[S,7]. This
leads to a general problem of checking E(p, S;)— S, for some §, C S. This can be
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accomplished by a simple technique if P[S,,7 U{r}] is known. The technique is not only

simple, but it also identifies a path in the other partition which is subsumed,

Thus, in order to check E(p, §) = §, it is enough to check whether there is any
q € P[S,,TU {r}] subsuming p € P[S- §,,7U {r}], in which cae p isin P[S,T]:
For p € P[S- S,, T U {r}],if E(p,S;) = S,, thenpisin FAS 7] and hence p need not
be concatenated with any of q € P[S,,7 U {r}] so as to get apath in P[S,7]. Thisis
because any path so obtained by concatenation is definitely subsumed by p. Further, it is
to be noted that due to the characterization of prime paths, those paths which have the
property E(p, S,) = S, are never subsumed by any path in M[S,T] and hence need not be
considered for subsumption check. Let P1 be the st of such paths in P[S,7]. A similar
argument is used for path qin P[S,, T U {r}] having the property E(q, S—S:) = S—G,.
Let P2 be the st of such paths in P[S, T] which are not considered for subsumption
check.

By the above discussions, the check involved in Steps 3 and 4 of the algorithm PIAPE

can be accomplished by the following two checks.
« Whether p € P[S- S;, T U {r}], is subsumed by some q € P[S,, TU {r}]
« Whether g € P[S,, TU {r}], is subsumed by somep € P[S- S,, T U {r}]

This checking is similar to that of subsumption checking. Hence, extension check is
nothing but a sort of subsumption check. Thus, though these two steps avoid certain
subsumptions later, this fact is not properly utilized in the last step of PIAPE where
subsumption check is carried out for al the paths generated by the algorithm. Fur-
ther, Theorem 3.24 and Theorem 3.25 characterize the paths which are to be trivialy

extended to a path in F[S, T]. These are accomplished by the following steps.

« Extend pas p¥{r} if f & p, for p 6 P[S—S, TU{r}lwhich satisfy Ep,S;) # Ss-
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» Extend p aspw q, for p€ P[S - S,,7 U {r}] and q e P[S;,TU {r}] which satisfy
E(p1 Sr) 7£ Sr and E(q, S- S,-) # S- S,-.

Further, it is to be noted that those paths pw {r} obtained when E(p,S;) # S-
are aready prime and need not be considered for subsumption. |f any path in P[S, T]
subsumes pw {r}, then it has to be p or a subset of p which contradicts the fact that
E(p,S:) # S,. If pwr subsumes any path, then it has to be of the form p’ & q’ such that
p’ C p. This contradicts the primeness of pin P[S—,,7U {r}]. Thus, in fact, these
paths which contain r neither subsume nor is subsumed by any other path and hence
can be treated separately. Let P3 be the set of such paths.

Thus, the only paths which are to be considered for subsumption are paths of the
formpwqwhen E(p, S,) # S, and E(q,S-S,) # S—S,.Wehaveadready identified that
the pathsin P1,P2 and P3 are never subsumed by any other paths. Hence, the paths of
the form pw g may be subsumed by the paths in P1or P2. Moreover, earlier deletion of
paths which may be subsumed by other paths will definitely reduce the number of paths
generated, and as a consequence, the number of subsumption checks required as well as
the time taken reduce considerably. Let P4 be the st (initially empty) of paths of the
form pw q. In order to accomplish earlier subsumption,.each path of the form pw q is

subjected to the following set of checks,
1. whether thereis any p’ € P1 such that p’ Cpw# q.
2. whether thereisany p’' e P2such that p’ Cp# q.
3. whether thereisany p’ € P4 such that p’ Cpw# q.

The paths of theform pw q are generated one by one and are subjected to the above
three comparisons. If the check fails, then the ptelq isincluded in the set P4. If itisa
auccess, the next path of the form pW q is generated and so on. This process is continued
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till dl the paths of the form p w q are computed. Though most of the paths of the form
p¥q which are subsumed by some other paths are deleted, there may be few paths which
are subsumed by some other paths of the form pw q. These paths are the paths which
are generated later. Such paths are removed by performing the following step.

e for dl p;, pj G P4, (t <]) check whether p; C p;. The subscripts denote the order
in which the paths are generated.

3.3.4 Algorithm PIAP

Basad on the above discussions the PIAPE to compute the prime implicants can be

restated as follows.

Algorithm PIAP

INPUT: M[S,T], THE CURRENT MATRIX

OUTPUT: SET P[S,T] OF ALL PRIME PATHS OF M[S,T]
STEP 0: Initidization Pl=¢; P2=¢; P3=¢; Pi=¢; P[S,T] = ¢;
STEP 1. Sdectarow r ¢ T
STEP2: ComputeP[S- S,,7 U {r}]and P[S,,T U {r}]
STEP 3: Fordl p€ P[S- S,,7 U {r}]do

if 3 q€ P[S,,TU {r}]suchthat g Cp

then do
31 Update P1 = P1 U{p}
32 Update P[S- S,, TU {r}]= P[S- 5,7 U {r}]- {p}

STEP 4: For dl q € P[S,,TU {r}] do
if3Ip €P\S-S,,TU {r}] such that pC q
then do
41 Update P2 = P2 u{q}
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4.2 Update P[S,,TU {r}] = P[S- S,,T U {1}] - {q}
STEP 5: For dl p € P[S- S,,T U {r}]do

51 If f € p, Computep¥ {r}.

52 Update P3 = P3 U{p¥ {r}}.
STEP 6:

6.1 Forallpe P[S—S,,TU{r}] do

6.2 For dl q € P[S,,TU {r}]do

6.3 Compute p & Q.

6.4 If fl p’ € P1 U P2 UP4 such that p’ C pw g, then

Update P4 = P4 U{pH q}.
STEP 7: For al p; € P4 do
If 3pj € P4 suchthat p; Cp; (:<j), then
Update P4 = P4 —{p;}
STEP 8: F5T] =P1UP2UP3 UP4
END

335 Correctness of the algorithm PIAP

The correctness of the algorithm PIAP is derived from the correctness of the algorithm
PIAPE in Section 3.32. Like PIAPE, the agorithm PIAP, a any iteration, gener-
ates two submatrices of the current matrix and in turn, generates the prime paths for
the whole matrix from the prime paths of both the submatrices. The prime paths in
submatrices which are prime paths in the whole matrix are separated out as Pl and P2
in Steps 31 and 4.1. The paths in these sets are not subjected to subsurnption due to the
complete characterization given in Theorem 3.2.3 and Corollary 3.2.3. The correctness of
Step 5.1 which computes the prime paths containing the literal r is due to the complete
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characterization of such paths given in Theorem 3.24. Supported by Theorem 3.2.5,
Step 6 computes the set P4 of paths of the form pw g, which do not contain r. The
paths which are definitely not prime are deleted, and the paths which may be prime are
kept in P4. Since the comparison of these paths with those in P1 and P2 for subsump-
tion is aready performed by Step 6.4, it is only required to know whether there is any
path in P4 which is subsumed by a path in P4 itself, which is generated later. Hence,
the comparisons in Step 7 are performed. Findly, as alast step, the union of the sets
P1, P2, P3 and P4 thus obtained is taken to get P[ST}.

3.4 Anaysis of PIAP

In this section, it is shown that the algorithm PIAP is a refinement of the agorith-
m PIAPE. Apart from discussing the advantages of the algorithm PIAP over PIA-
PE, an attempt is also made to explain the efficiency of PIAP over Socher's algorithm
[Socher 91], Experimental results substantiating the superiority of PIAP over Socher's

algorithm are given in Chapter 4.

3.4.1 PIAP asrefinement of PIAPE

In the algorithm PIAPE, P[ST] is updated every time a path in M[S,T] is computed,
and subsumption is performed only at the end for all the paths thus generated. The fact
that the paths satisfying E(p, §) = S obtained by Step 3.1 admit the possibility of being
primein M[S, T], is not properly utilized while performing subsumption. Similarly, the
primeness of the paths obtained by Step 4.1 is aso not properly made use of. In order to
compare the number of subset checks required in PIAPE and PIAP, let us assume that
among the paths in P[S—,,7 U {r}] there are kypaths satisfying E(p, S) = S and
there are my paths not satisfying this property. Hence, P[S—,,7 U {r}]has m; + k,
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paths. Similarly, let there be m, + k, paths in P[S T] of which k; paths satisfy, and
m; paths do not satisfy E(q,S-S) = S- S. Then by Steps 3.1 and 4.1 of PIAPE
we get k; + k, paths in F[S,T] using O((m; + ky)(m;, +k5)) number of subsumption
checks. It is to be noted that in PIAP, k; paths in P1 and k, paths in P2 are dso
obtained by O((my+ky)(m,+ ky)) subsumption checks which is equal to the number of
checks required in PIAPE to get the same prime paths. Hence, this is not consdered
here for the comparison of number of subsumptions required in PIAPE and PIAP.
Assuming that p¥ {r} and pw q are fundamental for dl p € P[S— S,,7 U {1}] and
for dl g € P[S;, TU {r}],by Steps 3.3 and 4.4 of PIAPE, we get m paths of the form
pt# {r} and mym, paths of the form pw g in P[S,T]. Thus, the total number of paths
generated isk; + k, + my + mym,, and are subjected to subsumption check. The number
of subsumption checks at this stage is O((k; - ko + m; + mlmz)z).

In the algorithm PIAP, the P[ST] is not updated each time a path in M[S T] is
computed. The prime paths obtained by Step 31 and 4.1 having the property of being
primein M[S,T] are treated separately. Thus, as it can be seen, the k* paths satisfying
E(p, S) = S areconsdered as the s&t P1, and k; paths satisfying E(g, S—S) = S—S
are consdered as the set P2. The m, paths of the form pw {r} are consdered as the
st P3. Thus there are k; + k, + my paths which are identified to be primein HS, T] of
which k; + k, paths areused, for subsumption comparison. By Step 6.4, when the first
path of theform pw q is computed, k; + k, comparisons are performed to check whether
pw q is subsumed by any path which is aready computed. If pw g is not subsumed,
then it isincluded in P4. For the next path of the form pw q, k; + &k, + 1 comparisons
are performed, and the process is continued. In the worst case if none of the paths
thus generated is subsumed, the number of comparisons performed is (k; + kp) + (kg +
Ko+ 1) + ... + (ky + ko + mim,). Thus mym, paths of the form pw g are obtained with
O((mymy+-1)(2ky + 2k, + mymy)) subset checks. Findly, (m;m;)(m;m,; —1) comparisons
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are performed on P4 in Step 7.

Thus, in the worst case, the number of subsumption checks required for PIAPE and
PIAP are O((k; + K, + my+ mymy)?) and O((ky + ko + mymy)(mum; +1)), respectively.
Obvioudy, PIAP requires less number of subsumption checks and hence requires consid-
erably less computation time. Admittedly, no amount of algorithmic improvement can
avoid the complexity produced by the sheer number of prime paths.

Though both the agorithms PIAPE and PIAP compute the same prime paths, PI-
AP is computationally more efficient smply because the subsumption checks performed
repeatedly at different levelsin PIAPE arejudicioudly avoided in PIAP. Even if PI, P2
and P3 are empty the agorithms PIAP requires less number of subset checks. If none
of the paths generated subsumes any other path generated by the agorithms PIAPE
and PI AP, then both are equally efficient.

3.4.2 Subsumptionsin PIAP

Facilitating subsumption checks is the crucial step in dl the agorithms to compute
prime implicantsimplicates. Though a lot of research has been going on to improve
the agorithms to compute prime implicants/implicates [Tison 67, Kean 90, Socher 91,
Jackson 92, de Kleer 94], the focus has been only in reducing the number of impli-
cants/implicates generated by the algorithms. None of the algorithms except [de Kleer 94]
indicates how subsumption is to be performed, and any prime implicantsimplicates a-
gorithm isincomplete without such specifications smply because the actual running time
depends critically on the number and expense of the subsumption checks required. We
have already seen in Section 34.1 that the adgorithm PIAP reduces the number of paths
subjected to subsat checks. It will be shown in this section that subsumptions performed
a earlier gages of the agorithm PIAP help to reduce the running time consderably.

In Tison's method, the subsumptions are performed after computing al conseng
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possible with respect to a chosen variable. These consend are of full length in the sense
that each clause has the highest possible number of literdls in it. In Socher's algorithm,
subsumptions are performed after computing dl paths in M[ST]. Subsumption check
is accomplished by comparing each path with other paths. To perform this comparison,
each of the literals in the path has to be compared with literals of other paths. Lessis
the number of literals, smdl is the number of comparisons. The subsumption checks at
the submatrices levd, that is, subsumptions of partial (not complete) paths of M[ S, T]
are expected to handle less number of literas.

In PIAP, the subsumptions are performed at two stages, one at the submatrices
level and the other a the whole matrix level. The concept of partial subsumption, in
the sense that if a path p subsumes another path g, then the path pw s subsumes qw' s,
Is dso made use of. If apath is not primein a submatrix, it is not prime in the whole
matrix. Hence, dl such paths need not be consdered in order to compute the prime
paths of M|[S,T]. This concept is made use of in PIAP, and for each submatrix, only
the prime paths are considered to compute the prime paths for the whole matrix. The
number of literals present in apath in P[ST] is, in genera, more than the number of
literals present in the paths in P[S- S,,7 U {r}] and P[S,,TU {1}]. Therefore, the
subsumption is performed at the submatrices level, where the number of literals to be
compared is less.

If apath pin P[S—,,7 U {r}]is subsumed by apath qin P[S,,7U {r}}, aswe
have already seen any path concatenated with p is definitely subsumed by p. Hence,
such paths need not be consdered for any further computations. This is accomplished
in PIAP by congdering such paths separatdly as P1 and P2. If thisisnot done, then, p
will be concatenated with paths in P[S,,T U {r}]just to get it subsumed at alater sage
and thus increases the number of subsumptions. Here the subsumption is performed on

paths which are of lesser length in the sense that these paths have less number of literds.
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The agorithm PIAP proposed in this chapter separates out those paths which need
to undergo subsumption check from those which do not have to. Moreover, in Step 6,
the st P4 contains only those paths which are not subsumed by paths so far generated.
This st may contain certain paths which may be subsumed by paths that are generated
later. In order to remove such paths, the set P4 is subjected to subset check in Step 7.
Thus, the number of paths for which subset checks are required is much less compared to
other agorithms. Hence, PIAP makes use of partial subsumption, early subsumption,
and efficient computation of subsumption.

de Kleer [de Kleer 94] proposes anew algorithm which uses adiscrimination net caled
triesto perform subsumption. Conceptudly, trieis atree, al of whose edges are literals
and whose leaves are dauses. Each variableis given a specid id and is represented in the
trieaccording to the ascending order of the id. The database of paths can be represented
as a trie by giving specid ids to the literals and the method proposed by de Kleer can

be used to perform subsumption efficiently.

343 Socher's algorithm Vs PIAP

In Chapter 2, we have dready explained that Socher's agorithm [Socher 91] performs
certain redundant computations. Theefficiency of Socher'sagorithm hingesonthe choice
of the literal r. Here we briefly state the cause of redundant computation in Socher's
algorithm and then show that the algorithm PIAP is efficient irrespective of the choice

of the literd .

Why there are redundant computations in Socher's algorithm?

Socher's agorithm identifies only the paths which contain r, using the Theorem 322 It
Is dready seen that Theorem 322 is only a partia characterization of the prime paths
containing r. A better and complete characterization of paths containing r is proposed
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subsequently. Moreover, Theorem 3.2.4 and Theorem 3.2.5, which characterize paths of
F[S, T] which do not contain r are judiciously utilized in the present algorithm. This
concept does not exist in Socher's algorithm and hence, there are alot of redundant com-
putations. The reason for redundant computations can be understood by the following
analysis of Socher's algorithm. The paths in M[S T] are computed by the algorithm
findP given below.

The agorithm findP (M[S,T])

1. Delete al absorbed columns in M[S/T]

2. If M[ST] =0, then STOP,
else

Sdect r having maximum number of Is
3. Fmd P[S - S,,T U {r,7}]

4. If P[S- S, TU {r,f}] # fa then
Compute {r} WP[S- S,, TU {r,7}]

5. Delete row r to get a new matrix M[S,T U {r}]

6. Goto 1

The agorithm starts with Sand sdlectsr = r; Assume5— §; = St for ry at the
first step. Delete row ry; and let thenext r ber, and S' = S— S,. §' C 5" (Figure 3.4)
because of the heuristic choice of the literal r. While computing P[S”, T U {ry,71,72, T2}],
it is possible that a literal r5 is chosen to get S,, C S' such that S””U S’ = S' where
S§"=S'"—S§,,. The paths for the submatrix having $* columns are already computed
while computing P[S,T]. It isagain computed while computing P[S',T] which is sheer

waste of computation time.
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Figure 3.4: Illustration of redundant computations
in Socher’s algorithm

== represents contiguous blockof 1s for literals ry, rs, etc.

= represents contiguous block of 1s for some literals. -

Example34.1:-

Consder the Example 27.1 wherer; = aandr, = b. S = S—S§ = {78 ad
S'=5-§ = {7,8910}. In computing A[S",T U {ea,a,b,b}], c is chosen as r; such
that S" = S'—S:; = {7,8}. It can beseenthat $” US'= S'. Infact, here S = S" and
P[S,T] and F[S",T] are computed separately.

Moreover, the absorption check invoked for each matrix at Step 1 of findP is evaded
in PIAP. The specid partitioning scheme in PIAP takes care of this automatically. If
M[S— S,T U {r}] is a zero matrix then M[S,T] has columns containing only zeroes
and the entire matrix is absorbed by those columns. Similarly, if M[S;, T U {1}] isa
zero matrix, then the columns in M[S T] are dl the same and represent only a single
literal. Thus, PIAP avoids dl the redundant and expensive computations performed by
Socher's agorithm.

The Choice of the literal r

The choice of the litera r in Socher's agorithm is based on the heuristic: choose the row
having the maximum number of Is in the matrix M[ST]. The number of redundant

computations increases if this heuristic is not gpplied in Socher's agorithm. Wheress in
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PIAP, theliteral can be chosen arbitrarily, and the choice does not affect the algorithm.
This is because the redundant computations are anyway avoided by the partition of
the matrix. In fact, the r can be chosen so as to partition the matrix into two equal

submatrices.

344 |IPIA Vs PIAP

We have already seen in Chapter 2 that the IPIA algorithm of Kean and Tsiknis [Kean 90]
IS not a suitable incremental algorithm when a set of clauses has to be appended to the
original set of clauses. The reasoner transmits informations, which are, in general, a
st of clauses rather than a single clause. In such cases, the IPIA has to be invoked as
many number of times as there are clauses. |PIA does not hold the concept of computing
the prime implicates of the newly transmitted clauses separately, and use the prime
implicates thus computed to find the prime implicates of the whole set. The algorithm
PIAP facilitates this concept to compute the prime implicants in the incremental mode.

If H, is the st of clauses transmitted by the reasoner, the prime implicants of # A H
can be computed from the prime implicants of # and H using PIAP. If the prime
implicants of F are aready computed, it is enough to compute the prime implicants
of H using PIAP and then to invoke PIAP to compute the prime implicants for the
combined set of clauses from the prime implicants of  and H. The implementation
details of PIAP for the incremental mode is dealt in Section 4.6.3. Thus the PIAP is

well suited for reasouer-CMS architecture.

3.5 $Special Cases for Algorithmic I mprovement

The special partitioning scheme introduced in this chapter has some special cases which

help to improve the algorithm. These are (1) S— S, in which case, M[S — S,T] is
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empty, and (2) S# S,, and M[S—S,, Tis zero matrix. The propertiesof paths in these
specia cases are discussed in this section.

Theorem 351- IfS= S then PHST] = {r}UPI[S,, T {r}].

Proof: -

When S = S, r is present in al columns of M[ST] and hence {r} € P[ST]. All
the other prime paths in M[S T] are void of the literal r and hence it isinP[S, T U {r}].
But S= S, and hence the proof.

When M[S—S, TU {r}] isazero matrix, P[S— S, T U {r}] isempty as no path is
possiblein M[S— S, T U {r}]. Thefollowing theorem states that in such a case, there .

is no prime path in the full matrix aso.
Theorem 35.2:- IfM[S- S,T U {r}] isa null matrix (zero), then P[ST] = ¢.

Proof:-

WegetP[S,T] C {r}w P[S—S,,TU{r}JUP[S—S,, TU{r}]¥ P[S,,TU{r}] by the
resultsin Section 3.2. When P[S—S,,TuU{r}]isempty, both the components of the above
relation are empty, i.e, both {r}wP[S—S,,TU{r}]and P[S-S,,TU{r}y P[S,,Tu{r}]
are empty, and hence, P[S,T] has no paths. This completes the proof.

Theorem 3.5.3:- A nonempty matrixM [§ T] has empty paths ifthere exists some literal
r such that P[S- S, TU {r}] = ¢.

Proof:-

P[S,T] C {r}wP[S-S,,TU{r}]JUP[S-S,,TU{r}]y P[S,, T U{r}]by theresults
in Section 3.2. Clearly, if P[S- S,,TU {r}] = ¢, then both {r}w P[S- S,,7U {r}]
and P[S- S,, TU {r}}fc|P[S,, TU {r}] are not defined, and hence, P[S, 7] has no paths.
This completes the proof.
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The converse of the Theorem 35.3 is, in generd, not true. F[S, T] may be empty
even if P[S- S,, TU{r}] # ¢. This may happen when all the pathsin P[S — S,, T U[r}]
contain #, and some literal which is the complement of some literal in dl the paths in
P[S,, T U {r}].

Corollary 35.1:- If P[S,,T U {r}] = ¢, then P[S,T}= {r}WP[S-S,,7TU {r}].

Proof:-

P[S,T] € {r}wP[S—S,,TU{r}JUP[S—S,, TU{r}]¥P[S,,T U{r]The corollary
is a direct consequence of the above relation where P[S,,TU {r}] = ¢, in which case
the only concatenation possible is of the typer W p wherep £ P[S— S,,TU {r}]. None
of the paths obtained thus subsumes each other and hence the subset relation is made
equal and hence the proof.

These results are used to improve the implementation of the algorithm.

3.6 More Properties of Paths

The properties of prime paths discussed in the earlier sections contribute to the design
of an efficient algorithm to compute the prime implicants of aformula. Inferenceis the
process by which one prepositiona clauseis arrived at and affirmed on the basis of one or
more other propositions accepted as the starting point of the process. The set of prime
implicants of aformula gives dl the possble inferences from the formula. Apart from
these, there are other properties of prime paths which help to decide the consistency of
a formula, provability of a god, and the minima support for a given query, to name a

few. In this section, these properties of prime paths are explored.
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3.6.1 Consstency

A formulais consistent when thereis no contradictionin theformula. There are different
methods in the literature [Frost 86, Carney 74, Copi 78] to check the consstency of a
formula. In the reasoner-CM S architecture, when anew set of dausesis transmitted by
the reasoner to the CMS it is required that the knowledge-base is consstent. As and
when the reasoner transmits clauses, the consistency has to be checked incrementally.
Every time a new clause is transmitted, checking the consistency by the conventional
methods is computationally expensive. It is aready indicated in Section 3.4.4 that the
prime paths for the augmented knowledge-base can be computed efficiently using PI AP.
It is shown here that a formula is consistent if the set of prime paths in M[C, ¢] is
nonempty. Thus, if it is only required to check the consistency of a formula F, it is
enough to check whether there is a path in M[C, ¢].

Theorem 3.6.1:- A formula F represented as M[C, ¢] is consistent if and only if the set
of prime paths P[C, ¢] # ¢.

Proof: -

(=>) Assume that F is consistent. i.e, M[C, ¢] is consistent and there is no contra-
diction among the columns of M|[C, ¢]. Therefore, atleast one literal can be taken from
each of the columns so as to make a path in M[C, ¢]. When there is a path there is a
prime path aso. Hence the proof.

(<) Assume that P[C, ] # ¢;that is, thereis atleast one prime path pin M[C, ¢]. p
is complete and fundamental in M|[C, ¢], and so, for every i € C, there exists some literal
X € p such that M(z,i) = 1. Thus, thereis exactly one literad x from each clause in
Fsuch that x is in a path p. Hence, the clauses are not contradictory. Therefore F is

consistent. This completes the proof.
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3.6.2 Provability

A god g is provable from a formula F, represented as M[C,¢], if g is true whenever F
is true; in other words, if Fimplies g. Here we prove that a god g is provable from F if
al the paths in P[C, ¢] have nonempty intersection with g.

Theorem 3.6.2:- Let g be a goal g is provable from F represented as M|[C, 4] if and
only if there does not exist any path p in P[C, ¢] such that png = ¢.

Pr oof:-

Here g can be a single literal, a disjunctive clause or, a set of disunctive clauses.
Case 1. Let us assumethat g is & dngle litera, and let the litera be a.

It is assumed that F is consistent and hence P[C, ¢]# ¢. Let P[C, ] = {P1,P2,- ** » Pm}-
The formulaFis true if and only if atleast one of the prime paths p; (say px) is true,
and pk is true if and only if al the literals in p; are true simultaneoudly.

(<) If pi Na #¢fordl p; € P[C, ¢], then when any py is true, a istrue. Hence a is
provable.

(=) If pi na # ¢ for dl p; € P[C,d] isnot true, then there exists a path px such
that pk na = ¢. If p; is true, then a need not be true even if Fis true. Hence a is not
provable. Therefore, the assumption that p; Na # ¢ for dl p; € P[C, ¢] not true is fase
and hence there does not exist any path p; in P[S,T]such that p; na = ¢.

Case 2. Thegod g is adigunctive clause, and let it be ab.

By the argument in the case 1, if we consider the clause ab as a single entity, then
it forces not to have any path p; in P[C, ¢] which is free of a or 6. Thus every path will
contain either a or 6 or both. Hence the proof.

Cas= 3. gisa conjunctive clause. In this case for g to be derivable from F, each of its

components should be derivable. Therefore, if g = {¢1,ff2,ff3i. —, gm }, then for each ffj
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to be true, by case 2, there should be nonempty intersection with dl p;. i.e p; ng; # ¢
for dl p; € P[C, ¢] and for dl g; € g. This completes the proof. .

Thus, in order to find whether agod is provable from aformula, it is enough to check
whether dl the prime paths of the formula have nonempty intersection with the given
god. The prime implicants provide better facility to check the provability of queries
When the provability of a number of gods from aformula has to be checked, the prime
implicants give an easy and efficient method to accomplish it.

As indicated before, a given god g may not be provable from a given formula F. 11
g is not provable, then there may be some additional information which together with
the formula F proves g. It is often required to know the different additional st of
clauses that are necessary to prove the goa g. Such processes give rise to the concept
of abductive reasoning and it is dso related to the concept of minima support. To this

end, we establish how the prime implicants can be used to find the minimal support for
a given god.

3.6.3 Minima support

In the reasoner-CMS architecture, the reasoner transmits clauses and the CMS records
these clauses if they are fundamental. In addition, the reasoner can query the CMS
whenever required. The query g is a prepositional formula and the CMS must respond
with every minimal clause s such that sU g is a fundamental logica consequence of the
clauses so far transmitted by the reasoner. Such a cdlause sis cdled the minimal support

for g with respect to the CMS database. Following Kean and Tsknis [Kean 90] minimal
support can be defined as follows.

Definition 3.6.1:- Let F be a set of clauses and g be a single clause. A digunctive

clause s is a fundamental support (or support) for g, with respect to F if
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(1) FlEsAg
(2) F s
(3) sU g isfundamental.

Any support sis aminimal fundamental support (or minima] support) if no other support
of g subsumes s. Let S be the set of minima supports for g with respect to F.

It is shown in [Reiter 87, Tsiknis 83] that the set of minimal supports for a query g
can be computed trivially from the set of prime implicates of the CMS data base. More

formaly, if F denotes the database, II{F), the s&t of prime implicates of 7, and g, the
query clause s¢t, let

A(F,8)={p—g\P61I(F), png#¢, and pUgisfundamental}

Then the sat of minimal support for gis defined as

I'(F,g) = {s| s€ A(F,g) and nos' € A(F, g) subsumes s}

Kean and Tsknis [Kean 90] inds that sU g is fundamental and the minimality is
defined with respect to a different ordering among clauses. However, we insst sU g to
be fundamental so as not to consder the trivial support g for g, and the minimality
defined by Reiter and de Kleer [Reiter 87]. For any clausep, let p = {£\ x € p}. Ifp
is adigunctive clause, then p is a conjunctive clause and vice versa, and (p) = p. With

this notation, the definition can be interpreted and restated as follows.

Remark 36.1:- A digunctive clause s is a supportfor g if (1) FAs=>g, (S FASIis
consistent and (3) sU g isfundamental.

Thus the conjunctive dause s is the additional information, when appended to ¥,
derives g When a god is not provable, how the minima support for the god can
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be computed is our main concern in this section. To this end, we begin the following

subsection which givesinsight intoit.

3.6.4 Invalidation of a path

In Section 3.2.4, the concept of extension of a path to a bigger matrix has aready been
introduced. Here, the concept of invalidation of apath in abigger matrix is introduced.
A path p in a submatrix is said to be invalidated, if p ceases to be a path in a bigger
matrix. In other words, if p is not a path in the bigger matrix.

Let p € P[C, 4]. Then p is adigunctive clause since dl the paths in M[C,¢] are in
the conjunctive form. Let h, the binary vector corresponding to the clause p be cdled
hypothesis,and Hbe the st of such hypotheses. When thereis no confusion we denote h
by M[h, 4] and use the same letter h to denote the column corresponding to the dause h
in matrix M[h, ¢]. Further, the set H of hypotheses is denoted by M[H,#]. By appending
the matrix M{[h, ] and M[H,¢] to the matrix M[C, ¢] we get M[CUh, ¢] and M[CUH, 4],
respectively. With these notations and construction of h, we prove here that the pis not
apath (invalid) in M[C U h, ¢].

Theorem 36.3- For p € P[C,4], let M[h,¢] represent the matrix for the clause p.
Then p & P[CU h, ¢).

Proof:-

By Corollary 323, p € P[C, ¢] can be extended to a bigger matrix M[C U h, ¢} if
E(p, h) = h. It will be proved here that E(p, h) # h.

By the construction of h, € b for any x € p. Hence, M(z,h) = 1. E(p,h) = hif
there exigts atleast one x € p such that M(x, h) = 1. But for dl x € p, x € h and hence,
X € b and M(z,h) = 0. Therefore, E(p, h)# b. This completes the proof.
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It is adready seen in Section 324 that when E(p,S) # S, for some’ C C, the
paths possible from two submatrices are of the form pW q, where p is a prime path in
M[C — &', 4] and, q a prime path in M[S’, ¢].The following corollary states that p# g
is not apath in Af[C U h, ¢] under the above congtruction of h.

Corollary 36.1:- Let p € P[C,4], h=p, and q € P[h,4]. Then, pyq¢ P[CU h, ¢].

Pr oof: -

Since h is a single clause, every literal in h is a prime path. Therefore, any path
q € P[h, ¢] is the negation of some literal x € p. Thus, for any literal x € p,z € q and
hence, pW q is not fundamental. Therefore, pw q is not apath in M[C U h, ¢] and hence
the proof.

Thus, by appending a column representing the negation of the literals in the path p to
the original matrix, the path pisinvalidated in the new matrix. Let Q = {q", O2,..., O}
be a subset of prime pathsin P[C, #]. Let by, h,...,n, bethe negation of qi, gz, -- - Gm,
respectively, and let H= {h,h,,...,h,}. With these notations, the following theorem

explains the way to invalidate more than one path.

Theorem 3.6.4:- Let the paths in Q = {g1,02...,0m} areto be invalidated. The path
g; Ws;,for any g; € Q andfor s; € P[H,4] isnot a prime path in M[C U H, ¢].

Proof:-

According to the definition of primepath, q;¥s; is aprimepath if q;Us; isfundamental,
complete and not subsumed by any other path.

In order to prove that gi- U s; is not a prime path it is enough to prove that q; U s;
is either not fundamental or not complete.  Since g.- is complete in M|C, ¢}, and 5; is

completein M[H,4], ¢: U g is complete if it is fundamental. Here it will be proved that
g; U s; is not fundamental.
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Let X € ¢;. By the construction of H, the i** column of H contains #- In order for
q: U 3; to be complete, it should have exactly one literal from each of the columns. Any
literal in the * column of H is the negation of some literal in g;. Therefore, s; has
atleast one literal which is the complement of some literal x in q;. Hence, g; U §; is not
fundamental, and hence not a path. This completes the proof.

Thus, by Theorem 3.6.4, it is stated that if there are m paths to be invaidated, m
columns are to be added to the original matrix. The reason for this is established here.
Let us assume that there are two paths p; and p, to be invalidated. According to the
Theorem 3.6.4, p; and p; are the two clauses which are to be appended to the origina
matrix in order to invalidate p; and p,. Let us assumethat p; doneis appended. Clearly,
p1 isinvalidated by the process. p; may contain some literal X whose complement is not
present inp,. This literal can be concatenated with p2 to give a path in the augmented
matrix and hence not invalidated. In thisway, in order to invalidate p2, one more clause
has to be appended. Otherwise, if dl theliteralsin p2 arein p, then P2 will dso become
invalid. But in this case the primeness of the pathsp, and p2 is violated.

Thereforeit is necessary to add as many number of columns as there are paths to be
invalidated. With this concept of invalidation of a path, how the minimal supports can
be obtained from the prime paths is explored in the following subsection.

3.6.5 Computation of minimal support

It is dready established in Section 3.6.2 that in order to prove agod g, pi should have
nonempty intersection with g for al p; € P|C, ¢]. If g is not provable, then there exists
some q € P[C,4] such that qng = ¢. Let dl paths ¢; € Q C P|c, ¢] have the additional
property that q; Ng = ¢. Therefore, in order to prove g, it is required to invalidate dl
the paths in the st Q, without affecting the provability of g. The trivia case of g itsdf
added as a clause is not congdered here. By Theorem. 3.64, dl paths in Q areinvdid in
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M[CU H, ¢). It will be proved here that atleast one p € P[C, ¢] such that pN g # ¢ can
be extended to apath in M[C U H, ¢]. This guarantees that the god g is provable from
M[CUH, 4.

Theorem 3.6.5:- Let P = {p1,pz,**.,Px} be the set of prime paths in P[C,¢] such that
PiNng #¢. Letn= {hy,hs,...,hn} where h;= q;; q; € P[C, ¢] such that g; ng = ¢.
Then P[C U H, ¢] # ¢ and g is provable from M[C U H, 4].

Proof:-

First it will be proved that P[C U H, ¢] # ¢.

His consistent sinceit isthe set of negation of some prime pathsin M[C,¢]. Therefore,
by Theorem 3.6.1, P[H, ¢]is nonempty. By Theorem 3.6.4, for every path s € P[H, 4],
g W sisnot defined. We prove that atleast one path p; € P can be extended to a path
of the form p; W s in M[CU H, ¢].

If p; wsisnot possblefor dl pi € P, then it means that every s has atleast one literal
6 for some a € p;. Thisis true for dl path p; € P. If a appears (let us say) in thej*t
column of M[H,4] (value of j is not unique), then gj has a as one of its literals, and a
isdso in p;. However, because of the primeness of q; and p;, they satisfy noninclusion
property (The property that qf € p; and p; € qj). Hence there exists atleast a litera 6
in g which isnot in p; and hence there exists a path in M [H, ¢] containing b. Taking
into account the primeness of the paths in P[C, ¢}, consistency of the formula F, and
assuming His not tautology, it can be shown that there is a path in Hwhich contain 6
but cannot contain 6. Extending this argument for every litera of the form ain p;, we
can provethat p; Wsispossble Hence P[CU H, 4] # ¢.

Now it is to prove that dl paths in P[C U H, ¢] have nonempty intersection with
g- P is the st of prime paths in M[C, ¢] having nonempty intersection with g. By
Theorem 364, dl paths in M[C, ¢] having empty intersection with g are invdidated in
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MI[CU H, 4] dueto the construction of 4. Thus dl the pathsin M[C U H,¢] are of the
form p; Wswherep; € Pand s € P[H, ¢]. Hencedl pathsin M[ CUH, ¢] have nonempty
intersection with g.

Thus, al the paths which have empty intersection with a given god g can be inval-
idated by the addition of few clauses to the origina set of clauses. We now show here
that the set of prime paths in M[H, ¢} is the sst of minimal supports for the god g.

Theorem 3.6.6:- Let g be the goal, and P,and H are as defined above. Thens 6 P[H, ¢]
is a minimal support for g with respect to P[C, ¢].

Proof:-

It isenough to provethat (pws)Ng#é¢fordl pfcl sEP[CUH,fl.

By the construction of H, any clause in H has empty intersection with g and so is
with se P[H,¢]. Therefore, in order for nonempty intersection with g, p should contain
g. By Theorem 3.6.4 and Theorem 3.6.5, dl the prime paths in M[C U H, ¢] are of the
form pw s such that png # ¢. Hence s is a support. Since s is a prime path, the
minimality property is satisfied and hence s€ P[H, ¢] isaminimal support for g. Hence
the proof.

Example 36.1:-

Let us consder the Example 24.1. The prime implicates for the formula in Fig-
ure 2.1(a) are given by Figure 2.4(b). If the reasoner wants the minima explanation
for the query c, by the Kean and Tsiknis [Kean 90] method, the minimal supports are
{abf, abd,abé}. The prime implicants for the same formula are {e}, {b}, {¢,d}, {c, f},
{c,9}{d,&, f}. The st of paths which do not contain c is Q = {{a},{b},{d,¢, f}}.
Therefore, the set H - {a,b,def}. The prime paths P[H, ¢] for the st H axe {&,b, f},
{a,b,d}, {a,6, e} which is nothing but the negation of minimal supports obtained by
Kean and Tsiknis’ method.
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Thus the definition of minimal support can be restated in terms of paths as follows.

Definition 3.6.2:- A conjunctive clause s is a minimal supportfor a query g with respect

to a formula F represented as M[C, ¢] if s is a prime path in the formula H definedas

H= {p|lpe€P[C,¢], png= ¢}

Thus, the minimal support of a query g with respect to aformula F can be computed

using the prime paths of the formula F.

3.6.6 Hypothetical reasoning

Hypothetical reasoning, is a reasoning style where we proceed to an inference by consid-
ering matters which are not clearly true or fase, but tentatively true (i.e, generating a
hypothesis). A hypothesis is regarded true if the inference successfully reaches a god.
When the knowledge is incomplete, and inadequate to answer a given goa, hypothetical
reasoning, which can handle incomplete knowledge comes into picture. If a given query
g is not provable from a complete knowledge F, then it is to find what additional infor-
mation from the hypotheses set ‘H when appended to F would prove the goa g. Thus,
the basic behaviour [Poole 88, Ishizuka 91] of hypothetical reasoning is as follows.
When agod g is given, the system first tries to prove the goa from complete knowl-
edge F. If it fails, then the system selects a subset of hypotheses so that the given god is
proved from the union of complete knowledge and this hypotheses subset. The selected
hypotheses must be consistent with complete knowledge, while inconsistency is alowed
in the whole set of the hypothéees. This structure (pictorially depicted in Figure 3.5) of
the hypothetical reasoning system can be summarized to find a solution h satisfying the

following conditions [Ishizuka 91, Kondo 91, Ishizuka 93].

e hCH (h is a subset of H)
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« FUh= g (gcan be derived from F), and

e FUh# D. (F Uh isconsistent).

Complete
Knowledge =g
J.-

Consistent s

Hypotheses
H

Figure 3.5. Structure of the logic-based hypothetical reasoning system

There may be many hypotheses which together with the knowledge F prove the
goa. What is required is the minimum set of hypotheses required to answer the query.
It is aready seen that minimal support for a query gives the minimal explanation for
the query. Hence, if the minimal support for a god is known, then it is to find those
hypotheses from H which contribute literals to the minimal support. The computation
of hypotheses to prove a given god g is explained with the help of the example taken
from [Ishizuka 91].

Example 3.6.2:-

Let F — {abé,abd,béf, f,egh,egi,jh}H = {c,d,g,h,i} and a be the complete
knowledge, hypotheses and goal, respectively. The inconsistent set of hypotheses are
{c,g} and {d,h}.

First the prime paths for the formula F is obtained. The set of minima supports for
the query a is obtained as /, b¢, ¢gi, ¢gh, ce, egh, bgh, bf, bgi, egi, hj, dé, dgh, dgi, bd
from the prime paths thus computed. As indicated before, the negation of the minima
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supports are the possible hypotheses, which on adoption prove the god a. Among the
possible hypotheses, cgi, cgh, and dgh are inconsistent and f, bc, ce, egh, bgk, bf, bgi,
egi, hj, de, and bd have literals which are not present in the hypotheses set. Thus the only
clause remaining is gid. Therefore, the god a can be proved by adopting the hypotheses
g, I and d. In this casg, this is the only minimal hypotheses which together with the

formula F prove a

3.7 Conclusion

In this chapter, the characterization of prime paths containing the literal r and of prime
paths which do not contain the literal r are established. Hinged on this characterization,
a correct and sound algorithm PIAP is proposed to compute the prime implicants of. a
formula . This algorithm is superior to the most recent algorithm, namely, Socher's
algorithm for the same problem. The redundant computations performed by Socher's
algorithm is evaded here by making use of a divide-and-conquer paradigm. Besides
this, the algorithm PIAP has the additional advantage of being suitable for incremental
computation of prime paths especialy when a set of clauses is appended to the formula
rather than a sngle clause at a time. The agorithm PIAP is efficient in handling
any number of clauses for the incremental approach. The worst case of the proposed
agorithm is when the set of prime paths is empty, in which case consensus-subsumption
methods perform better. The algorithm works more efficiently compared with the earlier
methods when the number of prime paths is large. The implementation details and the
experimental results can be seen in Chapter 4.

The number of subsumptions performed in PIAP is less compared to the other ago-
rithm, resulting in substantial reduction of the computation time. The algorithm can be

efficiently used to find the minimal support for queries and can Ao be used to find the



Chapter3, COMPUTATION OF PRIME PATHS 83

consistency of aformula, provability of goal, and aso for efficient hypothetical reasoning.

The algorithm PIAP is therefore superior to other methods in the following sense.
* It avoids the redundant computations performed by Socher's agorithm.
* It hinges on the divide-and-conquer paradigm

» The method is suitable for incremental computation of prime implicants, especidly

when the reasoner transmits a set of clauses rather than a single dause.

* The number of subsumptions as well as the length of the paths which undergo
subsumption check are less resulting in substantial reduction of the computation

time.

» The method helps for easy computation of minimal support for a query when it is

not provable from the given formula

* Facilitates efficient hypothetical reasoning.



Chapter 4

TREE AND REASON MAINTENANCE

4.1 Introduction

The significance of prime implicants and the need for efficient technique for computing
prime implicants have been discussed in the previous chapters. The algorithm PIAP as
proposed in Chapter 3 employs adivide-and-conguer techniquewhich naturally givesrise
to atree structure for representation. In this chapter, this concept is extended further to
utilize the tree structure not only for computation of prime implicants but aso to have
full-fledged RMS. It is shown here that a binary treeis suitable to represent prepositional
formulain CNF and dso to represent the prime paths as a result of knowledge compila
tion. The implementation of PIAP makes use of the proposed tree representation.

In the later part of this chapter, the implementation details of the tree structure
and the PIAP agorithm are discussed. The computational experiments carried out
for PIAP are aso reported in this chapter. It is shown here that the computing time
as wdl as the number of subsumptions required by PIAP is much less than that of
Socher's agorithm. The experimental results substantiate the theoretica arguments
given in Chapter 3. Based on the discussions in Chapter 3 as wdl as the experiments
reported in this chapter, it can be seen that the proposed algorithm (PIAP) is better
than the Socher's agorithm for computation of prime implicants. Moreover, it is shown
that the structure used for the agorithm can be extended to have a full-fledged RMS.
Updating the data base of the RMS as and when the reasoner transmits clause(s) is very

84
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important. Different methods to accomplish this are discussed in Section 4.6. Due to the
dynamic nature of the RMS, updating the prime paths incrementaly is essential. The
same structure is suitable for incremental computation of prime paths as wdl as other

reasoning paradigms such as hypothetical reasoning.

4.2 Tree Representation of a Formula

A binary tree representation of a formula suitable for satisfiability problem is discussed
in [Horowitz 83, Frost 86]. In this representation, each node denotes an operator V, A
or, = (~) and the leaf nodes represent literals. The formulais obtained by traversing the
tree. The value of the formula represented by the tree can be computed by assigning true
or false to the variables present in the formula. To evaluate aformula, traverse the tree
in postorder evaluating subtrees until the entire expression is reduced to a single vaue.
However, in the present context, keeping in view the algorithm PIAP, this representation
schemeis not suitable. In the present work, anew tree representation schemeis developed
to represent aprepositional formula. Such ascheme naturally evolves from the algorithm
PIAP.

Any st of clauses representing aformulaF can be divided, with respect to alitera r,
into two subsets of clauses, namely, a set of clauses containing r and another set of clauses
void of r. If F= {Dy,D,,...,Dn},let F, ={D - {r}\r € D, D € F}. Obvioudy,
F, is the st of clauses obtained by uniformly deleting the literd r from the clauses in F
containing r. Thus F, represents a subformula of . Though ¥, does not contain any
clause as it isin F, we consder F, a subset of F. Smilally, 7} = {D|r ¢ D, D € F}
is another subset of Fwhich does not contain r. Thus F7 and F, are two subsets of F .
with empty intersection.

Each of these two sats of clauses can be further divided in a Smilar manner. The
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literal with respect to which these two sets are partitioned need not be the same. That is,
the st F, can be divided with respect to some litera (say, ') whereas F can be divided
with respect to some other literal (say, r*). This branching process can be continued till
the formula gets reduced to asingle literal.

Thus, any set F of clauses is divided into two subsets F, and F; of clauses, with
respect to some literal r and hence can be visudized as a binary tree. Any node of
this binary tree corresponds to a subset of F, the root obvioudy corresponds to F
itself. The literal r with respect to which the s&t F is divided to obtain two sub-
sets, is associated with the node representing F.  This literal associated with every
node is caled the label of the node. The labd of the nodes a any leve of the tree
need not be the same. In the binary tree representation of the formula F, if r is the
label of the node corresponding to the formula F, then its left child corresponds to
the formula F, whereas the right child corresponds to *,. For example, let the for-
mula be given as F — {abcdé,abidf g,abcf,abcdf,abedg, abeef,adfg,abf,acef,aéeg}.
The root corresponds to the formulaF. The literal a is chosen and the formula is
split with respect to a, giving 7. = {acef,aceg}represented by the left child and
Fo = {bcdé,bédfg,bef,bedf,bedg, beef,df g epfesented by the right child of the
root. These two nodes are further split independently, and the complete binary tree is
obtained. The binary tree representation of the above formula thus obtained is given in
Figure 41. The labd of each node is circled, and the formula corresponding to the node
ison theright Sde. If the subset F, isto be split with respect to @, then according to the
partitioning method, the left child will beaNULL node. The NULL node is represented
by D and e represents an empty formulain the Figure 4.1.

The matrix representation of a formula has dready been discussed in Chapter 2.
Following the matrix representation scheme, any node of the binary tree corresponds
to a submatrix M[ST] of M[C,¢], the root obvioudy corresponds to M|C, 4] itsdlf.
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Since the rows of the matrix correspond to the literals in the formula, the binary matrix
associated to a given node is partitioned with respect to the row corresponding to the

literal r.

If M[S, T] corresponds to a formula M(F)at a given node where the label

is r, then the matrices M[S- S, T U {r}] and M([S,,T U {r}] correspond to M(F?)
and M(.ﬁ",), respectively. As discussed earlier, if r is the label of the node in the tree
representing theformulaM [ S, T], then the submatrix M[S—S, T U {r}] istheleft child
of the node. Similarly, the submatrix [S,,7U  {r}] corresponds to theright child of the
node. Both M[S—S,, TU {r}]and M|S,,T U {r}] have one row (the row corresponding
to the chosen literal r) less than that of the matrix M[ST].

F = {abcdé, abédf g, abcf, abcd f, abedg
abcef,adfg,abf,acef,aceg}

o {bﬁd& bc'dfgsbcfabcdfs
{d¢, f,dJ,

bedg, beef,dfg,bf}
aéf,ae dfg,b
s ﬁi{ f,acg} @) {dfg,bf}
{ﬁf,&sr} {3
) dg,ef}

{cdz, 2dfg, cef,
5" & {bf) {df} %{cdfg}
) =

cdf ,cdg, cef}
Figure 41: Tree-representation of the formulaFfor TERMS
O represents NULL node and ¢ represents zero matrix (empty formula).
Labels are circled and clauses corresponding to the nodes
are on the right side of the node
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The main aim of this representation scheme is to compute the prime paths of each
subset of clauses so as to compute the prime paths of aformula. It is aready mentioned
that al the literals in a digunctive clause are prime paths for the clause. Hence, the
branching process is continued until the submatrix becomes a column matrix, or a row
matrix or, azero matrix. The column matrix corresponds to a unit clause whereas a row
matrix corresponds to aliteral. The zero matrix corresponds to an empty formula. 1t may
be noted that this occurs if there is redundancy among the set of clauses corresponding
to the node. If the left child of a node is zero (empty), then by Theorem 3.5.2, the node
has an empty set of prime paths. If the right child of the node is zero, it indicates that
there is redundancy in the set of clauses corresponding to the node, and has no affect
on the st of prime paths of the node. In Socher's algorithm, the redundant clauses are
removed after each iteration by removing the absorbed columns (Definition 2.3.1). In
Socher's algorithm, in order to accomplish the absorption check, each of the columns
has to be compared with the other columns in the matrix which is obviously expensive
especialy when the matrix is of large size. However, this absorption check is avoided
here since the redundancy among clauses leads to a node representing a zero matrix.

In this ramification process, the left child of the node corresponding to M[ST] is
NULL if dl theentriesinther™ row of M[ S, T] are 1. Theright child of anodeis NUL L
only when the node corresponds to a conjunctive clause. The right child of a node can
not be NULL in other cases because it means that the formula does not have any literal
present. If the formula does not have any literal, then the matrix corresponding to it is
zero. If no node in the tree is zero, then the number of leaf nodes is equa to the number
of clauses in the formula. Having chosen binary tree as the representation scheme for a
formula, the question is how to represent the binary tree? The implementation details
of the construction of the binary tree and the algorithm PIAP are presented in the

followingsection.
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4.3 Implementation Details

There are different representations for a binary tree, for example, representation by s
guential numbering, array representation, linked representation etc. [Horowitz 83, Trem-
blay 84]. The binary tree representing a formula is, in generd, not balanced and hence
the representation by sequentia numbering and array representation are not suitable.
Moreover, insertion or deletion of nodes from the tree requires more quantum of changes
in the level number of nodes. These problems are easlly overcome through the use of

linked representation. Hence, the linked representation of the binary tree is adopted here.

4.3.1 Structure of a node in the tree

Any node of the binary tree for TERMS has the following ninefieldswhich is pictorialy
depicted in Figure 4.4.

Field 1 Integer c :- Thisfield acts as aflag to denote whether the current node is a root
node, intermediate node or, aleaf node. Separate integer ids are given to represent
the root (0), intermediate left child (-2), intermediate right child (+2), left leaf
node (-1) and right leaf node (1). These ids are used while computing the prime
paths of the tree.

Field 2 Integer 1:- This integer gives the row number corresponding to the label r of each
node and the row number is computed as follows. The number of Is in each of
the row of the matrix corresponding to the node is computed, and the row having
the maximum number of Is is sdected. If there is a tie between the rows, then
arbitrarily one of these rows is chosen. However, it is to be noted that the choice of
r does not affect the efficiency of the agorithm PIAP significantly as in the case
of Socher's agorithm. If the node is a lesf node, then some flag is given as the
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label so as to identify it Since the computation of prime paths for leaf nodesis very
smple. Further, if the node represents a zero matrix, a different labe is given so

that the computation of paths is made essy.

Field 3 Integer nrow :- The number of rows in the submatrix corresponding to the node
is stored in this field. This helps to check the stopping criteria and dso to compute
the number of rows of its children. The root a the 0" level has the maximum
number (equa to the number of literals present in the formula) of rows and the
number of rows in the submatrix decreases as the levd of the tree increases. Though
the number of rows and the level of the tree are related, the levd of a node is not
required for the computation of prime paths. Hence, only the number of rows in

the submatrix is stored to check the stopping criteria

Field 4 Rows:- There is a one to one correspondence between the rows in the matrix and
the literals. This correspondence must be maintained throughout and hence, the
row numbers of the original matrix which are in the submatrix corresponding to
the node are stored as a list of integers. Though the number of rows are same
a agiven leve, the literals present in the clauses corresponding to the node may
be different and hence it is necessary to know the literals which appear in the
submatrix corresponding to the node. This information is obtained by the list of
row numbers stored in each node. It is alinked list with two fields; one an integer
representing the row number and the other, a pointer to the next dement in the
list. The structure of the list is given in Figure 4.2. This dso helps when the tree

is updated when there are new literals in the clauses transmitted by the reasoner.
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1 T3 ® e & o—| T} —+—- NULL

Figure 4.2: Structure of a path

Field 5 Cols:- Thisis thefield giving the list of columns of the original matrix which are
columns of the submatrix corresponding to the node. This lig is similar to that of
the list of rows. The correspondence between the clauses and the columns of the
matrix is maintained throughout by storing the column numbers. This is required
to rebuild the original matrix from the constructed tree. This field dso helps in
easy deetion or, addition of clauses to the origina formula which is required in
.RMS.

Field 6 Leftc :- Pointer to the left child of the node.
Field 7 Rightc :- Pointer to the right child of the node.

Field 8 Par :- Pointer to the parent of the node. This pointer makes it possible to traverse

the treewhich is needeld in the computation of prime paths.

Field 9 Path:- '.I'hisfield gives the prime paths in the matrix corresponding to the node.
Thisfieldis NULL during the construction of tree. It is used while computing
the prime paths at each node. Each of the paths is stored as a list of row numbers
representing the literals present in the path. The st of paths at each nodeis stored
as aligt of these paths. This data structure is suitable due to the dynamic nature
of the paths as wdl as the st of paths. Therow numbers in the lists representing
the paths are stored in ascending order so as to facilitate easy subsumption check.
Moreover, this representation makes deletion and addition of literals from a path
easer. Further, the deletion and addition of paths from and to the st of prime
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paths are made easy because of the linked representation of the set of paths. The
structure of the set of prime paths is shown in Figure 4.3.

+ || S e eS| | | === R

L]
L— path 1 L path 2 L path k

Figure 4.3. Structure of a set of paths

c l nrow | Rows 'Cof.s Leftc |Rightc | Par | Patk

Figure 4.4: Structure of anode in the binary tree for TERM S

4.3.2 Cireation of binary tree

Based on the structure of a node in the binary tree for TERMS discussed above, the
pseudo code for the construction of the binary treeis given here followed by the function

which computes the left child of a node.

Procedure CREATE_TREE (M[C,4])
Input: M|C, 4], the m x n matrix corresponding to the formula F
Output: T(F), the binary tree corresponding to the formula F
Step O: Initidize the root node
Step 1: root—c =0
Step 2: root—nrow= n.
Step 3: root—Col = create_list(n) \* Createsthelis of integers 0,1,...,Nn—1%*\
Step 4: root—Row =create list(m) \* Createsthelis of integers 0,1,...,m—1*\
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Step 5: root—>1 = maxrow (root—>row, root—>col)

\* Computes the row having the maximum number of Is *\
Step 6: root—>Leftc =compute ]eft (root) \* Compuites the left child of the root *\
Step 7: root—>Rightc =compute_right (root)\* Computes the right child of the root *\
Step 8: root->Par =NULL
Step 9: root->Path =NULL
END

Procedure Compute-left (NODE) \* Computes the left child of a NODE *\
Input : The node NODE
Output : The left child of the NODE
NODE->Léeftc-->Cols = compute_left_col (NODE—>Pa—>1, NODE-->Par->Cols)
\* Computes the list of columns of the left child of the NODE *\
If (NODE->Leftc-->Colsis NULL) then
retcurnNULL
else
NODE->L eftc-->nrow=NODE->nrow-I.
NODE-->L eftc-->Rows=compute_chid_row(NODE-+Par-*|, NODEO->Pa-->Rows)
\* Computes the list of rows in the left child of the NODE *\
If (NODE-->Leftc->Rows or NODE->Leftc-->Cols has single element) then
NODE->Léftc->c = -1 \* |eft leaf node *\-
NODE-->Léftc—> 1 =-1 \* flag for leaf node *\
NODE-->Leftc—>Leftc =NULL
NODE->L eftc-->Rightc = NULL
ese

NODE—>Leftc—>c= —2 \* |eft intermediate node *\
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NODE—Leftc—] = maxrow (root—Rows, root— Cols)
\* Computes the row having the maximum number of 1s *\

If (NODE—Leftc—1 is negative ) then \* Case where the matrix is zero *\
NODE—Leftc—Leftc =NULL

NODE—Leftc—Rightc = NULL
else
NODE— Leftc— Leftc =compute_left (NODE— Leftc)
\* Computes the left child of the NODE *\
NODE—Leftc—Rightc =compute_right (NODE— Leftc)

\* Computes the right child of the NODE *\
NODE—Leftc—Par =NODE

NODE—Leftc—Path =NULL
ND

The right child of a node is computed using a similar function. The function corn-
mteJeft-Col is replaced by another smilar function cojnpute riglit_col to compute the
columnsof the right child of the node. Further, the flags for the right intermedi-
ate node and lesf node are 1 and 2, respectively. Therefore, NODE—Rightc—c and
NODE—-Rightc—c are 1 and 2, respectively.

4.4 Path Computation Using Tree

The aim of this section is to recast the PIAP for implementation using tree-representation.
At any node (with label r) which represents a subformula, the corresponding prime paths
are computed by making use of the sets of prime paths of the child nodes. As dready
mentioned in Section 4.2, the left child and right child of a node corresponding to M[S, T
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represent M[S- S,,TU {r}] and M[S- S,,T U {r}], respectively. In the tree repre-
sentation of paths, this node (corresponding to [S,7]) contains P[S—S,,7 U{r}}in
the field Path of the tree. Similarly, field Path in the right child of the node contains
P|[S,, T U {r}]. The prime paths of the node can be computed by performing smple
operations like concatenation and merging of the prime paths of the left child and the
right child of the node. Step 3 of PIAP is accomplished by checking whether any path
of the right child of a node subsumes any path of the left child of the node. In thesmilar
way, Step 4 is implemented by checking whether any path of the left child of the node
subsumes any path of the right child of the node. By concatenating the prime paths of
the left child with the label of the node, the Step 5 can be implemented. The concate-
nation of prime paths of the left child with the paths of the right child gives the paths
obtained by Step 6. Thus the prime paths of aformula can be computed with the help
of the tree constructed for the formula. Moreover, the tree structure can aso be used to

represent the prime paths of the formula

44.1 Working of the algorithm PIAP

In this subsection, the computation of prime paths using the tree representation is illus-
trated with the help of an example. The example is so chosen that possible adverse cases
are highlighted. Let F = {abcdé, abédf g.abef,abedf,abedg, abeef,adfg,abf, acef, aceg}
be the formula chosen. The nodes of the tree representing F are sequentialy numbered
as seen in Figure 45.

The node 15 at levd 4 has prime paths {f, g}. The node 14 is NULL and so is the
set of prime paths. Since the left child of node 9 is NULL, by Theorem 351, the labd
itsdf is a prime path for the node; i.e {a} is a prime path of node 9. The other paths
of this node are those paths in the right child of the node. Thus the prime paths for the

node 9 are {a} and {f,g}. Smilar is the case of node 5 and node 2. Traversing up the
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tree and computing the prime paths a each node the prime paths of node 2 are {a}, {&},
{e} and {f,g¢}. The prime paths are given on the right side of each node in Figure 45.

We have dready seen in Section 36.1 that aformulais consstent if it has nonempty
prime paths. Here it can be seen that the sat of prime paths a node 13 is empty, even
though its child nodes have nonempty set of prime paths. For the node 13 r = d,
P[S- S;TU {r}] = {d,e,/} and P[S;TU {r}] = {f,¢}- Thepath {d,e /} of theleft
child neither subsumes nor is subsumed by {f,g} givingP1 = ¢. By Sep 5, d has to
be concatenated with {d,e, f}. The concatenation is not possble snce fundamentality
is violated and therefore P3 = ¢. In Step 6, though {d,e, /} has to be concatenated
with {f,g},it is not possble since the union of two paths is not fundamental and hence
P1 remains to be ¢. Thus there is no prime path for the node 13 at leved 3. In fact,
one can e that the set {de,/, df, dg,ef}of clauses corresponding to the node 13 is not
consistent.

The node 7 is the case where the right child of the node is empty and hence the
paths are obtained only by Step 5 (concatenating the prime paths of the left child with
thelabel of node 7). These paths are P3 = {{c,d},{c, f},{c,9}}. All the pathsin P3
are identified to be prime and hence subsumption is not required. Thus {e,d}, {¢, f},
{c,g} are the prime paths of node 7. The prime paths {b, ¢}, {f, 9}, {b,d},{bd, f}, {d, f}
of node 6 are computed from the prime paths of the nodes 10 and 11

So far we have seen afew simple cases The prime paths for the node 3 are computed
from the prime paths of node 6 and node 7. There is no path satisfying the conditions
in Step 3 and Step 4, and hence P1 = ¢ and P2 = ¢. By concatenating the labd b
with the prime paths of node 6, P3 = {{b, f,9},{b,d, f}} is obtained. By Step 6, P4
is obtained as {b,c,d, g}, {b,¢c, f. 9}, {b,c,9}, {c.d, f, 9}, {c. f,g}, {b,c,d},and {c,d, [}
of which {b,¢,d, g}, {b,¢, f,g} ad {c,d, f,g} are subsumed in Step 7. Thus, the prime
paths of node 3 are {b, f, g}, {b,d, f}, {b,c-9}.{¢.d, .9}, {c, f, 9}, {b,¢,d} and {:d, f}-
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Figure 4.5: Binary tree and prime paths for the formula
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Thus the prime paths of the left subtree and right subtree of the root node are
obtained. The root node gives a case where P2# ¢. The prime path {f, g} of the left
subtree subsumes the prime paths {b,f,g} and {c,f,g} of the right subtree. Therefore,
by Step 4, the paths {b, f,¢} and {c, f, g} in P2 are prime paths for the root node aso.
The set of prime paths obtained by Step 5 is P3 = { {a,¢}, {a,e}, {a, f,9}}- By Sep 6,
the concatenations of the prime paths of the left subtree with that of the right subtree
are obtained. Findly, dl the subsumed paths are ddeted and the prime paths of the
formula are {a,é}, {a,€}, {a, f,9}, {b, 1,9}, {c, £, 9}, {&,b,d, f}, {a,b,c, g}, {a,b,c,d},
{a,c,d, f}, {b,¢,d, f}, {b,d,e, f}, {b,c,e,9}, {b,c,d, e}, {c,d,e, f}.

4.5 Experimental Results

Based on theforegoing discussions, experimentswere carried out to comparetheefficiency
of the proposed algorithm with respect to Socher's algorithm. The agorithms were coded
in C language and were run in the same computing platform®. In order to have auniform
measure of performance, the literals were taken from afixed set of size 20 (10 variables
together with its negations form the set of literals). The problem size is identified as
the number of clauses in the formula. The output Sze is the number of prime paths
computed by the algorithm. The length of a path is the number of literds present in a
path.

If there are n variables, then the maximum possble length of a path is n. The
problems are generated randomly from a large set of consistent clauses In other words,
initially avery large set of dauses which is consstent is identified, and then from this s,
arbitrarily, certain number of dauses are picked up to define aformula. This method was

adopted because the automatic generation of random problems following some probability
The computing platformis IBM PC 386 Compatible
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distribution as well as having a consstent st of dauses was found to be a complex
task. The number of problems generated by the proposed method being very large, it
automatically is devoid of the dements of deviating from random generation.

In order to study the performance of the dgorithm, severd experiments were carried
out. It is observed that the behaviour of the algorithm depends on the number of sub-
sumptions carried out, overdl time taken by the algorithm, and the number of candidate
paths subjected to subsumption operation. It has dready been pointed out that sub-
sumption is the crucial operation in any primeimplicants computation agorithm. Hence,
the number of subsumption checks gives a measure of the performance of the agorith-
m. In PIAP, certain paths are identified (namely, the set P3) which are not subjected
to any subsumption operation. Moreover, the subsumption operation is performed at
different levels of the tree and hence the length of the candidate paths for subsumption
are expectedly different. Thus the paths having smaler number of literds naturally take
less time for subsumption than that of paths having more number of literds. So it is
necessary to know the candidate path for subsumption at different leves of the tree. In
the third experiment, the study is made to find the number of candidate paths at the
root level. Thisis compared with the candidate paths in Socher's algorithm. The exper-
imental results are summarized in the form of tables and are dso pictoridly depicted in

the form of -graphs. The details of each experiment are described below.

451 Experiment 1

In this experiment, the am is to illustrate that the algorithm PIAP requires less number
of subsumptions as compared to Socher's algorithm. This is so because certain subsump-
tions are carried out a the levd of intermediate nodes where the paths of submatiices
are subsumed. In one sense, a path is subsumed at a much earlier sage where expectedly
the number of literds in the path is less Moreover, a any given node, certain paths
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which never get subsumed are identified in advance and this saves the computational
effort. It is to be noted that it is emphasized again and agan in literature [de Kleer 94,
Jackson 92, Kean 90] (and here too) that subsumption operation is the mogt crucia
operation in prime implicants computation. Hence, reducing number of subsumptions
naturally results in a better and more efficient agorithm. In the present experiment,
the subsumption operation is carried out in the usua way of subset checking. The same
function of subsumption operation is used for both the agorithms.

The experimental results are summarized in Table 4.1 to Table 4.7. The first column
of any of Table 4.1 to Table 4.7 gives the problem sze and the sample number. For
example, 1512 means, this is the 12" sample data for the problem having 15 dauses
The second column gives the number of subsumptions carried out by Socher's agorithm.
The third column gives the total number of paths that are generated and subjected
to subsumption operation in Socher's algorithm. The fourth column gives the total
number of subset checking carried out at intermediate nodes by PIAP. i.e, a nodes
other than the root of the tree. This figure depicts the number of subsumptions carried
out over paths in the submatrices and not on paths having full length. So, normally
the subsumption operations on these paths take less computational time (as there are
less number of literals) than the subsumption operation at the root. The number of
subsumptions carried out at the root leve is given in column 5. The tota number
(column 4 + column 5) of subsumptions by the PIAP is given in the sixth column. The
seventh column gives the number of paths subjected to subsumption operation at the
root level. The number of prime paths obtained after subsumption is given in column 8.
These are the prime paths void of the labd of the root. It is dready mentioned that
certain paths are identified to be prime a an ealy dage, and are not subjected to
subsumption operation. The number of such paths is given in column 9. The number of
paths in column 7 and column 9 together gives the number of paths that are generated
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by PIAP so as to compute the prime paths of the formula. This is given in column 10.
The total number of prime paths (column 8 + column 9) for the problem is given in the
last column of the tables (Table 4.1 to Table 4.7). In the cae of Socher's agorithm, this
is the outcome of performing subsumption operation on the number of paths given in
column 3.

It is to be noted here that if the left child of the root node is NULL, then column 9
gives the number of paths obtained by appending the labd of the root node to the sat of
prime paths of theright child of theroot. These paths are never subjected to subsumption
checks since they are already prime. There are certain samples (15-3, 155, 156, 15-10,
1513, 25-1, 25-19, 30-6, 30-13, 301-8, 35-1, 35-2, 35-8, 40-1, 40-2, 40-4, 40-18, 45-3, 45-6)
where the entries in columns 5, 7 and 8 are zero. In dl these cases the left child of
the root node is NULL and so is its set of prime paths. If the left child is not NULL,
column 9 gives the prime paths obtained by concatenating the label of the root node
to the paths in the set of prime paths of the left child of the root node. There are few
cases where there was memory allocation problem for Socher's algorithm. Such cases are
denoted by * in the tables. Further, SOCH stands for Socher's algorithm in the tables

given in this chapter.
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Table 4.1: Ta]:l_e. giving the number of subset checking and the number of paths

using Socher’s algorithm and PIAP “

Prob. SOCH PIAP |I

i Size & # of # of Subsumptions # of Paths Total || Total
Samp. || Subs. | paths Till { At | Total | for | after | in | # of || Prime |
No. for subs. || root | root subs. | subs. | P3 | Paths || Paths

15-1 6914 163 767 | 1003 | 1770 30 22 16 46 38
15-2 5595 142 906 | 2553 | 3495 71 25 24 95 49
15-3 300 27 56 0 56 0 0 8 8 8
15-4 11_]:45 271 596 | 2661 | 3257 67 39 7 74 46
15-5 1267 65 348 0 348 0 0 17 17 © 17
15-6 | 4122 115 jl1101| 0 | 1101 | O 0 |31 3 31
15-7 1795 57 928 | 873 | 1801 | 26 26 6 32 32
15-8 7212 122 562 | 1394 | 1956 34 30 12 46 42
15-9 1086 60 164 | 289 | 453 11 11 9 20 20
15-10 1511 65 194 0 194 0 0 17 17 17
15-11 1719 67 240 | 472 | 712 28 14 11 39 25
15-12 )| 2105 95 163 | 347 | 510 16 13 9 25 22
1513 [ 301 | 3¢ Jer| o Jur [ o | 0o |n| u | u
1514 | 2885 | 103 | 555 504 [1059 | 16 | 15 |13| 20 | 28
15-15 || 2693 114 578 | 402 | 980 13 11 15 28 26
15-16 938 61 264 | 195 | 459 9 9 11 20 20
15-17 835 52 62 150 | 212 10 9 5 15 14
15-18 || 2306 72 646 | 548 | 1194 22 11 | 24 46 35
15-19 || 7096 229 1292 | 2312 | 3604 | 55 34 7 62 41
15-20 2574 93 424 | 1149 | 1573 37 28 6 43 34
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Table 4.2: Table giving the number of subset checking and the number of paths J

using Socher’s algorithm and PIAP

Prob. SOCH PIAP
Size & # of # of Subsumptions # of Paths Total | Total
Samp. || Subs. paths Till At Total | for | after | in | # of || Prime
No. for subs. | root root subs. | subs. | P3 | Paths || Paths
20-1 | 30647 | 276 5438 | 9545 | 14983 | 109 | 69 | 36 | 145 105
20-2 | 33358 201 7725 | 9558 | 17283 ( 87 | 65 | 50 | 137 115
20-3 | 60243 [ 649 27832 ( 11128 [ 38960 | 85 | 37 | 67 | 152 104
204 | 1764 66 5982 | 625 | 6607 | 10 [ 6 | 20| 30 26
20-5 | 1069 80 1 559 | 2090 | 15 9 8 23 17
20-6 * * 20303 | 35333 | 55636 | 258 | 123 | 103 | 361 226
20-7 || 2948 131 1765 | 1129 | 2894 | 23 14 | 8 31 22
20-8 || 14174 | 333 4794 | 2553 | 7347 | 43 | 25 | 15| 58 40
20-9 | 3265 136 3444 | 1167 | 4611 | 26 11 | 12| 38 23
20-10 * * 23129 | 16364 | 39493 | 340 | 145 | 98 | 438 243
20-11 || 4929 118 887 | 1491 | 2378 | 31 27 | 17| 48 44
20-12 || 6665 162 1684 | 1111 | 2795 | 23 | 23 |15 | 38 38
20-13 || 4157 98 829 | 914 | 1743 | 21 17 | 22 | 43 39
20-14 || 5620 | 167 397 | 1205 [ 1692 | 34 | 31 | 4| 38 | 35
20-15 || 1412 55 231 | 339 | 570 | 15 15 | 5| 20 20
20-16 || 9507 234 899 | 620 | 1519 | 17 15 | 21 38 36
20-17 || 1206 65 62 | 150 | 212 | 10 9 5 15 14
20-18 || 3257 88 642 | 825 | 1467 | 25 | 25 | 6 31 31
20-19 || 2304 70 275 | 662 | 937 | 24 18 | 9| 33 27
20-20 || 8706 187 1501 | 1670 | 3171 | 34 | 27 | 18 | 52 45
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Table 4.3: Table giving the number of subset checking and the number of paths
using Socher’s algorithm and PIAP
Prob. SOCH PIAP
Size & # of # of Subsumptions # of Paths Tof.al Total
Samp. || Subs. paths Till At Total | for | after | in | # of || Prime
No. for subs. | root | root subs. | subs. | P3 | Paths || Paths
25-1 27 6 46 0 46 0 0 5
25-2 432 43 341 101 442 8 8 3 11 11 ﬂ
25-3 1500 88 521 283 804 12 10 8 20 18
25-4 17535 455 2846 | 1643 | 4489 40 28 14 54 42
25-5 4733 172 666 2028 | 2694 53 29 7 60 36
256 | 5805 190 386 | 605 | 991 [ 23 | 17 |11 | 34 28
25-7 3150 138 310 404 714 17 13 9 26 22
258 | 1102 88 150 | 152 | 302 | 10 [ 9 | 7| 17 16
25-9 [ 1408 87 400 | 257 | 747 | 11 | 10 | 9 | 20 19
95.10 | 2010 | 94 ao1 | 258 | 149 | 7 | 5 [13| 20 [ 18
2511 | 13400 | 276 | 1582 | 443 [ 2025 | 8 | 8 |20 37 f 37
25-12 || 64126 468 23129 | 16364 | 39493 | 177 58 | 68 | 245 |- 126
25-13 3065 111 197 404 601 15 15 6 21 21
95-14 | 3065 | 149 gs | 128 | 216 | 10 | 8 |8 | 18 16
25-15 11931 326 797 499 1296 19 11 20 39 31
25-16 | 11031 477 902 | 693 | 1595 | 18 | 13 |17 | 35 30
25-17 || 7328 197 736 | 1209 | 1945 | 36 23 |11 | 47 34
25-18 || 10276 288 915 692 1607 21 19 18 39 37
25-19 17621 301 4355 0 4355 0 0 50 50 50
2520 | 117395 955 2396 | 10560 | 12956 | 114 87 | 29| 143 116
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Table 4.4: Table giving the number of subset checking and the number of paths

| using Socher’s algorithm and PIAP

Prob. SOCH PIAP r

Size & * # of # of Subsumptions # of Paths Total | Total

Samp. || Subs. | paths i Till | At | Total | for | after | in | # of } Prime
No. for subs.Jl root | root subs. | subs. | P3 | Paths | Paths |
30-1 || 24066 450 3494 | 3916 | 7410 | 74 46 | 11 85 57
30-2 13441 324 3031 | 1523 | 4554 a1 31 10 41 41
30-3 30453 511 1679 | 2197 | 3612 36 33 15 51 48

30-4 || 7645 | 238 [l1415| 743 | 2158 [ 20 | 19 |19 | 39 38
305 (21869 | 518 [l 1211|1238 2449 | 34 | 16 | 31| 65 41
30-6 [ 13899 | 325 |l1840| o | 1840 | © o (36| 36 36
30-7 || 59776 | 487 | 5967 |4824 |10791| 58 | 39.|s56 | 114 | 95
30-8 || 4116 | 117 | 864 | 185 | 1049 | 5 5 |20| 34 34
30-9 | 4069 | 191 728 | 815 | 1543 | 30 | 16 | 10| 40 26
30-10 || 8498 | 206 || 371|522 | 893 | 25 | 14 | 19| 44 33
30-11 || 7482 | 248 || 513 [ 523 | 1036 | 15 | 15 | 11| 26 2%
30-12 || 9973 | 226 || 1419|1367 | 2786 | 34 | 23 |20 | 54 43

30-13 28 7 47 0 47 0 0 5 5 5
|3&14 | 680 46 431 | 180 | 611 10 7 7 17 14
30-15 i 2371 104 853 | 343 | 1196 | 11 11 |13 24 24

30-16 | 6013 180 757 | 665 | 1422 22 | 6 28 28

30-17 || 13666 | 367 838 | 999 | 1837 18 | 22| 46 40

60

30-19 | 13324 258 1811 | 1892 | 3703
30-20 || 15837 399 1B07 | 944 | 2751

23 |23 58 46
2] 19 45 40

22
24
30-18 | 29901 500 47211 © 4721 0 0 60 60
35
26
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Table 4.5: Table giving the number of subset checking and the number of paths
using Socher’s algorithm and PIAP

Prob. SOCH PIAP

Size & # of # of Subsumptions # of Paths Total | Total

Samp. | Subs. | paths Till | At | Total | for | after | in | # of § Prime
No. for subs. || root | root subs. | subs. | P3 | Paths | Paths

{ 351 [ 1735 | 125 [ 240 | o [ 240 | o 0 [10] 10 10
352 | 3100 | 220 [ 343| o | 343 | 0 0 |14 14 14
353 || 6645 | 241 || 658 | 755 | 1413 | 23 | 15 |16 | 39 31
35-4 | 13399 | 420 781 | 710 | 1491 | 22 | 14 |20 | 42 34
35.5 | 8487 | 226 [ 720 | 937 | 1666 | 210 | 21 | 12| 33 | a3
560 | 488 | 1048 | 15 | 15 | 15| 30 30
35.7 || 8082 | 209 .11471 1127 | 2598 | 25 | 14 |19 | 44 33
35-8 [ 11588| 488 [ 688 | o | 688 | 0 0 |16 16 16
35-0 f 9319, 222 | 805 | 990 |1795| 26 | 26 | 7 | 33 33
35-10 || 8583 | 249 792 | 906 | 1698 | 26 | 24 | 9 | 35 33
3511 [ 17219 | 405 [ 3582 | 1478 | 5060 [ 33 | 17 |21 | 54 38
35,12'} * * 2415 | 1218 [ 3633 | 290 | 20 |28 | 57 48
35-13 |[ 17865 | 348 2326|1516 [ 3842 | 34 | 34 | 8 | 42 42
35-14 || 6449 | 210 [ 1192 | 565 | 1757 | 13 | 12 | 20| 33 32
35-15 || 2171 | 123 186 | 172 | 358 | 10 | 10 | 5 | 15 15
35-16 || 2550 | 129 [l 420 | 201 | 621 | 7 7 14| 21 21
35-17 | 7328 | 197 550 | 400 | 950 | 14 | 10 | 9 | 23 19
35-18 || 20035 | 425 2795|1088 | 3883 | 16 | 13 |36 | 52 49
3519 || 12737 246 1250|1249 | 2499 | 23 | 23 | 19| 42 42
3520 [[10783| 360 || 883 |1250| 2142 | 36 | 22 | 7 | 43 29

Jl 35-6 3536 99
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Table 4.6: Table giving the number of subset checking and the number of paths
using Socher’s algorithm and PIAP

Prob. SOCH II PIAP
Size & # of # of Subsumptions # of Paths Total || Total
Samp. || Subs. | paths Till | At | Total | for | after | in | # of || Prime
No. for subs. || root | root subs. | subs. | P3 | Paths || Paths
40-1 | 26867 583 2867 | 0 | 2867 0 0 33 33 33
40-2 6066 225 799 0 799 0 0 18 18 18
40-3 | 35782 668 2510 | 1325 | 3835 | 27 21 | 32 59 53
40-4 | 25408 447 3326 | 0 | 3326 0 0 44 44 44
40-5 | 25020 | 385 |[ 2750 [ 2044 | 4794 | 37 | 20 | 30| 57 50
40-6 6529 216 974 | 166 | 1140 5 5 22 27 27
40-7 || 5510 269 682 | 266 | 948 8 7 17 25 24
40-8 | 10091 348 806 | 347 | 1153 9 9 14 23 23
40-9 20270 412 2417 | 1787 | 4204 34 34 11 45 45
40-10 || 26210 665 2093 | 1148 | 3241 24 19 28 52 47
40-11 || 16982 419 1703 | 1904 | 3607 | 22 22 |15 37 37
40-12 || 11369 279 2705 | 678 | 3383 | 12 11 | 24 36 35
4013 | 11319| 306 728 | 383 | 1111 | 10 7 |22| 32 29
40-14 | 14061 321 1487 | 1300 | 2787 | 26 26 | 18 | 44 44
40-15 || 4997 229 600 | 297 | 897 9 9 15 | 24 24
40-16 | 17551 342 1316 | 1525 | 2841 | 45 28 9 54 37
40-17 || 16663 436 1138 | 1578 | 2716 | 19 18 | 22 41 40
40-18 .|| 1671 179 258 0 238 0 0 8 8 8
40-19 6217 191 1051 | 627 | 1678 15 15 19 34 34
40-20 (| 20949 557 1547 | 1380 | 2927 32 31 7 39 38
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Table 4.7: Table giving the number of subset checking and the number of paths
using Socher’s algorithm and PIAP
Tmh. SOCH PIAP
Size & # of # of Subsumptions # of Paths Total | Total
Samp. || Subs. paths Till | At | Total | for | after | in | # of
No. | Checks | for subs. || root | root subs. | subs. | P3 | Paths
45-1 | 31064 496 3235|2338 | 5573 | 34 34 (22| 56 56
45-2 9660 208 1249} 729 | 1978 13 13 15 28 28
45-3 32788 650 3615 0 3615 0 0 37 37 37
45-4 10382 . 372 | 1005 | 263 | 1268 20 14 16 36 30
45-5 | 15661 619 1545 | 193 | 1738 | 14 13 | 15| 29 28
456 12159 570 989 0 989 0 0 22 22 22
45-7 | 32939 640 1620 | 1556 | 3176 | 34 31 | 12| 46 43
45-8 28817 570 1922 | 1697 | 3619 30 29 | 22 52 51
45-9 18245 417 1123 | 1062 | 2185 18 17 | 28 46 45
50-1 8552 420 823 | 351 | 1174 14 9 18 32 27
50~-2 15889 450 1389 | 932 | 2321 26 18 | 20 46 38
50-3 3459 278 291 20 311 0 0 11 11 11
504 20616 399 1198 | 1297 | 2495 31 20 19 50 39
50-5 |« « 5183|1479 | 6662 | 33 | 25 |27| 60 | 52
50-6 || 15117 530 527 | 345 | 872 15 15 | 8 23 23
50-7 * * } 6125 | 4079 | 10204 | 49 43 | 33 82 76
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From these tables, it is clear that the number (column 5) of subsumption operations
carried out by PIAP at the root leved is much less compared to the number (column 2)
of subsumption operations carried out by Socher's agorithm. In fact, the total number
(column 6) of subsumptions required by PIAP is less compared to Socher's agorithm
except for few stray cases, (157, 20-4, 209, 251, 252, 30-13). However, for these
samples dso, the number of subsumptions required at the root level is less compared
to Socher's algorithm. The number of subsumptions are more in these cases due to the
following reason. In order to obtain the prime paths at any node, subsumption check
is performed between the set of prime paths of its children so as to obtain the paths
which are prime for the parent node (Step 3 and Step 4 of PIAP). If thereis no path in
the set of prime paths of children which hold the property of being prime at the parent
node, then these subsumptions are of no use. If most of the nodes in the tree are of
this type, then the number of subsumptions required by PIAP can be more compared
to Socher's algorithm. However, these subsumptions are performed at the intermediate
levels where the length of paths are less and hence take less execution time, ex. 15-7,
20-9, 25-1, 25-2, and 30-13. Problem 20-4 and 25-12 are the only two cases among the
samples tested, where the number of subsumptions as well as the execution timeis more
for PIAP. However, it can be seen that the number of paths generated by PIAP for all
samples (including 20-4 and 25-12) is less than paths generated by Socher's algorithm.

The average number of subsumptions required by both the algorithms for samples of
fixed sze is calculated. In order to find the significance of the algorithm PIAP over
Socher's algorithm, paired t-test has been performed and the results obtained are given
in Table 48. Apart from the average number of subsumptions required by both the
algorithms (column 2 and column 5), the standard deviation (SD) and coefficient of
variation (CV) of the samples for both the algorithms are dso given. The degrees of
freedom (DF), computed t value (paired t), and the significant level (= probability p),
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are given respectively in the last three columns of Table 48. p < .0005 means that the
computed t-value is greater than the tabled t value [Rao 79 of t—distribution at the 0.05%
level of significance. In most of the cases p < .0005 in Table 4.8 and this substantiates
that the algorithm PIAP perform significantly better than Socher's adgorithm.

Table 4.8: Table giving the # of input clauses and the average
# of subsumptions with SD and CV, by Socher’s algorithm and PIAP

# of SOCH PIAP paired

DF | P
PIs | Mean | SD CV | Mean | SD | CV t F
5 3224 | 2899 | 899 | 1244 | 1115| .ﬂgﬁn 19 || 4.460 .0005

20 | 10846 | 15513 [ 1.43 || 6179 | 9455 | 1.529 | 17 || 2.944

25 || 14847 | 27910 | 1.879 || 3903 | 8849 | 2.267 || 19 || 2.139

30 | 14355 | 13919 | .969 || 2820 | 2554 | .905 | 19 | 4.432
35 | 9032 | 5441 | 602 | 1794 |1316| .733 || 18 || 7.433 H
40 | 15476 | 9254 | .597 | 2425|1313 .541' 19 || 7.164

45 | 21301 | 9991 | .469 | 2683 | 1450 | .541 | 8 || 6.343
50 || 12726 | 6732 | 529 | 1434 | 943 | 657 || 4 || 4.318

AA A A A AN A A
g
&

The behaviour of the agorithm not only depends on the input size but dso on the
output size - in fact more on the output Sze than the input sze. In order to study
the behaviour of the algorithms based on the number of prime paths, the samples were
grouped according to the output 9ze. The average number of subsumptions required for
eech of the groups is calculated and the sameis given in Table 4.9. The results obtained
by the paired t-test performed to study the performance of both the algorithms are quite
significant and substantiates positively that PIAP is significantly better than Socher's



Chapter4. TREE AND REASON MAINTENANCE m

algorithm.
The first order regression curve for the datain Table 4.9 is obtained® and is given in

Figure 4.6. It is evident from the Figure 4.6 that the performance of PIAP is better
than Socher's algorithm.

Table 4.9: Table giving the # of Prime Paths and the average
# of subsumptions with SD and CV, by Socher’s algorithm and PIAP

# of ~ socH PIAP s pa.fred' ,
Pls | Mean | SD | CV || Mean | SD CVH t

10-15 | 1534 [ 1219 704 | 331| 146| 44| 7 || 2901 || <.025
1520 | 2054 | 3170 | 1073 | 669 | 474 | 707 | 13 | 283 | <.m
20-25 | 4494 | 3314 | 737 | 1321|1213 | 018 | 11 || 3.616 || < .005
25-20 | 7086 | 3980 | 561 | 1633 | 1332 | 815 | 16 || 6.550 | < 0005
30-35 T348 | 3941 536 1718 | 613 ] .356 || 19 7.112 || < .0005
35-40 || 13077 | 6699 | 479 | 2783 | 1368 | .491 | 19 || 7.910 | < .0005
40-45 | 15030 | 7751 | 515 | 3211 | 841 | 261 | 13 | 6.010 || <0005
45-50 || 19030 | 7938 A17 3643 | 676 | .185 8 6.038 || < .ﬂﬂu5l

2pPackage used for this purpose is Regresson Analysisfor Tme Series (RATS) Ver. 20.
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Figure 4.6: The graph depicting the # of subsumptions required by
Socher's algorithm and PIAP.
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452 Experiment 2

It is to illustrate that the execution time taken by PIAP is much less compared to
Socher's agorithm. The time taken for the same samples congdered in Experiment 1
are given in Table 4.10 to Table 4.16. From these tables it is dear that the execution
time of PIAP is less than that of Socher's adgorithm. The samples 20-4 and 2512 are
two cases where the execution time for PIAP is more than that of Socher's agorithm.

The average execution timefor the samples of sameinput Szeis computed. Asin the
case of Experiment 1, paired t-test is performed and the results obtained are in given in
Table 4.17. The valuesin the last column of the Table 4.17 gives the levd of significance
(=~ probability p). It can be seen that the value of p is < .0005 for dl of the casss,
supporting the claim that PIAP is efficient than Socher's agorithm.

It is already mentioned that the performance of agorithms depend on the sze of the
output dso. Therefore, the average execution time taken by the algorithms depend on
the number of prime paths. Hence, the average execution time required by both the
algorithmsfor groupsformed based on the output size are dso calculated, and the paired
t-test is performed for the data thus obtained. The results are given in Table 4.18. From
the vaues of p in the last column of Table 4.18, it can be seen that the execution time
taken by PIAP is less compared to that of Socher's agorithm.

The first order regresson curve for the data in Table 4.18 is obtained and is given
in Figure 4.7. The graph substantiate that PIAP is significantly efficient than Socher's

algorithm. Thus, the execution time for PIAP proposed in Chapter 3 is less than that
of Socher's agorithm.
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Table 4.10: Table giving the execution time
of Socher’s algorithm and PIAP

Size 15 Execution time I]
Prob.No. ll Pls SOCH PIAP
15-1 38 879121 .219780
15-2 49 879121 494505
15-3 8 219780 .054945
15-4 46 1.263736 274725
'15-5 17 329670 .054945
156 31 439560 .109890
157 32 .329670 .164835
15-8 42 .659341 .219780
15-9 20 274725 .109890
15-10 17 329670 054945 |
15-11 25 329670 .109890
15-12 22 I .389615 1054945
15-13 11 274725 054945
15-14 28 494505 .164835
15-15 26 494505 .109890
| 15-16 20 384615 .054945
15-17 14 .384615 .054945
15-18 35 .384615 .219780
15-19 41 i 1.043956 384615
15-20 34 .549451 .164835 |
Average Time I 516733 .1565392 u
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Table 411: Table giving the execution time
of Socher's algorithm and PIAP 1
Executiontime

Prob.No. | Pls SOCH PIAP
201 106 2.032967 1483516
20-2 115 2087912 1533462
20-3 104 4890110 5.000000
204 26 769231 879121
205 17 769231 384615
20-6 226 * 5.659341
20-7 22 989011 494505
208 40 2.252747 1153846
209 23 879121 604396
2010 243 * 5.60439%
2011 44 604396 219780
2012 38 879121 274725
20-13 39 .60439%6 164835
2014 35 769231 164836
20-15 20 439560 054945
20-16 36 1263736 219780
20-17 16 434505 054945
2018 31 494505 164836
20-19 27 439560 109890
20-20 45 989011 384615

Average Time 1199353 741758
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Table 4.12: Table giving the execution time
of Socher's adgorithm and PIAP

Sze 25 Execution time

Prob. No. Pls SOCH PIAP
251 5 219870 054945
252 n S4A51 109890
253 18 659341 164835
254 42 2.692308 659341
255 36 1153846 384615
256 28 1.263726 164835
257 22 980011 109890
258 16 714286 054945
259 19 769231 109890
2510 18 650341 164835
2511 36 1.263736 274725
2512 23 3681319 5.054945
2513 21 769231 109890
2514 16 824176 054945
2515 31 2252747 274725
2516 0 2472527 274725
2517 A .934066 219780
2518 37 1533462 219780
2519 50 1813187 329670
2520 116 6.043956 1.0439%56

Average Time 1563191 491758
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Table 413: Table giving the execution time
of Socher's agorithm and PIAP
Size 30 I Execution time

Prob. No. Pls SOCH PIAP
01 57 2582418 714286
30-2 41 1813187 384615
303 48 2.692308 329670
304 38 1263736 219780
305 47 3.076923 329670
30-6 36 1.758242 219780
307 95 3571429 1.153846
308 A 769231 164835
309 26 1.923077 219780
30-10 33 1428571 .109890
3011 26 1.593407 164835
30-12 43 1.758242 384615
3013 5 549451 054945
3014 14 494505 .054945
3015 24 879121 219780
3016 28 1.263736 .109890
30-17 40 1.978022 274725
018 60 2967033 439560
3019 46 1428571 439560
30-20 40 2.362637 329670

Average Time 1.806479 31594
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Table 414: Table giving the execution time
of Socher's algorithm and PIAP

Sze 35 Execution time

Prob. No. Pls SOCH PIAP
3H1 10 8121 054945
352 14 1313131 109890
353 3 1758242 219780
34 A 2582418 274725
3H5 33 1318631 219780
56 30 879121 109890
B7 3 1538462 384615
358 16 2582418 109890
359 3 1758242 219780
310 33 1.923077 164835
11 33 2582418 659341
3B12 48 * 439560
13 42 2.252747 384615
3514 R 1.373626 274725
3x15 15 769231 054945
3516 21 1208791 109890
3517 19 .934066 164845
3518 49 3.791209 AAS1
3H19 42 1978022 219780
3520 29 2637363 329670

Average Time 1818970 2429153
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Table 4.15. Table giving the execution time
of Socher's dgorithm and PIAP
Sze 40 Execution time

Prob. No. Pls SOCH PIAP
40-1 33 3956044 329670
40-2 18 1593407 109890
40-3 53 4890110 439560
40-4 44 3131868 329670
40-5 50 2967033 714286
40-6 27 1538462 219780
40-7 24 1648352 164835
40-8 23 2.362637 219780
40-9 45 2.692308 384615
40-10 47 4055495 384615
4011 37 2857143 439560
40-12 35 1813187 494505
40-13 29 2967033 164835
40-14 14 2087912 274725
40-15 24 1.703297 164835
40-16 46 1978022 439560
40-17 A 2637363 329670
40-18 8 1263736 054945
40-19 A 1318631 164835
40-20 3 4010989 274725

AverageTime 257364 304945
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Table 4.16. Table giving the execution time
of Socher's dgorithm and PIAP
Sze 45 & 50 Execution time

Prob. No. Pls SOCH PIAP
451 56 3406593 51
452 28 2142857 A39560
453 37 4725275 439560
454 30 2.692308 274725
455 28 4.175824 274725
456 22 4.230769 219780
457 43 4.450549 329670
458 51 3846154 329670
459 45 2.857143 329670

Average Time 3614164 .354000
501 27 4.175824 274725
50-2 33 3516484 384515
50-3 n 2.637363 .109890
504 39 3131868 384614
505 52 * 989011
50-6 23 3.241758 109870
50-7 76 * 879121

Average Time 3.340660 252727
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Table 4.17: Table giving the # of input dauses and the average execution
time with SD and CV, by Socher's agorithm and PIAP

#of SOCH PIAP DF paired 5
PlIs | Meen| SD | CV | Mean | SD cv t
15 517 | 285 | 551 A57 | 120 | 766 | 19 | 8089 | < .0005
20 1199 | 1085 | 905 J42 | 1162 | 1566 | 17 | 7.308 | < .0005
25 1563 | 1.362 | 872 492 | 1099 | 2235 | 19 | 4107 | < .0005
30 1806 | 857 | 474 316 | 252 798| 19 | 9850 | < .0005
35 1819 | 785 | 432 243 | 162 | 667 | 18 | 10475 | < .0005
40 2574 | 1036 | 403 305 157 515 | 19 | 10815 | < .0005
45 | 3614 88| 246 3H4| 103 291 | 8 | 11919 < .0005
50 3341 | 565 169 253 1B | b6 | 4 | 13913 | < .0005
Table 418 Table giving the # of Prime Paths and the average execution

timewith SD and CV, by Socher'salgorithm and PIAP

#of SOCH PIAP DF paired 5
Pls |[Mean| SD | CV | Mean | SO | CV t

1015 939 | 890 | .900 | 0785 |.0294 | 374 | 6 278 | < .025

1520 780 | 599 | .767 14 | 089 | 764 | 14 | 4401 | < .0005

2025 | 1365 1089 | 782 | 215 166 |.77/5| 11 | 3913 | <.005

2530 | 1878 | 1186 | 631 252 | 185 | .73 | 16 | 6107 | < .0005

3035 | 1210 | 698 | 576 207 0688|332 | 16 | 6332 | <.0005

3540 | 2112 | 1167 | 552 | 363 | 230 633 | 17 @ 6.764 | < .0005

4045 | 2030 | 199 | 477 | 349 | 111 | 38 | 13 | 6834 | <.0005

4550 | 2394 | 1086 | 453 | 420 IX | 306 | 9 6193 | <.0005




Chapter 4. TREE AND REASON MAINTENANCE 12

25

1.5 1

Average Execution Time

0.5

10-15 15-20 20-25 25-30 30-35 35-40 40-45 45-50
# of Prime Paths

—+— SOCH —<— PIAP

Figure 4.7: The graph depicting the execution time taken by Socher's
algorithm and PIAP
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4.5.3 Experiment 3

While the execution time for the agorithms is machine dependent, the number of paths
generated is independent and hence a study on the number of paths generated by both
the algorithms for each of the datais aso carried out. As dready discussed in Chapter 3,
and substantiated here by Experiment 1, the number of subsumptions required by PIAP
iIs much less compared to that required in Socher's agorithm. This is so because the
number of paths generated by PIAP itsdf is much less The comparison of column 3
and column 10 of Table 4.1 to Table 4.7 establishes that the number of paths generated
by PIAP is much less compared to that generated by Socher's dgorithm. Thisis because
the generation of paths which may be subsumed at a later stage is avoided in PIAP.
Hence the paths which are not prime in a bigger set (lower leve of the tree) are few in
number.

In order to check the efficency of PIAP, the paired t test is carried out. The
results obtained based on the input size and the output size are given in Table 4.19 and
Table 4.20, respectively. It is observed (last columns of Table 4.19 and Table 4.20) that
the algorithm PIAP is sgnificantly better than Socher's agorithm since p < .0005 in
most of the cases. The first order regression for. the data in Table 4.20 is obtained and
is depicted in Figure 4.8. The Table 4.20 and the Figure 4.8 substantiate the clam that
PIAP is efficient than Socher's algorithm.

Thus, dl the three experiments substantiate the theoretical arguments provided in
Chapter 3 regarding the efficiency of PIAP over the Socher's algorithm.
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Table 4.19: Table giving the # of input dauses and the average # of
paths with SD and CV, by Socher's adgorithm and PIAP
#of SOCH PIAP DE paired o
Pls | Mean | SD | CV | Mean | SD | CV t
15 100 | 62| 618 BH| 2| 617 | 19 | 623 <.0005
20 178 | 144 | 810 54| 43| 794 | 17 | 4681 | <-0005
25 245 | 219 | .890 47| 55| 1161 | 19 4836 | < .0005
30 285 | 157 | 551 46| 24| 520 | 19 | 7712 | < .0005
35 260 | 115 | 440 33| 13| 3/ | 18 | 9539 | < .0005
40 374 | 150 | 401 37| 13| 36| 19 | 10720 | < .0005
45 515 | 126 | .245 9| 1| 28| 8 | 11972 | <.0005
50 387 | 75| .1%4 3B 17| 493 | 3 | 11680 | <.0005
Table 4.20: Table giving the # of prime paths and the average
# of paths with SD and CV, by Socher's algorithm and PIAP
# of SOCH PIAP DF paired o
Pls | Mean sD CV | Mean| <D cv t
1015 108 | 92734 | .862 14| 2326|171 | 7 | 2926 | <.025
1520 129 | 115998 | .901 19| 2154 112 | 13 | 3580 | < .005
20-25 194 | 143829 | .742 27| 6171 232 | 11 | 4142 | <.001
25-30 255 | 156314 | 614 3P| 4671 147 | 16 | 5978 | <.0005
30-35 213 | 124645 | 534 37| 5284 | 141 | 19 | 6487 | <.0005
3540 336 | 137803 | 411 44 | 7499 | 170 | 19 | 9773 | <.0005
40-45 321 | 145631 | 4HA 48| 5919 124 13 | 7166 | <.0005
4550 386 | 161547 | 418 62 | 14774 | 240 | 8 | 6515 | <.0005

124



Chapter4. TREE AND REASON MAINTENANCE 125

400

— e ] ] (93] v

wn o own o W

o o o o o
I | 1 L I

of Paths Generated

#
o
o

i

on
o
1

o
i

10-15 15-20 20-25 25-30 30-35 35-40 40-45 45-50
# of Prime Paths

—+— SOCH —< PIAP

Figure 4.8. The graph depicting the # of paths generated by Socher's
algorithm and PIAP.

4.6 Editing of Tree

When the reasoner transmits the set H of clauses to the RM S there is the need to update
the RMS database. In order to accomplish this, the binary tree corresponding to the
clausss that are already transmitted to the RMS has to be modified. Addition and
deletion of clauses and the changes thereof in the binary tree are being discussed in this
section. Updating RM S database means that the prime paths for the updated database
has to be obtained. Theincremental computation of prime paths using the tree structure

is a0 discussad in this section.
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4.6.1 Addition of a clause

The need for updating aformula, and the incremental algorithm to update the compiled
knowledge base has been discussed in earlier sections. It has aready been discussed that
the existing algorithms [Kean 90, Jackson 92, Socher 91] does not incorporate efficiently
the set H of clauses transmitted by the reasoner. If T(F) denotes the binary tree corre-
sponding to the formula F, then the problem is to obtain T(F A H) making use of T(F).
The different ways of obtaining T(FA H) are discussed here.

Method 1-

In this method, the set H is partitioned into H, and H, with respect to the label r
of the root node of the tree T(F). The left subtree T(F;) of the root node is updated
with those clauses (H.)in H which do not contain r. The right subtree T(F,) of the
root node is updated with the subset (H,)of H obtained by removing the litera r from
the clauses in ‘H containing r. This process is continued until leaf node is reached. If
the leaf node of the tree T(F) is to be updated with a nonempty subset of H, then the
node is no more a leaf node, and hence the corresponding formulais split until further
partitioning is not possible. The pseudo-code to update a tree T(F) and an example are

givenbelow.

Procedure Updatel_Tree (T(F), X)

Initialize root of T(F A ft) asroot of T(F).
r = the label of the root of T(F) .
Compute H, = {h€ H \r ¢ h})
Compute H, = {h—r \ b € H,r € h}
If T(F?)isNULL, then

T(F, A H.) = CREATE_TREE (%{').
ese
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Updatel Tree(T(F;),H.)
If T(F;)isNULL, then
T(FA H,) = CREATE_TREE (H,).
ese
Updatel_Tree (T(F,),H.)
END
Example 4.6.1:-

Let H= {abcef,adfgabf, acef, aceg} be the formula to be appended to the formula
F = {abcdé, abidf g,abcf, abedf,abedg}.

The sat H isincorporated at the root of the tree T(F). Thisis depicted in Figure 4.9.
The clauses in the box has to be appended to the node to which the arrow points. The
literal a isthelabel of the root of the tree T(F) and this literal is present in some clauses
of H. Hence H, = {bcefdfgbf}is to be appended to the right subtree of node 1 (root
node) in Figure 4.10. The remaining clauses, H, = {acef,aceg} are to be appended to
the left subtree (node 2) of node 1 (Figure 4.10). The node 2 of T(F) is NULL and
hence, the tree for the formula ., is created. One® of the trees thus obtained is given
in Figure 4.11. In order to update the node 3 of T(F), the right subtree of node 3 has
to be updated with {cef} and the left subtree is updated with {dfg,bf}This process
is continued and one of the complete binary tree thus constructed for T(F A H)is the
same as the tree aready given in Figure 4.1. It isto be noted that in this method, if H
has any literal which is not present in F, then these literals become the labels of nodes
only when aleaf node or NULL node of T(F) is reached.

A smple case of the addition of the formula is when the formula has to be updated
by a sngle clause h. For updating the binary tree, if the labe of the root is present in h

then the right child is updated by the clause h— {label}. On the other hand, if the label
*There are different trees depending on the choice of the label
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of the node is not present in h then the left child is updated by the clause h.

H = {abcef,adfg,abf, acef,aceg)

(2) {abedé,abidfg,abef, abedf,abedg)
1

na(]

(&)  {bedé, bidfg, bef, bedf, bedg)

Figure 4.9: Incorporation of Hto the root of T(F)

{abcef,adfg, uﬁf,ﬁéef,_&_éeg R
abedé, abédf g, abef, abedf, abedg}

H;, = {acef,aceg} 1

H, = {bcef, dfgr Ef}

r:|2 Q\{ bede, bédf g, bef, bedf, bedg)

O (©) {cdé,édfg,cdf,cdg,cef)

Figure 4.10: Incorporation of H, and H, to the right child
and left child of the root node of T(F).
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{abedé, abidf g, abef, abedf, abedg}

H, = {beef,dfg,bf}

R (8) {bede, bidf g, bef, bedf, bedg)
3

O R O (©) {cdé,édfg,cdf,cdg, cef}
(@) {edfg} {dé, f,df)
K () % Lo

Figure 411: Binary tree after incorporation of H, to T(F.)

Method 2:-

The main aim of tree-representation of T(FAH) is to facilitate computation of prime
implicants incrementally as and when the reasoner transmits clauses. The Method 1 used
to construct T(F A H) is not suitable for the incremental computation of prime paths for
the simple reason that in this method, the prime paths already available for T(F) are not
made use of. Moreover, Method 1 of appending H to ¥ depends on T(F) and requires
updating of most of the nodes in it. Another method is proposed here to construct
T(FA H) keeping T(F) intact. In this method, the binary tree T(H) for the formula H
is constructed independent of T(F). The binary tree for T(FA™M)is created with T(H)
as the right subtree and T(F) as the left subtree with the root node being dummy, if
and H are defined over the same st of literals. If there is any literal in H foreign to £,
the sat of literals, then the root of T(F A H)is not dummy. If the root node is dummy, a
dummy literal (say, X) is consdered the labdl of the root node of T(#A H). In this case,
it is not necessary to congder the tree corresponding to the additional formula as the
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right subtree of the new root node creeted. However, if the root node is not dummy, any
of the literals foreign to £ is considered the labd of the root node of T(F A H). In this
case, the right subtree of T(F AH) must necessarily be T(H). The binary tree obtained
by this method for the Example 4.6.1 is given in Figure 4.12, where the right subtree
represents the formula™®. The particular case where H is a single disjunctive clause is

so smple; the new clause becomes the right child leaf node of the dummy node.

Dummy
T(F T(H)
O (% (@) @
= (%) & (&) 0
g ASA ]
= '. = @ 7) ®
©» @ L
A\
* 0O

Figure 4.12: Tree-representation of formula F A ft by Method 2
F = {abcdé,abidfg,abf, abed f, abedg}.
H = {abcef,adfg,abf,acef, aceg}
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Method 3:-

This method is the combination of Method 1 and Method 2. The tree T(H) is
congtructed separately as in Method 2 wheresas the literals chosen for partitioning are
the same as those in T(F). i.e, if r is the labd of the root of T(F), then the same
r is the labd of the root node of T(H). In this process a any levd of the tree the
corresponding nodes of both trees will have the same labd. The tree thus constructed
for the Example 4.6.1 is given in Figure 413. It can be seen that the labes of the

corresponding nodes of the trees are the same.

Dummy
(=)
T(E T(H)
()
N N
(»)
U 0 Bl‘
A B
o o O ()
H . @
(9) (D
& N > (d)
* el L
O @ @°
N\
=

Figure 4.13: Treerepresentation of # AH using Method 3.
F = {abcde, abidf g,abef, abedf ,abedg}.
H ={abccf, ddfg, dbf, l.ll-:tf, a&g}



Chapter4. TREE AND REASON MAINTENANCE 132

The advantages of Method 3 over Method 1 and Method 2 are explained beow. In
Figure 4.13, let A and B are the left and right child, repectively of the root node N with
label a representing F. Smilarly, let A" and B' be the left" and right child of the root
node N' representing H. Since the labe of the nodes N and N' are the same, it can be
visudized as branching from a single node (say, NN). i.e, the nodes A and A' can be
visualized as the left child of a sngle node NN'. Smilarly, B and B' is the right child of
the node NN'. Further, A and A’ itself can be visudlized as the left and right child of a
dummy node (Figure 4.14). Similarly the nodes B and B' form the left and right child of
another dummy node. In this visualization, the root node label of T(F A H) is the same
as that of T(F) and T(H). This visualization helps in the incremental computation of
prime paths which is discussed in Section 4.6.3.

Figure 4.14: Visualization of nodes A, A' (theleft child nodes) and B, B' (the
right child nodes) of two nodes with same labd at same level of tree as the

left child and right child, respectively of a dummy node
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4.6.2 Deédetion of a clause

Different methods of updating a tree has been discussed in the above section. Deletion of
aclause is equally important as the reasoner might wish to transmit a clause temporarily
and later delete it. Deleting a clause from the binary tree corresponding to a formulais
the issue in this subsection.

If a set of clauses has to be deeted from aformula, choose the corresponding columns
in the binary matrix representation of the formula. If these columns have 1 in the row
(label) associated to the node representing the formula, then delete the chosen columns
from the right child of the node; otherwise, delete the chosen columns from the left child
of the node.

The deletion of clauses is easy if Method 2 or Method 3 is followed for updating a
tree. If the reasoner transmits a clause temporarily and later wish to delete it, it is only
required to delete the right subtree (since this corresponds to the formula temporarily
added) of the root of the binary tree .

4.6.3 Incremental computation of prime paths

It is dready mentioned in Section 3.4.4 that the algorithm PIAP is wdl suited for com-
puting the prime implicants incrementally. We have dso seen that when the reasoner
transmits a set ft of clauses, there are different ways of obtaining the binary tree repre-
sentation of the formulaF A H. The computation of prime paths in each of these cases
is discussed here.

Cae 1. Treeis updated using Method 1:- In this case the prime paths for the new tree
representingFAM is obtained exactly following the steps in PLAP. This method is
definitely not efficient as it does not make use of the prime paths aready computed
for a portion of the submatrix representing eech of the nodes.
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Case 2. H s defined over £ and T(H) is constructed by Method 2:- In this case the binary

Cae 3:

Ceae 4.

tree for F is kept intact and 0 is its set of prime paths. The prime paths for the
formula Hare computed independently using PIAP. Since the root of the new tree
constructed has dummy labd the prime paths for the formulaF A M is computed
following PIAP except Step 4. Moreover, since the labd of theroot is dummy, it
is immaterial whether T(F) is the left or right child.

‘H is defined over £ and T(H) is constructed by Method 3. It isaready discussed
that in this case the two trees T(F) and T(H)can be merged together. This
visualization makes it easy to compute the prime paths of #*A #’from the prime
paths of 7' and H’, where 7" and M’ are the subformulae of F and H, respectively.
Thus, theprime paths of any nodein the binary tree can be computed incrementally,
making use of the prime paths aready computed for the corresponding node in the
origind formula. Each of the intermediate node can be consdered atree with a
dummy root node (as in the case of Method 2) and hence the prime paths of each
of theintermediate node can be computed incrementally using the method adopted
for Case 2.

H has some literal (say, r ) foreign to C and T(%) is constructed by Method 2 or
Method 3:- In this case dso the binary tree for Fis kept intact and so isits set of
prime paths and the prime paths for the formula #H are computed independently
using PIAP. Theroot of the tree T(F A H) has the literd r (any one, in the case
of more than one) as the labd and hence the prime paths for the formulaFA H
are computed exactly following PIAP with T(F) as the l¢ft child and T(#)as the
right child. Further, Case 2 or Case 3 is gpplicable if T(H)is condructed using
Method 2 or Method 3, respectively.
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4.7 Conclusion

In this chapter, a new binary tree representation of a formula is introduced. This repre-
sentation naturally evolved from the partitioning scheme involved in PIAP proposed in
Chapter 3. The basic structure of anode in the tree, the crestion of the tree, and the im-
plementation details of PIAP are ds0 discussed in this chapter. Different experiments
were carried out to compare the performance of PIAP and Socher's dgorithm. The
experimental results reported in this chapter substantiate postively that the algorithm
PIAP is very efficient compared to Socher's algorithm. Apart from being efficient in
sequential computatuion of prime implicants, PIAP has many other advantages. The
binary tree representation is well suited for representing the updated knowledge as well as
for compiling the knowledge incrementally. Different methods to accomplish thisare dso
discussed in this chapter. The compiling method isgloba in the sense that dl the clauses
in the knowledge-base are treated collectively, and the newly-added information which
can be a st of clauses, is dso treated collectively for incremental computation. Further,
unlike the earlier agorithms which are inherently sequential, the proposed agorithm is
naturally paralelizable. The parallel agorithm is described in Chapter 5. Moreover, the
tree structureis utilized to have afull-fledged RMS.
In a nut-shell form, the advantages of PIAP are :

* Number of subsumptions, execution time and the number of candidate paths for

subsumption are less compared to Socher's algorithm.
» Wdl suited for knowledge compilation in globd as wel as incremental mode.

» The agorithmm is naturally pardldizable.



Chapter 5

PARALLELIZATIONOFPIAP

51 Introduction

Pardlld processng has been a subject of interest for the computer scientist's and has
aways fascinated them. In the context of today's technology, which has reached alimit
where it seems impossible to gain higher performance from sequential machines, paralle
processing is being accepted as an dlternative architectural gpproach to overcome this
technology barrier.

The problem of computing prime implicants for a prepositional formula in CNF is
computationally intractable [Provan 90]. Except for certain specific cases the algorithms
to solve the problem are known to be exponential in nature. Hence, for reasonably big
problem size, prime implicants computation may not be practical with the existing com*
putational methods. Therefore, it is necessary to resort to high performance computing.

This chapter explores the possibility of developing a paralld agorithm for the present
problem. As discussed in earlier chapters, the importance of prime implicants in RMS
have been established by [Reter 87, Inoue 90, Provan 90|, and hence most of the attempts
have been focused on developing an efficient and fast algorithm to compute prime im-
plicants. However, there has not been any attempt so far to utilize pardld computing
technique for this purpose. The new agorithm, PIAP proposed in this dissertation
has the additional advantage of being pardldizable. The am of the present study is to
Investigate different agpects of paralldization of PIAP.
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The coarse-grain pardlelism can be seen triviadly due to the tree structure proposed
in Chapter 4. The prime paths for different nodes at the same levd of the tree can
be computed smultaneously and independently. The medium-grain pardlelism can be
achieved when concatenation and subsumption operations are performed between sets of
paths with respect to two sbling nodes of the same parent node. Findly, the fine-grain
paralelism can be achieved when the subsumption between the sets of paths is carried
out as vector computation. Thus, three different leves of pardldism are explored here
and the suitable architecture for each of these is d0 investigated.

The principles of parald computing, the pardld architectures, and earlier works
which ded with propositional formulausing paralel computers are briefly reviewed. In
later sections, each of the levels of paraldization are dedt with separately. The hybrid

architecture to solve the problem of computation of prime implicants is ds0 proposed.

5.2 Review of Architecture

This section is concerned with a brief review of the parale architecture and parale
agorithms. There are many ways of classifying machine architecture. The first class-
fication of parallel computers is given by Flynn's [Flynn 66] taxonomy in 1966. In this
classification, multiprocessors are distinguished according to multiplicity of instructions
and data streams. Though this classfication is not comprehensive for parald processors
today, it spans the complete spectrum of the processor organization. According to this

classfication, there are four categories of parallel processors.

SSD- Class of computations with Single Instruction stream and Single Data stream.
SIMD- Class of computations with Single Instruction stream and Multiple Data stream.

MISD- Class of computations with Multiple Instruction stream and Single Data stream.
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MIMD- Class of computations with Multiple Ingtruction stream and Multiple Data stream.

Flynn's classification does not cover dl aspects of interconnection in the padld
processor. However, it is genera enough for the desgn of many pardld dgorithms.
Generdly, SIMD and MIMD dasses of pardld computers are rdevant in the present
context. SIMD computation which exhibits data pardldism may be employed when the
dataisregular and calculation tends to be uniform. MIMD machine further falsinto two
categories, shared memory and distributed memory machines, though many architectures
exhibit both parallelism. Findly, there are systalic arrays, pipe-line computation, mesh-
connected arrays, hypercube network, shuffle exchange method, and partitionable and
hierarchical multiprocessor architecture [Hwang 89] that have been proposed and studied

for varieties of applications.

Pipeline Computation

Pipelining is one of the most primitive forms of synchronous computation. It conssts of
processors connected in a certain fashion by which on each machine cycle each processor
receives data from its input ports, performs the required computations and passes the
result and data through its output ports. Once the pipeline is filled, dl the processing
elements operate in parald and one output is produced per cyde. Therefore, pipeline
paraldism is effective for handling batches of data when operations on them can be

broken down into distinct suboperations.

Shared Memory

Shared memory systems share a common block of the memory, and the processor cannot
be used as a stand done computer snce the memory is shared. High interaction be-
tween various processng units and fast data communicetion is feasible in shared memory
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multiprocessors. In a shared memory SIMD computer, data comirninication takes place
through shared memory location. In this, information flowing from a processing unit to
a memory module contains data, address and other memory controls. In alocd memory
computer, information exchange between two processing units is through discrete mes-
sages which flow on the network wires in either serial or parallel order. The processing
units in a MIMD computer interact with each other to solve a problem collectively and
the computer organization is such that the interaction between various processing units
is high and the data communication is fast. These are highly coupled multiprocessors
and an interaction of this type is only possible with multiprocessors using the concept of
shared memory. An important issue in shared-memory systems is data synchronization.
That is, processors must synchronize with each other to avoid write conflicts, and to
enforce the data precedence relationship inherent in the algorithm. The synchroniza-
tion between processors in a shared memory multiprocessor is difficult and the basic
mechanism of synchronization in such type of multiprocessorsis by setting a lock, either

in hardware or in software, before changing a critical variable shared by two or more

[processors.

V ector Processor

Vector processors are useful when an identical function is repeated many times for dif-
ferent data values, namely the elements of vectors. The efficiency of vector processing is
primarily determined by the way the vector or matrix is handled. The vector processing
can be achieved through a pipeline where a set of data is computed one after another in
a pipeline mode, or through array processing where all data items can be computed in
parallel.

A vector operand contains an ordered set of n elements, where n is the length of the

vector. Four basic types [Ghosh 95] of primitive vector processing instructions are:
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1. Those that operate on one vector and produce another vector. The input to these

instructions is, therefore, only one vector.

2. Those that operate on one vector to produce a scdar. The input to these ingtruc-

tions is only one vector and the output is a scaar.
3. Those that operate on one vector and one scdar to produce one vector output.

4. Those that operate on two vectors to produce one vector.

The vector processing required for the computation of prime paths is of the fourth
primitive type, where two vectors are given as input to produce one vector output.

A generic vector processor requires two input vector streams and provides one output
vector stream. For the vector processor to work, two inputs must be simultaneously
present on the input ports. Vector processor performs the designated operation on the

vector elements and sends the result through the output port.

53 Design of Paralle Algorithms

The designing of efficient parald agorithms must be guided by the architectural organi-
zations that may support at a particular time. However, for a generdlized approach, the
extent of theoretical studies on paralleism exhibited by a problem should be far more
developed to absorb any new architectural innovations that augment the technology of
paralle computation. The emphasis of theoretica studies liesin extracting inherent par-
dlelism of a problem. This study resultsin designing efficient parallel algorithms taking
into consideration one of the following.

1. Mapping an existing sequentid agorithm to a suitable parald processor.

2. Designing afresh a new agorithm exploiting fully the problem's inherent charac-
terigtics.
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It is observed in the approach of mapping a sequentid agorithm to a suitable pardle
machine that the best sequential agorithm need not be the best pardld agorithm. In
the present context, the new agorithm, PIAP, is superior to other known agorithms
in sequential computing, and is dso suitable for pardldization. In this context, it is
worthwhile to study the different parameters of the nature of pardldism.

Nature of Parallelism: Nature of parallelism has a number of attributes that depend
on what kind of parallelism is used and the way in which the agorithms and/or data can
be decomposed [Jamieson 88]. The following are some important paraldisms.

'_\

. Data parallelism and function parallelism.
2. Data granularity.

3. Module granularity.

4. Degree of paralelism

5. Uniformity of operations.

»

. Synchronous requirement.
7. Static and Dynamic characters of the algorithm.
8. Data dependencies.

The most widely used theoretica modd for parale agorithmsis parale random ac-
cess machine (PRAM). PRAM skirts the communication overheads entirely by enforcing
communication through shared memory wherein the access is dlowed to be made in a
transparent manner smultaneoudy by dl processors as long as they avoid dash for a
specific location of the memory. Even the dashes or memory conflicts are dlowed under

some predetermined protocol which the designer of the agorithm may have to tackle.
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5.4 Motivation and Earlier Work

The problem of computing prime implicants of a prepositional formula is NP-hard. So,
in any red life application, when the number of prime implicants is very large, it would
be difficult to compute the prime implicants in acceptable time. Therefore, it may be
necessary to resort to multiprocessor computing to solve this problem. Since PIAP has
an inherent tree structure, mapping the algorithm to a parallel computer becomes easy.
Since the st of clauses representing the formula is successively divided into subsets and
the paths of the subsets are concatenated to get the paths of the original formula, it is
natural to process the subsets smultaneously. Thus different nodes of the tree can be
processed in a parallel computer. On the other hand, when the paths of two nodes are
combined to get the paths of the common parent node, the concatenation process for
different paths can adso be done in parallel. Every path consists of a set of literals and
the subsumption operation between two paths is essentially comparing the clause set of
the respective paths. This comparison can dso be accomplished for each pair of clauses

in parallel. Thus, PIAP facilitates multiple levels of parallelism,

» when the problem is subdivided into subproblems
 at the intermediate level (at each intermediate node of the tree)
 at the primitive data, namely, literals.

One can term all these as parallelization of different granularities-coarse-grain, medium-
grain and fine-grain. In the following sections, suitable architectures for each of these
levels of parallelism are explored and a suitable hybrid architecture for PIAP is proposed
to solve the prime implicants problem.

There have been some attempts earlier to handle theorem proving, logic programming

and ATMS [Rothberg 89] by parallel computers. But so far, no attempt has been made
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to device parallel agorithm to compute prime implicants. The present study is the first
of it's kind and can dso be extended for pardld RMSs The earlier work relevant to the
present study is briefly reviewed here.

Earlier work

Any theorem proving problem involves the combinatoria exploration of a solution space.
One of the theorem proving procedures that appears to be particularly efficient in many
casss is the Davis-Putnam procedure (DPP) [Davis 60]. Based on the DPP, Chen and
Liu [Chen 87] proposed a pardld approach to decompose aformula. At each iteration, a
variable is chosen arbitrarily and the formulais split into two subfonnulae with respect
to the variable. Based on this approach, a divide-and-conquer strategy together with a
pipeline discipline has been proposed for theorem proving in prepositional logic.

In order to fully minimize the vectorization techniques, Fang and Chen [Fang 92
generdize the rules by considering more than one variable at a time. Then, for efficient
vectorization, a vectorized representation of a clause is given. Finally, vectorization
techniques are utilized to ded with the generalized rules so that they can be implemented
in terms of vector instructions. It is shown that the approach is effective in a sense that
most operations involved in the algorithm are smple operations like AND, OR, and

MERGE bit vector instructions, which are most efficient on vector computers.

55 Different Levds of Parallelism in PIAP

The mgor god in characterizing the algorithm is to identify and exploit its inherent
pardldism (i.e, potentia for concurrency). The leves of resolution a which we can
attempt to find this pardleism are coarse-gran, medium-gran and fine-grain. The

leves of granularity in PIAP is the subject of discusson in this section.
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551 Coarse-grain parallelismin PIAP

The architecture at this level of pardlelismis agenerd purpose, shared memory pardle
processing system. In such a shared memory system, the binary tree discussed in Chep-
ter 4 can be made available to dl processors. The tree is partitioned in such away that
each processor does approximately the same amount of work, in order to balance the
work load. This task can be accomplished by ajudicious choice of the literd r at every
step of tree partitioning. However, a perfect balance of work load may not be possble in
practice. In the coarse-grain-levd of paralldization, PI AP works as follows:

During each iteration k, dl prime paths of nodes at levd k are computed. The k
ranges from'depth' (depth of the tree) to 0. Computation of prime paths of each node
a level k of the tree is independent, and is computed by each processor, assuming that
there are as many number of processors as there are nodes at level k. In such cases, once
the computation of one node is over, the processor corresponding to that node isidle. If
there are only m processors available and the maximum number of nodes at alevd isn,

different cases arise; (1). m>n and (2). m<n.

Case 1. Inthiscase, n nodes at thelevd kisgiven to n processors and the remaining m—n

processors are idle. Since the number of processors exceeds the number of nodes at

the leve, each of the node is given to different processors.

Case 2. In this case, dnce the maximum number of nodes at the particular leve exceeds
the number of processors, we find the levd which has number of nodes less than or
equal to m. At this leve, the nodes are given to m processors, and the computation
of paths upto this level is performed sequentialy.

The entire tree is available to dl the procesors through the shared-memory. Each of

the processors performs its computations and the result is stored in the common memory.
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The processors which need the computed data collect the data from the common memory.
The m processors are assgned to it by a wrap-mapping scheme so that each one has
approximately the same amount of work. After the computation of prime paths at each
level is complete, the processors must synchronize with each other before they can proceed
to the next level. Since mis never very large, and since partitioning and synchronization
may be expensive, it is proposed to switch to a one processor sequential phase where
there are fewer than m nodes.

The pardle agorithm PARPIAP to compute the prime paths for Case 1 (m > n)
can formally be stated as given below. The function nodepath (r, Li(r), R (r)) in the
algorithm PARPIAP computes the prime paths of the node N;, having labd r and
Li(r) and R(r) as the left and right child, respectively.

Algorithm PARPIAP
(Number of processorsis assumed to be m)
begin { initialization }
For d= depth to 0 do in parald
for each node at level d do in paralle
assign the node N; to processor P
for each processor P; do in parall€
collect the labd r, prime paths of Li(r)and R (r)
nodepath(r, Li,(r), Ri(r));
write paths of node N, to the common memory
end

For case 2 (m < n), d ranges from k to O instead of depth to O where k is the leve of

the tree where the number of nodes is less than or equd to m.
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552 Medium-grain paraldismin PIAP

At the medium-grain parallelism, eech of the processors Pi handles a st of paths The
function of these processors is to collect the labd r of the node and the paths generated
by both the child nodes, check for subsumption among the s&t of paths and concatenate
the set of paths with the literal r and with another st of paths. Since the paths are
independent, their concatenation with aliteral, subsumption check between pair of paths,
and the concatenation of paths can be carried out smultaneoudy by these processors.
Hence, each of these processors is visuaized as a st of processors (Vi, Vo ... Viy,) 0 as

to handle the paths ssimultaneously. Such a processor is depicted in Figure 51

Concatenation of literal r to a path p

The Step 5 of PIAP isto concatenate alitera r to the primepathsin P[ S—S, ,TU {r}].
Let p1,p2,... ,Pm1 bethe prime pathsin P[S— S, TU {r}]. As mentioned above, snce
these prime paths are independent, the concatenation of these paths with the litera r
can be performed independently and simultaneously.

It is assumed that there is a host which distribute to each of these processors V,
apath p, in P[S— S,T U {r}]. It is ds assumed that the number of procesors
is large enough to handle dl the paths ssimultaneoudy with one path residing at one
processor. However, necessary modification can be done trivially when the number of
processors is less than the number of paths. For concatenation of literal r with the paths
Pi (i =1,2,... ,my), r is given to al the processors at a time and then each processor
after checking fundamentality returns p; W {r} to the host. Thisis pictorially depicted in
Figure 5.1 If each processor takes unit time to perform this, then m; concatenations arc
performed in unit time since there are m; processor. If the number of vector processors
is less than the number of paths in P[S— S , T U {r}], then one s&t of m; paths arc
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passed onto the processors first, and then another st of nmy paths and so on till the
concatenation with al paths are over. If there are n prime paths in P[S— S, TU {r}]
and my processors, then the concatenation of r with these paths can be performed in
[n/my] units of time.

pY{r} pw{r} pw¥{r} Py W {r}
nt P2 Pa s s e Py
! I t t
r r T ¥ e r

Figure 51: Concatenation of r with p;, i = 1,2, ...,m;
using mi vector processors.

Concatenation, p; & g; of two paths p € P[S- S,,T U {r}] and q; € P[S,,T U {r}}
can aso be performed in the same manner. Let q;,0p,..., G be the prime paths in
P[S,,TU {r}]. The hogt distributes to each of the processors a path pi. The g's are
send to the processors through the input port in a pipdine fashion by the hogt.

The paths gjs enter with atimelag of one cycle between consecutive paths. A cycleis
equal to the time taken by a processor to concatenate two paths p; and ¢ and to output
the resulting path p; W g; at its output port to the host. Thisis illustrated in Figure 52

The problem of subsumption is essentidly to check whetherp, € q, or, q, C p,.
Subsumption is handled in a the same manner as concatenation. Instead of returning
Pi W q; a every instance of time, every processor returns 1, if p subsumes ¢, —1, if p, is
subsumed by ¢, and 0, otherwise. Once when one cycleof computation is over, the host
checks the results obtained and acts accordingly. If any output (say, i™ ) is 1, then the
i™ path Pi subsumes the g; and hence ¢ is deleted from the sat of paths by making al
the components of ¢ a postive value bigger than 2 (say, 3). On the other hand, if any
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output (say,j" ) is —1, then thej™ path P; is subsumed by some path g; and hence P,
is deleted from the set of paths by making al components of P, a positive vaue bigger
than 2 (say, 3). A value bigger than 2 is given so as to make sure that this path does not

play any role in deciding the subsumption of other paths.

p1 Y g; P2Yg; ps¥ag; PcYaq;
>
P1 P2 Pa Fe——— Pmi
t | | cee
q; aq; g; q;

VJ: 1,2,...,”11

Figure5.2: Concatenationof ) dor =: 1,2,...anq
] = 1,2,...,mpusSing m; VECtOr Processors.

553 Fine-grain paralelismin PIAP

At the finest leve of granularity, the paths are visualized as st of literds and pardlé
implementations of the concatenation and subsumption operation are performed. In order
to accomplish these, let us assume that some ordering of literals exists. Without loss of
generality we aso assume that all the paths follow this ordering of literdls. The paths are
represented in the form, of abinary vector with 1 if the litera is present and 0, otherwise.
The number of processing elements (PES) in these vector computers is assumed to be

equa to the number of literads. Concatenation and subsumption are handled as follows:

Concatenation in parallel

Letp ={ai1,&>2,..., &} and g, = {bj1 bj,..., by}- In order to perform concatenation
of p; and g, eech PE computes the maximum of ay and by for dl k. The result is sent to



Cligpter 5. PARALLELIZATION OF PIAP 149

the host through the output port. The host on receiving this, checks for fundamentally

and sends it to the common memory if it isfundamental, and discards it, otherwise.

Subsumption in parall€

In order to accomplish subsumption, each processor computes g —y for al k. Since p;
and g are binary vectors, ax — by« has thevaues O, +1, or -1 for dl k. The host of these
processors checks a, — by for dl k. If ax— Dby iseither O or -1 for dl k, then p; subsumes
g, and if ax— by iseither O or 1 for dl k, then g; subsumes p;, and if & —by is O for
dl k, then both p;, and g, are the same and either of them is consdered to subsume the
other. If ay—bj hasthevalue 0, +1, and -1 for somek, thenp,-and ¢ are entirely two
different clauses which do not subsume each other at dl. Thehost on receiving the vaues
checks values it received. If some g subsumes p;, then p; is deleted from the set of prime
paths P[S— S, T{r}] and the dements in the next path are distributed to the PEs. If
Pi subsumes g}, then the g is given aflagand is not consdered further. Based on these
discussions, the working of the paralle agorithm and implementation are explained in

the following section.

a;; — bj a;; — bjz 83 — bjs aix — b

/N /N /S N e N
b a3 bis au b,

a; i1 a3 5,‘2

Vi= 1,2,...,m1ande= 1,2,-","33

Figure 53: Computing aj - bjy, for i =1,2,...,mand j =1,2,...,m,4
for subsumptions usingm;vector processors
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56 Pardlel Algorithm and Implementation

The three levels of pardldism in PIAP are discussed in Section 55 As mentioned
earlier, the entire binary treeis available to al processors Pi through shared memory. At
the d” level of the tree, let us assume that there are / nodes and correspondingly, there
are / processors. The i processor, Pi collects the data relevant to the i™ nodein the d"
level, i.e., Pi collects the label r;, left child prime paths P(Li-(r;)), and right child prime
paths P(Ri(r;)) of thei™ node in the d" levd. It is assumed that there are as many
number of vector processors as there are paths inP(L;(r;)). Thej" path py of P(Li(ri))
is dlocated to the | vector processor V. As aready mentioned, it is assumed that the
length of the vector representing any path is equa to the number of literdsin £ (the st
of literals). In V|, the k™ component in p; is dlocated to the k™ PE of V. The entire
architectureis pictorially depicted in Figure 5.4.

The paralld algorithm using this architecture for the example with tree structure
given in Figure 4.5 is explained here. At leve 2 of the tree there are four nodes, of
which thefirst nodeis NULL. The remaining three nodes (nodes 5, 6 and 7) are assigned
to three different processors P; ,P, and Ps, respectively. Pl collects the labd ¢ and
the prime paths of its left child and right child. Similarly, processors P, and P; dso
collects the data required for nodes 6 and 7, respectively. Left child of node 5 is NULL
and hence P; writes the prime paths for the node 5 as {¢} (the labdl), and {&}, {f,g}
(the right child prime paths of node 5 into the shared memory). The processor P,
has two paths 6 = (0001000000000) and / = (0000000000100) in P(Lx(g)) and paths
d = (0000001000000) and / = (0000000000010) in P(Rx(g)). The two paths in P(L,(g))
aredistributed to two processors, btoV; and / to V.. Thepathdin P(Ry(g)) is sent to V;
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and V, simultaneously. Thus, V; has the vectors (0001000000000) and (0000001000000).

Shared Memory

iacal IMEmory .-’ Clﬂ IMemory] oca.l memory

A typical Processor

[ VectorProcessor
— Processing Element in a Vector Processor

Figure 5.4: The hybrid architecture for PARPIAP

In order to perform the subsumption operation on these data the components of
these vectors are given to each of the PEs of V,. The firss PE PE; has a; = 0 and

bp = 0; PE; has 0 and 0, and so on. Each of the processors compute ax — bjx and
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V; obtains the vector (000100-1000000). This vector has O, 1 and -1, and hence neither
of them subsumes nor is subsumed. Smilarly the paths in V, dso neither subsumes
nor is subsumed by any path. Hence, the host of the processor P, sent g to V; and V,,
simultaneously so as to perform the concatenation operation. In order to perform the
concatenation, V; has vectors (0001000000000) and (0000000000001). The concatenated
path obtained ({b,g} = (0001000000001)) is sent to the common memory. Similarly
{f,g} issent tothe common memory by V..

In order to perform the concatenation operation of the form pls g where p € P(L4(g))
and g € P(R2(3)),{d} and {f} are sent to both V; and V, one after the other and the
result obtained is stored in the locd memory of P,. Subsumption operation is performed
on the paths ({b,d}, {d,f} and {5, f})thus obtained. For this, thefirst path (say, {b,d})
Is passed to dl the vector processors in P,. The other paths are sent to these processors
one after the other for Subsumption check. The results sent by these vector processors
are stored in the locd memory of the processor. The unsubsumed paths are sent to the
common memory. The processor P; dso works in asimilar fashion for the node 7. Once

al the three processors have written the results in the common memory, the agorithm
proceeds to the next lower levd.

57 Conclusion

An attempt is made to explore the inherent paradlelism in PIAP, and a pardld agorithm
PARPIAP, the parald version of Pl AP, to compute the primeimplicants of aformula
is designed. The different levels of granularities—coarse-grain, medium-grain and fine-
grain are explained. Coarse-grain pardldiam is trivia due to the divide-and-conquer
paradigm. The prime paths of two subsets of dauses are computed at this levd of
granularity. The prime paths thus obtained are concatenated followed by subsumption
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check. The concatenation of paths as well as the concatenation of paths with a literal
with respect to which the set of clauses is partitioned are performed smultaneoudy.
The subsamption check is dso performed smultaneoudy. These computations exhibit
medium-grain paraldism, Findly, fine-grain pardldism is achieved when each of the
path is considered a vector, and the components of the path obtained as a result of
concatenation are computed simultaneously using vector processors.

The hybrid architecture suitable for the pardlel computation of prime paths is pro-
posed. The proposed algorithm will help in designing a parald knowledge compilation
technique which in turn can be an efficient tool for RMS.

This algorithm has the synchronization cost of one synchronization per levd of the
tree. Judicious choice of the literal r would help in obtaining a balanced tree and hence
proper load balancing can take place. However, even for a balanced tree, the number
of prime paths at each node need not be the same and hence, proper load balancing is
difficult to achieve. Moreover, if the number of vector processors in the processors is
fixed, there may not be that many prime paths in the left child of the node. Hence there
may be idle vector processors.



Chapter 6

APPLICATION TO COMPUTER VISION

6.1 Introduction

Computer vision is an area of Al that deals with the automatic analysis of the visual
information. Shape recovery, especialy, recovering 3D shape from 2D images is one of
the prime areas of interest in computer vision research. Severa cues like texture, shading,
and stereo help the process of shape recovery. Many techniques have been developed to
tackle this problem. Shape from Slhouettes is the method of recovering 3D shape using
silhouettes as cue. It makes use of multiple 2D outlines as binary images to determine
the three-dimensional details of an (otherwise unknown) object.

Indeed, reasoning is the corner stone of intelligence and hence forms the basis of Al
applications. Though most of the high level computer vision problems are essentially
concerned with reasoning, very few attempts have been made to formally address this
problemin computer vision. Thetraditionally used algorithmic approach, surely pro\ides
afast and reliable method of interpretation and analysis of scenes. But, it isinefficient in
handling qualitative information and related inferencing. Moreover, when the result can-
not be anticipated a priori, the algorithmic approach is not suitablefor the purpose. One
of the first attempts to use logic programming for image interpretation is the pioneering
work of Reiter and Mckworth [Reiter 90] whereit is proposed to interpret linedravung as

a mapping among the set of logical axioms.
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A logical framework for Shape from Slhouette problem is proposed here. The prob-
lem is rephrased as a problem of computing prime implicants of a propostiona formula.
It is shown that al possible reconstructions can be described as a consequence of the
st of prime implicants of formula. Volume Intersection method [Chien 8§ has been the
computational paradigm for recovery of shape from multiple slhouettes. This method
becomes a particular case of the proposed gpproach discussed in this chapter. Hence,
this framework would prove to be more powerful and degant than the computational
method. Further, this method is suitable for incorporating additional knowledge for
better reconstruction.

In the following section, the basic concept of shape from silhouettes is introduced.
In Section 6.3, the problem is-formulated as a problem of prime implicants and shown
that al possible minimal reconstructions can be obtained by PIAP. In the following
section, it is established that the object reconstructed using the conventiona technique
of Volume Intersection is a particular case of the set of objects that can be generated
by the proposed method. Thus, the proposed technique is more genera in handling

concavities of the object which cannot otherwise be achieved.

6.2 Shape from Silhouettes

A silhouette of an object is a binary image corresponding to the occluding contour of the
object uniformly filled with black and the background filled with white. The slhouettes
of an object are usually different for different viewing directions. On the other hand, two
distinct objects may give rise to same slhouettes. A silhouette is obtained by bi-level
thresholding of the input grey level image. As a result of this bi-level thresholding, a lot
of useful information, which otherwise is important and can aid in proper reconstntctkm,

is lost. Ingpite of this, slhouettes contain a large amount of information necessary for
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a reasonable shape recovery. Shape from silhouettes takes the slhouettes as input to
reconstruct the three-dimensional object. Volume Intersection [Chien 8] is a method
which employs this shape from silhouettes paradigm to recover the shape of a 3D object
from multiple silhouettes. The underlying principleis smpleas unlike the case of shading,
it does not make use of any a priori assumptions regarding the surface characteristics,
illumination, reflectance, etc. The silhouettes are swept aong the viewing directions to
form cylinders. These cylinders are intersected to reconstruct the object.

It is assumed that the 3D object is represented as a three-dimensional binary array of
voxels of the universe cube and the object reconstruction is concerned with determining
the binary values of these voxels based on the binary values of the silhouettes-pixels. It
is to be noted that any pixel of a 2D image corresponds to a set of voxes of the universe

cube. The problem is to resolve this many-one mapping based on the following principles:
1. Ifapixel is white in a silhouette, then all the voxels that project onto it are white.

2. If apixel is black, then at least one of the voxels that project onto it is black.

6.3 Logica Framework

The problem of recovering 3D shape from silhouettes can be framed as a problem in
prepositional logic and the reconstruction process can be essentidly the determination
of prime implicants. Let FRONT, TOP and SIDE be the binary arrays representing
the silhouettes along front, top and sde views, respectively. We assume that thereis a
logical variable associated with every silhouettes-pixel and with the universe cube-voxd.
For example, X; is a literal corresponding to the ii™ pixel of FRONT, y; is aliterd
corresponding to the ij™ pixel of SIDE, z; is a literal corresponding to the if" pixel of
TOP. Similarly, let v;jx be the literal associated with the ijk" voxe of the universe cube.
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We say that the associated logical variable is true if the pixel (or voxel) is black, and

false, otherwise. We have the following rules according to the foregoing discussion.
1. If x; istrue, then atleast one of vjjx Vk istrue.
2. Ify,; istrue, then atleast one of v Vj is true.
3. If z; is true, then atleast one of v;jx Vi is true.

The truth or falsity of z;;, ¥i;, and z;; can be observed from the three silhouettes.
Based on these observations, the above set of rules can be simplified to a set of preposi-
tional clauses in CNF. The shape recovery problem is essentially to determine the prime
implicants of a set of clauses using the above rules and the observation made about the
silhouettes. The reconstruction process aims at determining the truth assignments of
the voxds satisfying the axioms of prepositional clauses. The semantics of the axioms is
essentialy al possible reconstructions.

Example 6.3.1:-

Let us consider a simple case when the universe cube contains eight voxes (say,
V1, V2,..., Vg) and each of the three silhouettes contains four pixels. Hence, based on the
above discussion, we have the following rules:

X11 = v Vs
T2 = V2V Ve
T21 = V3V V7
Tga = vy Vg
Y1 = V1V V2
Yi2 = VsV Vg
Y21 = V3V vy

Y22 = V7V vg
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mauVu
213 = V3 V Uy
221 = V5 V V7

297 = vg\ vg

Let us assume that the silhouettes FRONT, SIDE and TOP are completely black.
Then we have (X112 A Z12 A T21 A T22) A (y11A %12 A Y21 A y22) A (211 A 212 A 21 A 232)

representing the observed image. Thus, using the above rules, we have

(v1V vs) A (v2V v6) A (v3 V v7) A (vg V vg)A
(v1V v2) A (v3V vg) A (vsV vg) A (v7 V vs)A
(1.)1 \Y ‘03) A (’02V '04) A (’05 \Y ’07) A (’Us \Y ’vg)

Since the formula is now in CNF, using PIAP, one can compute the prime im-
plicants. The prime paths are {vovsvsvs}, {vivavevr}, {vivovsvsvrvs), {vivavavsvevs},
{vivavavevrvs ), and {vovavavsvevr},

Thus it can be seen that each of the prime paths corresponds to a possible minimal
object that can be reconstructed for a given set of silhouettes. Thus an object whose
silhouettes are totally black aong FRONT, SIDE and TOP give rise to 6 minimal objects
in the reconstruction. If at this stage, a silhouette of an additional view is obtained,

using the incremental method, the reconstruction can be refined.

6.3.1 Volume Intersection Vs. Logical Framework

As discussed in the previous section, the object reconstruction can be achieved using the
PIAP agorithm. In this section, this method is compared with the well-known method
of VolumeIntersection.

The reconstruction by Volume Intersection is attained by
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1, Sweeping the silhouettes aong the viewing direction
2. Intersecting the volume so obtained.

It can be shown that the reconstructed object is a particular case of the proposed

logical framework. This particular case is obtained by adding the following default rule:
Unless contrary, assume a voxe to be black.

Appending this default rule to the above rule we get a construction as {v;A vz Avs A
vy A v5 A vg A v7 A vg} which means that the object is a complete cube of size 2.

The Volume Intersection method observes the following rules:

1. If apixel iswhite in a silhouette, then dl the voxes that project onto it are white.

By the logical formulation proposed above, this can be rewritten as z;; = v Vk.

2. A voxd is black if adl the three silhouettes are black.
Similarly, it can be written as ;; A yir A 2x; = Vjji-

The above rules can be used to conclude that v;; = 1 Vz, 3, k. Hence, the Volume
Intersection method reconstructs the object in which dl the eight voxels are black.

The six minimal objects that can be reconstructed finaly give rise to 35 different
objects [Nagargju 91] out of which the maximal object is the one that is obtained by

the Volume Intersection technique. The six minimal reconstructions possible are given

in Figure 6.1.
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vy Uy U3 Ug U7 Ug

Figure 6.1: The minimal reconstructions of the 3D object
The notation V; = v; Vi
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6.4 Conclusion

An attempt is made to demonstrate the use of prime implicants in the area of Computer
Vision. The problem of recovering shape from silhouettes is rephrased as a problem of
computing the prime implicants of aformula. The logical framework discussed here pro-
vides a method better than the Volume Intersection method to reconstruct 3D objects
from the silhouettes. This framework is more generd in the sense that it gives dl poss-
ble minimal reconstructions of 3D objects whereas the Volume Intersection method gives
just one reconstruction. Since the prime implicants algorithm (PIAP) presented in this
dissertation is suitable for incremental computation of prime implicants, the information
about additional silhouettes can be incorporated to achieve better reconstruction. More-
over, additiona constraints such as convexity, rectilinearity, etc. can be used following a
hypothetical reasoning paradigm.

There are many approachesin the areas of Computer Vision, VLS| design, Knowledge-
based Systems, Combinatorial Optimization, rea-time Systems where the proposed al-
gorithm PIAP can be made use of. However, only one application of PIAP in the area

of Computer Vision is illustrated here.
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CONCLUSIONS

An attempt is made to design a new efficient algorithm to compute the prime implicants
of aformula. This dissertation reports theoretical arguments and experimenta results
of the proposed algorithm. Chapter 3 reports the theoretical basis of the algorithm.
The implementation details as well as experimental results are presented in Chapter 4.
The advantage of the algorithm being suitable for the incremental computation of prime
implicants is explored. The proposed algorithm is suitable for paralle computation of
prime implicants. The parale agorithm is given in Chapter 5. Though the prime
implicants are of great importance in Al applications, its application in computer vision,
for the problem of shape from silhouettes is presented in Chapter 6. A detailed summary
of these achievements is presented in this chapter. The limitations and further research
plans are a'so summarized.
Summary

In this dissertation, a study of the relevance of prime implicants in the context of RMS
and hypothetical reasoning is carried out. Hence a brief review on RMS and algorithms
to compute the prime implicants of a formula is reported. Realizing the need of prime
implicantsin different areas of Al, and the drawbacks of the existing methods to compute
the prime implicants of aformula, anew algorithm is designed. In Chapter 2, the matrix
representation of a formula, and the concept of path in a matrix are presented. The
drawbacks of three well-known algorithms are aso explained using examples.

In Chapter 3, aspecia scheme to partition amatrix is proposed, and it is theoreticaly
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established that the prime paths of a formula can be obtained by the concatenation of
prime paths of subformulae. The new algorithm based on this concept uses a tree-
structure for representation of aformulaas well as it's prime paths. Hence the system is
caled a Tree-structured Reason Maintenance System.

The implementation details as well as experimental results are presented in Chap-
ter 4. Experiments were performed to compare the number of subsumptions required, the
execution time taken, and the number of paths generated by the agorithms (Socher's a-
gorithm and PIAP). Since subsumption check is the crucia part in any prime implicants
algorithm, the number of subsumptions required by both the agorithms are computed
and compared. It is observed that the proposed algorithm, PIAP requires considerably
less number of subsumption operations compared to that of Socher's agorithm. Though
the execution time is machine dependent, the results obtained substantiate the fact that
execution time for PIAP is much less compared to that of Socher's algorithm. The
number of subsumptions as well as the execution time depends on the paths generated
by the algorithms. Hence, the number of paths generated by both the algorithms are aso
compared. In this comparison, PIAP is found to generate fewer paths. Thus, dl three
aspects of the experimental results affirm that the proposed algorithm is better than the
Socher's algorithm.

The implementation is shown to be suitable for a complete RMS* Hence, certain
aspects of RMS are shown in terms of updating the knowledge-base and compiling the
knowledge-base in incremental mode. The proposed method is well suited for incremental
computation of primeimplicants. Apart from being efficient in sequential mode, PIAP is
parallelizable since the algorithm hinges on divide-and-conquer paradigm. Three different
levels of granularities—coarse-grain, medium-grain and fine-grain are explored and a
hybrid architecture suitable for the paralel algorithm PARPIAP is proposed.

Finally, an application of prime implicants is shown in the context of shape from
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silhouettes. The problem of shape from silhouettesis rephrased as a problem of comput-
ing primeimplicants of aformula obtained from different silhouettes of an object. Itis
shown that al possible minimal reconstructions of the 3D object can be obtained from
the prime implicants of this formula.

Shortcomings

Though the present study proposes a design of tree-structured RM S based on avery
efficient agorithm for prime implicants, the implementation of RMS is not done com-
pletely as it is not appended to a problem-solver. The computational experiments were
restricted to the prime implicants algorithm. However, the same conclusion can be de-
rived for RMS adso. The proposa for parald agorithm for prime implicants is not
implemented.

The areas in which RMS has been used include qualitative process theory [de K-
leer 804, circuit analysis [de Kleer 87], anadog circuit design [de Kleef 80], temporal
reasoning [Williams 86] and vison [Herman 86], deductive databases [Ku 94], to name
afew. Different ways in which a RMS can be used in the process of solving constraint
satisfaction problem are discussed in [Bodington 88]. The ATMS is used in conjunction
with forward checking algorithms to reduce search in a constraint satisfaction problem
[Smith 88]. Though there are many areas in which the proposed algorithm can be used,
its use in only one particular problem in the area of Computer vison is demonstrated.
Future work

More study on RMS can be carried out and afull-fledged RM S can be designed. Par-
ald implementation of RMS can aso be carried out as afuturework. The application of
the proposed agorithm in different areas such as qualitative process theory, circuit anal-
ysis, analog circuit design, tempora reasoning, vision, deductive databases, constraint

satisfaction problem, etc. can be investigated.
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Finally, not withstanding the existing shortcomings, the proposed system is an ef-
ficient and elegant RMS, based on a new algorithm to compute the prime implicants.
The algorithm is established both theoretically and experimentally to be better than the
presently known algorithm for the same problem. This can be utilized by the researcher-
s of knowledge based systems in severa techniques of nhonmonotonic reasoning such as

hypothetical reasoning, and ATMS.
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